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Teopus pyHKIUI KOMILIEKCHON NepeMeHHON C puMepaMu
U 3agayamu. [locobue no martemaruke nJisi CTyAEHTOB (PU3H-
4yecKHuX, (PU3UKO-MaTeMaTUUECKUX U UH2KEHEpPHBIX CIellhaJbHO-
crelt

Yue6noe nocobue «Teopuss QyHKUHH KOMIIJIEKCHOH ITepeMEeHHOH C MpU-
MepaMM M 3aJadyaMH» HANHCAaHO Ha OCHOBE MHOTOJIETHETO ONbITa UYTEHUS
aBTOpaMH JIeKLMH W NpoBeleHUs] CEMUHAPCKUX 3aHATHH M0 aHHOMY Kypcy
Ha ¢usnyeckom akyapretre MI'Y umenu M.B. JlomoHocoBa.

[Tocobue cocTout K3 21 pasnena, COOTBETCTBYIOLIUX TeMaM YUTAEMOro
kypca. ITo xaxxnoi TeMe nprBeieHO NOAPOOHOE U3JI0KEHHE TEOPETHUECKOTO
Marepuasa Cc J0Ka3aTelbCTBAMHM OCHOBHBIX TeOpeM, CONPOBOXKJaeMoe IpH-
MepaMH C pelLIeHHSIMH W YIpPaKHEHUSAMM [Jis CaMOCTOSITEJNbHOH paboThl.
[Tpu aToM Ham mpencTaBJsSeTCS METOAMYECKH BaXKHBIM IEMOHCTpALHMs MOMI-
XOJIOB U OCHOBHBIX MaTeMaTH4eCKHUX el Ha NpHMepe pelleHHs 3ajad.

[TonGop 3amau KMMeeT LeJbl0 [IOMOYb CTyNEeHTaM B OCBOEHHH Teope-
THYECKOTO MaTepHasa, PaclIMpPUTb MOHMMaHHe HMH OCHOBHBIX pa3/iesioB
YUTAeMOro Kypca M MeTOIOB, MCIOJb3yeMbIX IIPH J0Ka3aTe/]bCTBE TEOpeM.
Jlns nydinero ocBOeHHWsl MaTepuasa KaxKAbli pa3oOpaHHBIH INpHMep Co-
MPOBOXKAETCSl aHAJIOTUYHOH 3ajauel, KoTopasi MoxKeT ObITb HCIOJb30BaHA
KaK JJISl CaMOCTOSITEJIbHOTO pelleHus, TaK U 1/1s pa3bopa Ha 3aHATHH. B
KOHLe KaKJI0T0o pasjesa NPUBOAUTCS CIIUCOK 3afad 115 CAMOCTOSTENBHOrO
pelleHusl, a TaKxKe BONPOCOB M TeOpPeTHYeCKHX 3aJad, Pa3bsACHSIOIIUX H
yINyO6J/ISI0IMX HEKOTOpble acleKThl UHTaeMOro Kypca W BKJ/IOUEHHBIX B
9K3aMeHallMOHHble OUJIETHI.

[Ipensaraemoe yueGHOe mocobue COOTBETCTBYET UWTAeMOMY B HACTO-
sllee BpeMsi Ha (usuueckoM (akynbretre MIY kypcy Jnekuuiét «Teopus
(YHKLHEI KOMIJIEKCHOH NepeMeHHOH». [/ MOHUMaHUs MaTepHala He Tpe-
OyeTcsl crenuanbHOH MaTeMaTHYeCKOH MOATOTOBKH, KPOMe 3HaHHUSl OCHOB
MaTeMaTHyeckoro aHanusa. [locobue «Teopus (pyHKUMH KOMIJIEKCHOH Tie-
pPEMEHHOH» pacCUMTAHO Ha LIMPOKUH KPYT CTYNEHTOB W IpenojaBaTesiei
(pusnueckrux, (PU3UKO-MaTeMaTHYeCKUX W HHIXKEHEpPHbIX CIEelHaJbHOCTEH.
OHO MMeeT LeJbIO NIOMOYb CTYAEHTAM B HUX CAMOCTOSITENbHOH paborte, a
npernojaBaTe/aM — IPH UYTEHHH JIeKLHH, NPOBEAEHUH NPaKTHUECKUX 3aHs-
THUH W NOArOTOBKE 3K3aMEeHALHOHHBIX MaTepHaJoB.
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§ 1. KoMnuiekcHble uncia M OelcTBUS HaJl HUMHU

Onpenenenue 1.1 KomnaekcHoim 4ucaom Hasvisaemcs ynopsoo-
uenHas napa OeticmsumenvHolx uuces z = (a;b). Ilepsoe uucao
a = Re z nasvigaemcs OeiicmeumenvHoll wacmoto KOMNAEKCHOCO
yucaa, emopoe uucao b =1Im z Hasei8aemcs MHUMOL HaACMbIO
KOMNAEKCHO20 YUCAQ.

1.1. OcHOBHbIe omepauMy HajJ KOMIUIEKCHBIMH YUCJIAMH.
JlBa Komm/ieKCcHbIX uucaa z) = (a1;b1) U z9 = (ag;by) cunraroTes
paBHBIMH, €CJIM PaBHbI X NEHCTBHUTEJbHbIE U MHHUMbIE YaCTH:

Z1 =29 <= a; =ay, by =bs.

CymMmoii [OBYX KOMIUIEKCHbIX umcen zy = (a1;by) m
z9 = (ag; be) Ha3bIBaeTCst YUCIIO

z1 + 29 = (a; + ag; by + by).

HpOI/ISBe,ZleHI/IeM JABYX KOMIIJIEKCHBIX YHMCE€J HAa3bIBA€TCHA KOM-
I[IJIEKCHOE YHCJIO

2129 = (ajag — bybg; ajbg + byag).

JleicTBUTEIbHBIE YHCJIA SIBJSIOTCS YACTBIO MHOXECTBA KOM-
TJIEKCHBIX uKces U uMeloT Buf a = (a;0).

[IpousBeneHre AeHCTBUTEIBHOrO YHCIa a U KoMmmiekcHoro (b;c)
ectb a - (b;c) = (ab;ac).
pumep 1.1. Yurnoxumo uucao (0;1) camo na cebs.
PEMEHHUE.

0;1)-(0;1)=(0-0—1-1;1-04+0-1) = (=1;0) = —1.

Takum o6pasom, kBagpat kommiekcHoro uncia (0;1) pasen —1.
Takoe umcs0, 04eBHIHO, He SBJSIOLIEECS NEHCTBUTENbHBIM, Ha3bIBa-
eTCcsl MHUMOM eTUHUIEeH U 0003HauaeTcsl OYKBOH .
3amaua 1.2. Yunomcome uucao (1;0) camo Ha cebs.

Jlio6oe KomIiekcHOe 4ncao z = (a;b) B COOTBETCTBHH C MpHBe-
[eHHBIMH OTPEeNEeNeHUIMA MOXKHO MPEICTaBUTh KaK

(a,b) = (a;0)+ (0;b) =a-(1;0)+b-(0;1) = a + ib.

1o a.nreﬁpal/lqecxaﬂ (l)OpMa KOMIIJIEKCHOI'O 4yHucJa.



8 1. Komnaekcroie wucaa u oeiicmeusi Ha0 HUMU.

Onepaum{ BbIYUTAHUA OlpeaessdeTCs, ONMhpasaChb Ha y2Ke BBEIECH-
Hble Oolepalru CJI02KE€HUA U YMHOXKEHHA Ha YHCJO0:

21— 29 =21+ (—1) - 29 = (a1 — ag; by — by).

Jlerko BHUIETb, YTO ONEpaLUH CJAOXKEHHS (BBIYUTAHHS) M YMHO-
JKEHUS] KOMIIJIEKCHBIX YHCeJs MOTYT ObITb NIPOM3BeNeHHl B ajiredpau-
yeckoil (hopMe Mo OOBIYHBIM TpPaBUIaM paboThl CO CKOOKaMHU.

CrioxxeHue:

21+ 29 = (a1;01) + (ag; bo) = (a1 + ag; by + by) <=
21 + 29 = (a1 +ib) + (ag + ibg) = a1 + iby + ag + iby =
= (a; + ag) +i(by + by) = (a1 + ag, by + be);

YMHOXeHHE:

z1 - 29 = (a1;01) - (ag; bp) = (a1ag — bibg; arbg + brag) <=
21 - z9 = (a; +1by) - (ag +iby) = ajag + ia by + ibjag + i% - biby =
= (alag — blbg) + i(albg + blag) = (a1a2 - blbg;albg + blag) .

KomnuiekcHo COIIPAKEHHBbIM 4YHCJAOM K 2 = @ + 4b HasbIBaOT

KOMILJIEKCHOE YUCJI0
Z=a—1b.

Ipumep 1.3. Jokazams, umo z) + z9 = 21 + 23.
JIOKA3ATEJIBCTBO.

21+ 29 = a1 +1iby +ag +iby = (a; +ag)+i(b, + bg) =
(a1 +ag) — i (by + bg) = a; — iby + ag — iby = Z1 + Z.

Sapaua 1.4. Joxawcume, umo z| —z9 = 2] — Z3.

MopnyieM KOMIJIEKCHOTO YMcJa z = a + tb Ha3blBalOT JNeHCTBHU-
TesibHOe uneao |z| = Va2 + b2, 1e. |22 = a® + b2
Ipumep 1.5. Jokasamo, umo |z|2 =27
JIOKA3ATEJIbCTBO.

z-Z=(a+1ib) (a—ib) = a® +i(—i)b? + iba — aib = a® + b*.

Onepaiuio JeIeHus KOMILIEKCHBIX YMCEeJ ONpele]uM Kak 00-
paTHyIO K Omepalyin YMHOXKeHHUsT: uucsao z = (a; b) HasbiBaeTCst YacT-
HBIM OT fesieHns 2] = (ag; b1) Ha 29 = (ag; be), ecant z - 29 = 2).

YacTHoe NBYX YKMCeJ MOXKHO MOJYYHTh, HCIOJb3Ysl YMHOXKEHHE
Ha KOMIIJIEKCHO COTPSIXKEHHOE K 3HAMEeHaTeJIl0 YMCJIO, T.€.

Z1 _ 21+Z9 (a1 + ib1)(a2 — ibg) __arag + biby + i(blag —arby)

2 |zl aj + b aj + b
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JleHCTBUTEJIBHO,

TaK Kak 2o - 7o = |29|%.
Samaua 1.6. [Joxkascume, umo a) Z1 - 29 = 21 - 23, 0) @ = z.

3amaua 1.7. Haidume a) (z-z2); 6) (z-Z).
Otser: a) a’—b>—2abi; 6) a°+b°.
BaxkHo moMHUTb: 2 -Z = (a + bi) (a — bi) = a® + V2,

_z—i—E _Z—E
Re z = 5 Im z = 57

Npumep 1.8. Bowuucaumo (2 —1i) (1 + 3i), npedcmasus pesyro-
mam 6 areebpaudeckoti opme.
PEIIEHUE.

(2—i)(1+3)=2-1—i-14+2-3-i—3-i-i="5+5i.

3apmaua 1.9. Hadoume (2+ i) (1 —3i).
Orsert: 5 — 5i.

IIpumep 1.10. Boiwucaume

———, npedcmasus pe3yibmam 8 ai-
1+ 3¢ p pesy

eebpauueckoil gopme.

PELIEHHUE.
2—i  (2-i)(1-3i) —1-7i
143 (1+3)(1-3i)  1+9

=-0,1-0,7:.

241
3angaua 1.11. [Ipedcmasome ] +3, 8 8ude KOMNAEKCHO20 YUCAQ 8
1

arcebpauueckoll gopme.
Orset: —0,1 + 0, 73.

1

3angaua 1.12. [Ipedcmaseme - 8 8ude KOMHAEKCHOEO HUCAQ 8
(3

areebpauueckoii gpopme.

OrBert: —i.
[osesno nomuumy: 2 = —1, 3= —i, i*=1.
B ofriem cayyae
1, n = 4k’
o i, n=4k+1, B
VTN =1, n=4k+2, k=0,1,2,..
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5 2

IMpumep 1.13. [Ipedcmasums ) <213—121 . 6) (2+1)" 6 su-
1

de Komnaekcrozo uucia 8 areebpaudeckoll popme.

PEIEHHUE.

P12\2  ivnN? (42 (=it 1)\ 3-i\2_ 4-3i
?) <i13+1> _<z’+1) _<(i+1)(—i+1)> _( 2 ) 2

6) (2+i)" = (3+4i)> =24i — 7.

1448 : ,
T 6) (115— 1) (13+2) 8

sude KOMNAEKCHO20 4UCAQ 8 aieebpauiecKoil gopme.
Orset: a) —0,57; 6) —3 —i.

3anaua 1.14. [Ipedcmaseme a)

1 -10 1 .\ 10
3apmaua 1.15. [Ipedcmaseme a) ;22 ; 6) ( ;21)
NAEKCHO20 ucaa 8 arzebpauueckol gopme.
OrBer: a) 0 0) 1.

1.2. TeomerpuuyecKass MHTEPHPETAUMs KOMIIEKCHBIX YHCE.

Bynem paccMaTpuBaTh KOMIJIEKCHOE YHCIO 2 = (;y) KaK TOYKY
Ha MJIOCKOCTH ¢ KoopanHaTtamu (z;y). HasoBem 3Ty miockocTs Kom-
IUIEKCHOM mIockocTbio, * = Re z, y =Im z (puc. 1).

Takum 06pazom, MeXIy KOM-

Imz [VIEKCHBIMH 4MCJAMH M TOYKa-

2= (z,y) MM Ha KOMILJIEKCHOH IJIOCKOCTH

T e yCTaHABJMBAeTCs B3aMMHO Of-

HO3HAa4YHOe COOTBETCTBHe. TakxKe

MOXKHO CTaBUTb B COOTBETCTBHE

KOMIIJIEKCHBIM 4MCJAM He TOYKH

Ha KOMILJIEKCHOH IIJIOCKOCTH, a

BEKTODBI, HAYIIHE U3 Hayaja Ko-
Re 2 OpAHHAT B TOUKY z = (x;Y) .

PaccTossHue oT HadaJa Ko-

Puc. 1. OpOMHAT [0 TOYKH 2z = (z,Yy),

p=+a?2+y> = |z| ectp Mo-

AyJb KOMILIEKCHOro yuciaa. Moay/ib paBeH [JHHE BEKTOPa, MCXO-

ASILIEro W3 Hauaja KOOPIMHAT, C KOHIIOM B TOUKe (z;Y).

Yroq, orcudThiBaeMbii 0T ocd Ox MNPOTHB YaCOBOH CTPEJIKH,
Ha3bIBaeTCs apryMeHTOM KoMIlIeKcHoro uuciaa (Arg z). Orme-
THM, YTO apPTyMeHT KOMIIJIEKCHOrO YHCJ/Ia ONMpeessieTcsi ¢ TOYHO-
CTBIO [0 aJJMTHBHOro cjaraemoro: Argz = argz + 27n, n € Z,
o = arg z € [0; 27).

8 sude Kom-
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Hexoropblie npocreiinye MHOXKECTBA TOYEK HA KOMIIEKCHON
IIOCKOCTH.
a) |z—z)| =a (a > 0) — OKPyXKHOCTb C LEHTPOM B TOUKe Zzg
panuyca a;
6) |z — 20| < a (a>0) — OTKpPBITBI# KPYT C LEHTPOM B TOYKE Z(
panuyca a;
B) |z — 20| > a (a > 0) — o6nacTb BHe Kpyra C LEHTPOM B TOUKe Zg
paauyca a;
r) a<|z—2z|<b (0<a<b) — OTKPbITOE KOJIBLO C LEHTPOM B
TOYKE 2(;
n) arg(z — z9) = ¢ — Jyd4, C HayajoOM B TOYKE 2, MAYLIHH MOJ
YIJIOM 0 K TOJIOKHUTEJbHOMY HAIPABJIEHUIO IEACTBUTEIBHOR OCH;
e) a < arg(z — z9) < B — BHYTPEHHOCTb CEKTOpa C BEpLINHOH B
TOYKe zg U yrJioM 3 — «
k) Re z = a — mpsimMasi, mapasjiesnbHas MHUMOH OCH, MPOXOASIIAS
uepe3 Touky (a;0);
3) Im z = b — npsimast, mapaJjjiesibHasi JIeHCTBUTENBHON OCH, MPOXO-
psimasi yepes Touky (0;b).

Im 2

Z1 + 29

29

Rez
Puc. 2.

CioxxkeHne OBYX KOMILIEKCHBIX YHCEJ MOXHO PacCMaTpHBaTh
KaK CJI0XK€HHe JBYX BEKTOPOB Ha MJOCKOCTH, aHAJOTHUHO C BbIYH-
taHueM (puc. 2). [Ipu 3TOM cnpaBen/MBE HepaBEHCTBA TPEYIoOJIb-
HHUKa

|21 + 2] < |21 + |22

» 21— 2] 2 |21 — |22

rae |21 — 29| — paccTosiHHe MeXAy TOUYKAMH Z] H 29 HA KOMILIEKCHOH
TJIOCKOCTH.

IIpumep 1.16. H3o6pasume Ha KomniekcHou niockocmu

a) |z—i <2 6)|z+1+i>V2; s g <arg(z+1) < ??Tﬂ
Ortser: puc. 3.
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Im 2 Imz I »

%4

—1‘% 1 Rez
a) 6) 8)

Puc. 3.

3agaua 1.17. H3zobpasume Ha KOMAAEKCHOL NAOCKOCMU

a)|lz—i—1| <2 6)g<arg(z—1)<3§.

1.3. 3agaum nss CaMOCTOSITENIBHOTO pelleHHs.

1. IlpenctaBbTe KOMILJIEKCHOE YHUCJO B ajrebpauueckoil ¢opme:

1+ 1 V2 V2
Vi 9% g Dig

n) (3—2i)(4+1i); e) (3— 21 ) (4+1);
(3+20)(4 +1) 1+2i
) 2+2i 7 ( ) .
2. llyctb z = a + bi. Haéigure  a) = zlzl; B) z+7%;

r) (z+72)(z—2).
3. Jlast Ka)K0ro KOMILIEKCHOTO YHC/Ia 2 U3 MyHKTa | Haipute |z|
U argz.
4. M306pasute Ha KOMILIEKCHOH IJIOCKOCTH MHOXKECTBA TOUEK,
3ajlaBaeMble YDABHEHHUSIMH H HepaBEHCTBAMH:
a) Imz>0; 6) Imiz>2;, B) m#<Im z<2m;
r) m<Rez<2r n) %<argz<g;
e) g Larg(z+1) < b%; x) |z —1i| <3;
3) |z+14i>vV2; n) 1<|z—14+2i<3;
K) Rez+Imz <1, a) |z| >Rez+1;
M) |z|-3Imz =6; u) Z=2% o) 3|z -Rez=12;
n) lz—il+|z+i =4 p) lz—i—|z+1i=2;
) lz=14il=|z43); 1) |z=2|+|z+2|>3;
y) |z =i+ |z +i[ <5 @) [2+i] > |z —1].

1.4. TpuroHomeTrpuyeckasi U NnokasarejgbHasi ¢opMbI KOM-
IUIEKCHOTO YMcaa.  EC/au BBECTH MOJISIPHYIO CHCTEMY KOOPAHHAT
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(p; ), T0 x = pcosp, y = psinp. [Ipu 3ToM

p= (2 +97)"" = o] = (Re 2)° + (m 2)2)"",

a @ = argz — apryMeHT KOMIIJIEeKCHOTo yucJsaa (puc. 1).
BaxkHo moMHUTb: aJsi KommuiekcHoro dncaa 0=(0;0) moxmynb paBeH
0, a aprymeHT He orpeJeJieH.

[IpencraB/ieHne KOMIJIEKCHOTO YKMCJIA B BHIE

z = p(cos +isingp)

Ha3blBaeTCsl TPUTOHOMETPHUYECKON (POPMOHA 3amuCH KOMIIJIEKCHO-
ro yucja. '

Onpenennm e'*, rne © — n060e 1eHCTBUTENbHOE YUCJIO, KaK

e = cosx +isinzx.

DTO COOTHOLIEHHE Ha3blBalOT (hopmyoi Jiiepa. '

Torna €' = cosp + isiny, U Mbl NosydaeM z = pe'¥ — KOM-
TMJIEKCHOE YHCJI0 B MOKa3aTeJbHOH (9KCIOHEHIMAIBHOI) (hopme.
Teopema 1.1 [lycmo ¢, ¢ € R, k € Z.

Tozda
1) €0 =1; 2) € . e = eilety), 3) eilet2nk) — gip.
B = 5 || =1

e’
JIOKA3ATEJBCTBO. 1) €% = cos(0) + isin(0) = 1. OcranbHble
YTBepKJeHHsl TeOpeMbl JOKa3bIBAIOTCS ¢ MOMOLLBIO (popMysbl Jiepa
aHaJIOTMYHO.

Ipumep 1.18. [Ipedcmasume KomniekcHoe 4ucA0 8 NOKA3amenb-
Hotl ¢opme: A
ayz=1: |I|=1,argl =0; 1 =1-(cos0+isin0) = 1-¢';

0) z =1: M:l,argi:g;i:1'<cosg—l—ising>zl-e’%;
B) z = —e¥:  —e¥ = (=1)-e¥ =1-¢T.¢% =1.¢el"%) cneno-
BaTeJIbHO, —ew‘ =1, arg (—ei“p) =7+ .

3agaua 1.19. [Ipedcmasome Komniexcroe 4UCAO 8 NOKA3AMEAb-
HOLL hopme:
a)z=¢€e"%; 6) z=-—1;, 8)z=—1i.

37

Orser: a) 1-€; 6) 1-€™; B)l-e2 .

[lore3no nommumo: e =

3
L)

s .
e =e 2 = —1.
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IMpumep 1.20. [Ipedcmasums KOMRAEKCHOE YUCAO 8 MPUSOHO-
MempuuecKol U noKasamesvHol gopmax

a) -2+ 2i =2V2 (\[ \[>=2\/§<cos:¥ —i—@'sin%):
:2\/562'3?7”;
6) V3 —i=2 <\/2§ —z;) =2 (cos (—g) + ¢sin (—%)) — 2¢75.

3angaua 1.21. [Ipedcmasvme xomniexchoe 4UCAO 8 NOKA3AMEAb-
HOUL gopme:
a) =5, 6)z=—1—-3i; 8 z=1+i.
in E i
Oteer: a) 5e™;  6) 2¢'3; B) V2e's.
[Ipu ymMHOMXKeHHH IBYX KOMILJIEKCHBIX YUCEJ] UX MOLYJIH mepe-
MHOJKAIOTC, a aprymeHTbl CKJIA/IBIBAIOTCS:
ecln 21 = aj + iby = p1€'®, 29 = ag + iby = poe®P,
10 21 - 29 = p1 - pa€ T, |z 2| = p1opa, arg(zi-z) = a+ B
[Tpu meneHnM OByX KOMILIEKCHBIX YHCEJ MX MOLYJIU IEJNATCH
(MoLy/nb 3HaMeHaTeJIsi He paBeH HYJ0), 3 apryMeHThbl BBIYUTAIOTCS:
. ; . Z1 1
2= ay+iby = piei®, 2z = ag +iby = pye’?, 1o 2L = Leioif,
22 PQ
z
2y [y 2% arg =a-—0.
p2’ 22 . .
[Tosie3HO MOMHHUTB: anrebpanyeckoid (HOPMOH 3alKUCH KOMILJIEKC-

HBIX YHCeJI y,U,OGHO [10JIb30BATbCA IIPU Onepaluax CJA02KEHHSA W BbIUH-
TaHH, a rokKas3aTeJbHOH — OpHh YMHOXKE€HHWH, NeJeHHH, BO3BENECHUHU
B LEJIYIO CTelleHb, U3BJCUEHUHN LEJ0I0 KOPHSA (BOSBeﬂeHI/Ie B panuo-
HaJbHYIO CTeHeHb).

22

1.5. Bo3BegeHue B LIEJYIO CTENEHb.
C nomomubto dopmysel Myaspa

(cosp +ising)" = ()" = €™ = cos(ny) + i sin(ny)
MBI MOJTy4aeM
2" = (p(cosp +isinp))" = p" (e")" =
= p" (cos(ny) + isin(ng)) = p"e™?.
Ipumep 1.22. [Ipedcmasume uucro (1 + 2')3 8 aneebpauneckol

dopme.
PEIIEHUE.

LT 3 LT
(141)% = (\/§€ZZ) — 95 cMF =2V2 (COS%T7T + isin ?%T) =—2+2i.
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13
3anmaua 1.23. [Ipedcmasvme uucao <—1 - \/gz) 8 nokazameno-
HOU gopme.
13 i4m
Otgert: 2'° - ¢'3

1—iv3\ "
Ipumep 1.24. [Ipedcmasumo 4ucio (ﬁ) 8 axacebpauye-
cKoti ¢opme.
PELIEHHUE.

40 T ; 407 ;
71 _Z\/g — 2.6_23 = i = i ' :220€_ZT
1+ 9 . ¢l 920 | i 920

:220<cos(—4§) —|—isin(—4§>> :220<—%—|—2'§>.

.\ 20
3amaua 1.25. [Ipedcmasome uucao <i> 8 axscebpauue-
1+iv3

cKoil gopnme.
Orger: 27! (1 —I—Z\/§>

MN3BieueHue KOpHS Nn-HOU CTeNeHM.
Onpenenenue 1.2 Koprem n-oti cmenenu u3 KOMNAEKCHOEO YUCAQ
2 HQa3bl8aemcs makoe 4ucAo w, 4mo w" = z.

[Ipy  wW3BJeyeHMH  KOpHA  MPEACTAaBUM  YMCJIO B  BHJE
2 = |z|etA8% = |5|! @82 42mh) ke 7 torma GynyT HaimeHs Bce
3HaueHUsl KOPHSI:

% =1 ’z’ei(argz+27rk) _n ’Z’ew _

. 2
B nargz+ 7rk>
n

+ 28l

’

Y] (cos argz;?wk

rie k=0,1,...,n— 1.

Taxum 06pa3oM KOpeHb M-TOW CTeNeHW M3 KOMILJIEKCHOTO 4uca
MMeeT 1 pas3JMYHbIX 3HaYeHHH (Jerko NPOBEepUTh, UTO 3HAUEHHe KOp-
Hs pH kK = m coBmajeT ¢ 3HadeHueM npu k = 0, 3HaUeHHe KOPHS NpU
k =n -+ 1 coBnamer ¢ 3HayeHueM npd k = 1 u T.1.). Monynu 3TUX
KOMIJIEKCHBIX YMCEJI OHHAKOBHI M paBHBl {/|z|, a aprymeHTsl pas-

JIMYAIOTCS Ha 4UCJ0, KpaTHOe % Touky Ha KOMIJIEKCHOH MJIOCKO-
CTH, COOTBETCTBYIOLIHE Pa3/IUUHbIM 3HAYEHUSIM KOPHS 1n-OH CTelNeHH,
pacroJsioKeHbl B BEPLIMHAX MPABUJBHOIO M-yrOJbHHUKA, BIUCAHHOTO
B OKPY>KHOCTb paguyca W ¢ ueHTpoM B Touke z = 0.
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3
Ipumep 1.26. [Ipedcmasumo KomniexcHoe uucro v —27 & areed-
pauueckol u mpuecoHomempuieckot Gopmax.

PEMIEHHUE.
3 _W_ imf2mki Tm+2rk . . w4271k
V=27 = \/27Telm 27kt = 3e™ 3 —3(COS 3 +isin 3 )
[Tpu £k =0
_ T+2m-0 . w42m-0\ (1, V3.
zl—3<cosf+zsmf>—3<§—|—27>,
npu k =1
ZQ:B(COS#—I—@'Sin#):3(—1—|—i-0);
npu k =2
_ T2 L owH2m-2\ o1 V3
z3—3<cosT+zsmT>—3<§— 7)

3anaua 1.27. [Ipedcmasvme V1 s arzebpauueckoli gopme.
OrBer: 21 =1;, z9=1; 2z3=-1; 2z4=—1i.

Mpumep 1.28. Pewums ypasnenue z* + 4 = 0, npedcmasume pe-
uleHue 8 mpu2oHOMempuuecKoli opme.

PEIIEHUE.

Ara=0 = =14 = z:\4/—4;
., .7k
z:%@’1“7:\@(cos(z—i—w—k)—kisin(E—i—W—k)),

4 2 4 2
k=20;1;2;3.
3agaua 1.29. Pewwume ypasuenue 2> + i = 0, npedcmassme peuie-
Hue 8 nokaszameavHot gopme.
3 . .
71-‘1—271’]62
Oteer: e~ 3 , k=0;1;2.
1.6. 3agaum a/is CaMOCTOSITENBHOrO pelleHHs.
1. 3anumunTe KOMIJEKCHOE YHCJIO B TPUTOHOMETPHUYECKOH M MO-

KaszatejbHOU (popmax:
L+i Loy V2 v2 120,
a) 172, 6) ;a B) 1—‘1‘7;, F) 1—) ﬂ) (1—'—7’) ’

) (V3 +i)% ) (1-)2  3) (1+1)°
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2. HaiinuTe Mony/ib ¥ apryMeHT KOMIJIEKCHOTO YHC/Ia, MTPeCTaBb-
Te ero B MOKa3aTeJbHOU (opme:

a) % 6) % B (1-9)9 1) (1+49)%

3. Bbluucaute (I1si KOMIJIEKCHBIX YHCEJ Pe3yJbTaT MpeNcTaBbTe
B anre6panvyecKoy M MoKa3aTesbHOU cpoleax):
a) Z= = ecqd z=141—1; 0) Z= =, ecau z =1+ 1;
B) %, ecin z=3i+1; 1) |(1+3i)(3+1i)
)3 <2+M>3
MoTTsil 3+
. 13 L
) (3" 0 ()

4. Haligute 3HaueHHe BBIPAXKEHHUS 2 = Z|Z9, €CJAU T — JEHUCTBHU-

TeJbHOE UHCJIO:
a) z1=x+3i, 29=1+2i u Rez = —4;
0) z1 =x+5bi,29=2—iu Rez=09;
B)zi=x+3i,20=14+2inulmz=7,
r) zi=1+ir, 29 =20 +iuImz=1;
o) z1=2—14, 29=5+14ix u Rez =5.

5. Haiinure Bce pereHust ypaBHeHHsi. PedysnbTaT mpeincrtaBbTe B
MoKa3aTeJbHOH, aare6pandeckoil U TPUTOHOMETPHUUECKOH (op-
Max.

a) 22 —8=0; 6)z*—1=0; B)2*+1=0;
r) 224+ 24+1=0; n)22—42z+13=0; e)|z|=22

1.7. IlocaenoBaTeJbHOCTH KOMILIEKCHBIX YHCEJI.
Onpenenenue 1.3 IociedosamenbHOCMbl0 KOMNIEKCHBIX 4UCeN
{zn} Hasviearom ynopsdouenroe cuemroe MHOMECMBO KOMNACKC-
HbLX YUCen.

UJleHBl MOC/IEN0BATENBHOCTH (€€ 3JIEMEHTHI) pacrnojarailTcs B
Mopsifike BO3pacTaHUsI UX HOMEPOB.

Onpenenenne 1.4 [osopsm, umo nocaedosamenvrocmo {z,} cxo-
oumcs K KomniekcHomy uucay z , ecau ois ¥e >0 IN(e) ma-
koe, umo 0as ¥n = N evinoansemcs coomuouienue |z, — z| < €.
Imo uucao Hasvieaemcs npedenom nocaedosamensvhocmu {z},

lim z, = z.
n—oo

’

;XK) ’(1+i)6
11

’

IIpumep 1.30. a) [okaszams, umo lim t=0.
n—oo N

PEWEHHUE. [lo onpeneneHuio mpeaesa paBeH HYJIO, €CJIH

1
Ve >0 dN :Vn > N BbnoJHseTCsS HEPABEHCTBO ‘f‘ <e.
n
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Haiigem N.

I N:H+1.
n 1>

il 1
n 9
6) Haimu npedea le arg (=1 , eCAU OH cyujecmsyem.
n—oo

n
. -1)" "
PEWEHUE. lim arg (—) He CyLIecTBYeT, TaK KakK arg =) =0
n—o0 nl n n
NpU YETHBIX N, U arg % = 7 TIPH HEUETHHIX M.
. 1 . .
3amaua 1.31. Haidume a) lim —; 6) lim (i)™
n—oo 1M n—oo
Oteetr: a) 0; 0) He CyLIeCTBYeT.

Kaxnpiii yed nocsenoBatesbHOCTH {2z, } UMeeT BUA 2zp, = ay +
+ by, TO €CTb OfHOBPEMEHHO 3aiaHbl ABE AEHCTBHTEJbHbIE MOC/IE-
noBatesbHOCTH {a,} u {b,}, npuuem z, = a, + ib,.
Teopema 1.2 [locaedosamenvrocmo {z,} cxodumcs k z = a + ib
moeda u moavko moeda, koeda {an} cxodumcs k a, a {b,} cxo-
oumces K b.
JIOKA3ATEJIBCTBO.
Heo6xonumocts. [TocnenoBatenbHocts {z,} cxomutces, To ectb Ve >
>0 3N(e): Yn > N BbInoNHsIETCSE HEPABEHCTBO |2, — 2| < €. Torna
nast Vn > N BepHO |ap, —a| < |zp, — 2] < ¢, |by — b| < |2, — 2|<E,
cJjenoBaTe ]bHO, a, — a, by, — b.
Hocrarounocts. [lyctb mocnenosaresnsroctr {a,} u {b,} cxomsites,

0 ectb Ve > 0 3INj(e), No(e): |an —al < % nast Yn > Np u
b, — b < = mast Vn > Ny, caenoBatesnbho, IN = max (Ny, No) :
|zn — 2| < |an —a| + |bp, —b| < & nast ¥n > N.

Omnpenenenue 1.5 [lociedosamenrvrocmo {z,} Hasvieaemcs oepa-

HU4YeHHOU, eciu cyujecmsyem makoe uucio A, umo oas 1106020
HOMEPA N BLINOAHACMCS HEPABEHCMBO |zp| < A.

Teopema 1.3 Cxodsuwasncs nociedosamenrvHocms 02PAHUULEHA.
JLOKA3ATEJIbCTBO. [locienoBare/qbHOCTb CXOAWUTCS, TO ecTb Ve >
>0 3N(e): gnst ¥n > N |z, — 2| < €, c1e10BaTe/bHO, BCE UJIEHBI
MoC/IeOBAaTENbHOCTH, HauWHasi ¢ HeKoToporo Homepa N, HaxomsiTcs
BHYTPH Kpyra paguyca € C LIeHTPOM B TodkKe z. Torma Bce 4YJjieHHI
MOCJ/IEIOBATENBHOCTH HAXOMSATCS BHYTPU KPyra C LEHTPOM B TOUKE
0, BKJIIOUAIOLIETO KPYT pafuyca € U BCe UJIEHBI T10CJAEe0BATENbHOCTH
Z1,...xN. B cuny koHeuHocTH € M [N TakoH Kpyr, O4eBHIHO, Cylile-
CTBYET.

Teopema 1.4 M3 scakoli oepanuuennoid nocaredosamesbHOCML
MONMHO 8bL10eAUMb CXO0AULYOCS N00N0CAe008AMENbHOCMb.

n
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JIOKAZATEJIBCTBO. [loCKOJIBKY MOC/e10BaTeNbHOCTb {2} oOrpa-
HHYeHa, TO COOTBETCTBYOLIME el IeHCTBHUTE/bHbIE MOC/EI0BATE/b-
woctu {a,} u {b,} Takxke orpanuuenn. CiienoBaTeNbHO, |an| <
< VaE + 02 = |ay + iby| = |2n] < A nas g06oro n, aHaJOrHYHO
mast {by}.

Tak kak |a,| < A, To mo Tteopeme DBosbuano—Beiiepuirpacca
IJIsL  TIOCJIE/IOBATEbHOCTEl [I€ACTBUTENbHBIX UHCEJ CYIIECTBYEeT
{ank} — a: |a] < A. TlocnenosarenbHocTH {anr} COOTBETCTBYET
{bnk}, mpuuem tak kak |b,i| < A, cymectByer {b,x} — b, npudem
{anki} — a otkyna no teopeme 1.2 {z,p} — 2z =a+ib:|z| < A.

Teopema 1.5 (kpumepuii Kowu) Heobxodumeim u docmamouroim
ycaosuem cxooumocmu {zn} — z ssasemcs mpebosarue, 4moboL
oas Ve > 0 IN(e) makoe, umo 0as ¥n > N u ¥m >0, m, n € Z
|Zn+m — 2n| < &

JIOKA3ATEJBLCTBO. OcHoBaHo Ha TeopeMe 1.2 u kpurepuu Kouu
IJIS1 TIOCJIEI0BATENBHOCTH JeHCTBUTENbHBIX YHCEI.

Heo6xonnmocts. [TocnenoBarensHocts {z,} (2, = a, + ib,) cxo-
IWTCS, TO3TOMY MO TeopeMe 1.2 CXOAATCH M IOCJIENOBATENbHOCTH
nedcTBUTENbHBIX Yncesa {a,} u {b,}. CiemoBarenbHo, mis Ve > 0

ANy (e): mast Vn > Ni(e) u Vm > 0 |aptm — an| < % u ANy(e):

st Yn > No(e) u Ym > 0 |bptm — by < S Torna |Zn+m — 2n| =
= |(@n+m = an) + i(bntm — bn)| < |@ntm — an| + [bngm — bl < €
nast Vn > N(e), rne N = max (N7, Ny):.

Hocrarounocts. M3 Toro, 4to |zp4m — 2n| < € mas Vn > N wu
Vm > 0 cienyer, uTo |antm — an| < [2nam — 2n| < &, [bntm — bn| <
< |Zn4m — 2n| < €, M3 UEro BBITEKAET CXOAMMOCTb UYHCJOBBIX MO-
cnenoBarenbHocted {an} u {b,}, a, 3HAYUT, U MOCJIEIOBATENBHOCTH
Teopema 1.6 Ecau nocaedosamesvHocmiu KOMRAEGKCHBLX HUCEA
{zn} = 2 {wn} - w (zwel), mo {zntw,} — 2+ w,

z z
{zn -wpn} = z-w, =t — =, ecau w # 0. JlokasaTejbCTBO
w w
TeOpeMbl OMMpaeTcsi Ha AHaJOTHYHble TeOPeMbl /sl MOC/eI0BaTe /b=
HOCTeH JeHCTBUTEJbHBIX YHUCEJ.

IMpumep 1.32. /Jokazams, umo nociedosamesbHOCMb

lim (1—}—%)”:1, ede zp, —0 npu n— oo.

n—o0

JIOKA3ATEJIBCTBO.
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enln<1+
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Sapaua 1.33. Jokaxcume, umo lim (1 + i>n =e* .
n—oo n

HBOI‘paHI/I‘-IeHHO BOo3pacTamoume rnocjaeioBareJbHOCTH.

Omnpenenenne 1.6 Ecau oaa VA >0 IN(A): |zn| > A 02z Vn >
> N(A), mo nocaredosamervrocmo {z,} Hasvi8aemcs Heoepanu-
4eHHO 8o3pacmaroujell.

[lpumep: a) {z,} = 2" npu |z| > 1; 6) {z,} =n-i" — Heorpa-
HHUYEHHO BO3pacTaiolliye MOCIeN0BaTebHOCTH.

Takue moc/e10BaTENbHOCTH HE SIBJSIIOTCS CXOASIIUMHCS B 0OBIU-
HOM CMBICJIE, HO OKa3blBaeTCsl YAOOHBIM CUMTATh, YTO CYILIECTBYET
TOYKa z = 00, M YTO BCsiKasi HEOTPAaHMYEHHO BO3pacTaioliasi MocJe-
[0BAaTeJNbHOCTb CXOAUTCSI K OECKOHEUHO YAAJeHHOH TOYKEe 2 = OO
KOMIIJIEKCHOH IJIOCKOCTH.

Onpenenenune 1.7 Komnaexcruas niockocme C, donoanennas bec-
KOHeuHO YOaseHHOU mMOUKOU, Ha3bl8aemcs pPaculupeHHol KoM-
NAEKCHOL NA0CKOCMDbIO.

Omnpenenenne 1.8 OxpecmHocmoro beckoneuHo yoanewHol mou-
Ku Hasvieaemcs obaacme {z: |z| > R} — mHomecmso mouex 8ue
kpyea docmamouno 6Goavuioeo paduyca R ¢ uewmpom & Hauare
Koopduram.

1
Ecnu {z,} Heorpanuuenuo Bospacrawouiasi, to &, = — — 0.
Zn
OTciona HeTPYAHO MOJYYHUTb TpaBUa apu(PMETHUECKHUX NEeHCTBUH C

6eCKOHEeUHO yHaJieHHOH TOYKoH z = oo: — = 0 0 =00, 200 =00

z 0 oo
(z#0); 24+ 00 =00; — =0, z # co. Onepauuu o 1 = ABasoTes
HeOTpeieleHHbIMH. o

1.8. 3amaum 1/ CaMOCTOSITEILHOTO PELICHUS.
1. JMokaxwurte, urto ecad cyuectByeT  lim |z,| #0 I/I
n—oo

lim arg z,, To cymwectByer u lim z, # 0.
n—oo n—oo

2. JIoKaXKuTe, uTO nlgr;() (n(¥Vz—1))=Inr +ip+2nki, k=

=0,1,2,..., z =re.
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3. JlokaxkuTe, UTO IOCJENOBATEJbHOCTb {argz,} MOXeT
PacXOIUTbCS, €CJAM MOC/AEN0BATENbHOCTb {2} CXOLUTCS H
lim z, # 0.

n—oo

§ 2. OPyHKUUN KOMIUJIEKCHOU MepeMeHHO!

[IycTe Ha KOMIJIEKCHOH MJOCKOCTH 3afaHO MHOXKECTBO TOUEK
g, U KaXJ0My YHCJIYy 2 € g 10 ONpPeleJeHHOMY 3aKOHY CTaBUTCS B
COOTBETCTBHE OJHO KOMILJIEKCHOE YMCJI0 w: 2 — w. Torga roBopsr,
4To B 00/1aCTH ¢ 3aJaHa OTHO3HAYHAsl (PYHKIHS KOMILJIEKCHOU
nepemennoit w = f(z). Ilpu stom g HaspBalT 06JacTBIO Ompe-
gemeHus GyHkUUH f(z), a MHOXKeCTBO Touek w = f(z) — MHOMKe-
CTBOM 3HaueHU#H (QyHKIHH, KOTOpoe 0603HauuM D. Dynkuus f(z)
ocylLecTBJsieT oToOpaxkeHue g — D.

B Teopuu ¢yHKUMIE KOMIJIEKCHOH MEpeMeHHOH TaK»Ke paccMmar-
pUBAIOTCS HEONHO3HAUHble (MHOrO3HayHble (DYHKIIMH), KOTIa KOM-
MJIEKCHOMY YHCJY Z CTABUTCSl B COOTBETCTBHE HECKOJBKO PA3JUYHBIX
KOMIIJIEKCHBIX YHCEJI.

CrpykTypa MHOXecTB g U D MoxeT ObITb BecbMa pasHooOpas-
HoU. MubI OyneM paccMaTpuBaTth cjaydau, Korga g i D — obaacTu Ha
KOMIIJIEKCHOH IJIOCKOCTH.

[Tpumepbl 0fHO3HAYHBIX (DYHKIHH:

a) w=az+b, 6) w=2z", B) w= .

[Ipumep mMHOro3HayHOH (yHKUMHM: w = Yz.

Omnpenenenne 2.1 Touxa 2y Ha3vieaemcs 6HYmpeHHel MOUYKOU
MHOMCECMBA ¢, eCAU CYWecmayem e-0KpeCmHOCmb MOUKU 2 : |z —
— 2p| < &, 8Bce mouku komopoii npuxadrexcam g.

[pumep: a) z =0 — BHyTpeHHssl TOUKa MHOXKecTBa |z| < 1;

6) 2z =1 — He siBJsieTCs] BHYTPeHHeH TOUKo# MHOxecTBa |z| < 1.

Omnpenenenne 2.2 06acmoro g KOMNAEKCHOU naockocmu Z Ha-
3bl8aemcs MHONCECMmE0 Mmoyex 3moi NAOCKOCMU, YO0BAEMBOPAIO-
ujee YCAo08UAM:

1. 8ce mouKU z € g ABASAIOMCS BHYMPEHHUMU MOUKAMU §;

2. atobvle mouKu z1, Zy € g MOMHO COeOUHUMb AOMAHOL C
KOHeUHbIM HUCAOM 38eHbes, COCMOSULUX MOAbKO U3 MOoUeK
ZE€g.

B onpenenenuu obsactu ycsaoBue 1 o3Hauaet, 4To g — OTKPBITOE

MHOXECTBO, a YCJOBHE 2, UTO § — CBSI3HOE MHOXKECTBO.
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Wrak, 06/1acTh — OTKPBITOE CBSI3HOE MHOXKECTBO.
[lpumep: a) |z| <1 — obmacte; 6) |z| <1 — He obsacTs;
B) {z:|z|]<1}U{z:|z—5i] <1} — He obsacTb.

Omnpenenenne 2.3 Touxka 2y Ha3vieaemca epaHudHol mo4kot o6-
aacmu g, ecau 8 10604 ee £-0KPecmHOCmU UMEIOMCA KAK MO4KU,
npuraoiexauiue g, maxK u He npuradiexaujue g.

[lpumep: a) z =0 — rpaHuuHasi Touka MHOXkecTBa |z| > 0;

6) z =i — rpaHduYHas TouKa Kak MHOxecTBa |z| < 1, Tak u
MHOXKecTBa |z| < 1.

Onpenenenue 2.4 CosokynHocms epaHuiHsvlx mouex obiacmu ¢
Hasvieaemcs epanuyeli 0g obaacmu g.

['paHHIla MHOXKECTBA MOXKET COCTOSITh U3 KOHEUHOTO UHCJIa TOYeK
M JlaXKe U3 ONHOH TouKH (Kak, Hampumep, y MHOkKecTBa |z| > 0).

Onpenenenue 2.5 3amvikanue obaacmu g cocmoum 8 npucoedu-
HeHuu K g ee epanuypl 0g. TloryuernHoe mHoOMCECMBO HA3bIBACMCS
3amkHymot obaacmor: G = g + 0g.

[Tpumep: MHoxecTBO |2] < 1 — 3amkHyTOE.

Pacemortpum cayuait, korma ¢yHkuus w = f(z) 3agaHa B obuaa-
CTH ¢ KOMILJIEKCHOH IJIOCKOCTH z W oTobOpaxkaeT ee Ha obJjactb D
KOMIJIEKCHOH TJIOCKOCTH w, ¥ 3TO 0TOOpaKeHHe OJHO3HAUHO.
Onpenenenue 2.6 [Tycmo 0as Aw0bbix mouek zi, zy € g, 21 # 29
umeem mecmo f(z1) = w # wy = f(z9), mo ecme pasaiuuroim mou-
Kam obaacmu g cOOMBemMCmayom pasiutHble 3HAUEeHUS PYHKUUL
w = f(z). Toeda ¢pyukyus w = f(z) Ha3vieaemcs 0OHOAUCMHOU &
obracmu g, a obaracme g — 061ACMbI0 0OHONUCMHOCMU YHKUUL
f(z).

Takum obpasom, orobpaxeHue g «— D, ocyllecTBaseMoe Ofi-
HOJIMCTHOU (DyHKLHMeH, siBJsieTCss B3aUMHO OflHO3Ha4dHBIM. Ha puc. 4
NpUBEIEHbl BAPHAHTBI OTOOPaKEHHH.

HetpynHo mokasate, uTo, Hampumep:

a) w = const — OIHO3HaYHasi, HO He OJHOJMCTHAS,

6) w = az + b — ogHO3HAYHAS U ONHOJUCTHAS (eIHHCTBEHHOE O0TOO-
pakeHue, coxpaHsolllee nopodue Bcex QUTYP);

B) w=2" mnéeN, n>2 — ogHo3HauHasi, HO He OAHOJMCTHAs.

[TpousniocTprpyem elile pa3 MOHSITHUST HEOAHOJHCTHOCTH U HEOM-
HO3HaYHOCTU (PYHKIHHM KOMIJIEKCHOH MepeMeHHOH Ha MpuMepax
w=+z 1nw=2z°.

®dynkuus w = /2 — naBy3HauHasi. JleHCTBUTEJBHO, Kamag—

My z = pe'¥ COOTBETCTBYIOT JBa 3HAUeHHs KODHA wi = \/pe 2;
.f .
wy = /pe'2 '™, npuueM M3MeHeHHe aprymMeHTa w OT 3HAUYEHHs g
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Y
9 21 z9
4 Zl ®
D D
wl ®
Wo wy
a) 6)
HEeO0O0HO3HaUHoe 00HO3HaUHOe 00HO3HAUHOE
omobpacerue HeoOdHoaucmHoe odHoAUCmHOE
omobpascerue omobpascerue
Puc. 4.
w=f(z) =z

y=Imz @ v=Imw @

wy = \/ﬁei*”/2

—

2a

z=Rez =
% u = Rew

_ ip/2+im
w2 = e 16

Puc. 5.
o
Ha pHC. D) WM OT wy K w| (KpuBas 16 Ha puC. 5) HA MJIOCKOCTH W
MPOUCXOMUT, €CJU TOYKA z COBepllaeT 00XOH 3aMKHYTOIO KOHTYpa,
comepxkaiero BHyTpd Touky z = 0 (kpuBassi 1 Ha puc. 5). Ecan
e TOouKa z JBHXKETCS 10 KOHTYpy 2, He coiepxKallleMy BHYTPH
Touky z = 0, To mepexona OT wy K w] He MPOUCXOAUT: apryMeHT w

+ 7, TO eCTh TMepexol OT TOYKMU w] K TOUKe wy (KpuBas la
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MeHsieTCsl HellpepbIBHO U MPH MOJHOM 00X0/ie 3aMKHYTOI'0 KOHTYypa 2
BO3BPAILACTCA K HCXOIHOMY 3HAUEHHIO T MM g + 7. Touka w npu
3TOM OIHUCHIBAE€T 3aMKHYTbIH KOHTYp 2a WM 20 B 3aBUCHMOCTH OT

BBIOPAHHOTO Ha4aJ/IbHOT'O 3HaYeHHs apryMeHTa g WUJIH §+ .
Takum obpasom, ecau 3ampe-

TUTb 00x01 ToukH z = 0 Ha myoc-

KOCTH 2, TO MOXKHO BBIIEJNUTD

2 ogHO3HAYHbIEe BETBM [By3Ha4-

HOM QyHKUuMH w = f(2) = /.

p =0 ITOro MOXXHO JOOUTbCS, YCTPOUB

p=2mP=Re2 o nnockoeTH z paspes, Hanpu-

Mep, MO MOJNOXKHUTeNbHOHU YacTu

NEeHCTBUTEJbHOH OCH, U CUHTas,

4TO Ha BepxHeM Oepery paspe-

3a p =0, a Ha HUIKHeM Oepery

paspesa p = 27 (cM. puc. 6). 3a-

Puc. 6. (hUKCHPOBaB TakKUM 00pa3oM ap-

ryMeHT 2 B npefiesax 0 < ¢ < 27,

Mbl MOJIyUHM OIHO3HAYHYIO (DYHKLHIO — ONHY U3 BeTBeH (PYHKLHH
w = f(z) =+/z, nas kortopo# 0 < argw < 7.

®ynkuusa f(z) = 2%, paccMaTpuBaemas Ha Bceil KOMILIKCHOI

MJIOCKOCTH 2, He ABJSeTCA OJHOMUCTHOH. JleHcTBUTENbHO, A8 ABYX

Pa3/JIMUHBIX TOYEK IJIOCKOCTH 2| = pe'? U 29 = —z| = pe'? ™™ noay-

yaem wi = Z% = p2e? ywy = Z% = p2e2F2T — )| TO eCThb TOUKH

2] # z9 oToOpaxkawTcsi (yHKIMEH w = 22 B ONHY U Ty e TOYKY

MJ0CKOCTH w (CM. pHC. 7).

y=Imz
0<p<2m

y=Imz @ w:f(z)222 v=Imw @

; 2_ 29
z1 = pe*¥ wy F 2{ =pe’ =

=wy = Z% _ p262up+2m

r=Rez u=Rew
Z% =W =Wy :Zg
29 = pei<p+i7'r w = f(z) = 22
21 # 29
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[TocTpoum caenyiouiyto mMonenb. BosbmeM nBa sk3emmsspa (Ju-
CTa) MJOCKOCTH W C paspe3aMH MO TOJOXKUTEJNbHOH YacTu Jed-
CTBUTEJIbHOH OCH, a UMEHHO ILIOCKOCTh wi, rae 0 < argw < 2,
U TJIOCKOCTb Wy, The 27 < argw < 4w, U OyneM CYHuTaTh, UTO
TOYKU BepXHeH moJsymaockocTd z (¢ aprymeHtamu 0 < argz < )
0TOOpaskalTCs B TOYKH MiockocTH wy (0 < argw = arg 2> < 27), a
TOYKH HHXKHEH TMOJYMJIOCKOCTH 2z (C aprymeHTaMu 7 < argz < 27)
0TOGPaXKaIOTCs B TOYKH MJIOCKOCTH wo (27 < argw = arg 2% < 4m)
(cm. puc. 8).

y=Imz @ w=f(z) =22 @ /U

argw =
. 2
21 = pel? @ w1=2  agewr=2r "
O<p<m 0 <argw; < 27

/U
x=Rez wgzzg arng?/
@D//‘ arg w >4 u

21 < argwy < 4m

ot 2 )
29 = pe'TT w=f(z) =2 2] =wy # wy = 2
2y # 2

Puc. 8.

Tenepb «CK/eHM» BepXHUN
Oeper paspesa MJIOCKOCTH W] argw =0
(argw = 0) ¢ HMKHUM Oe-
perom paspesa IJOCKOCTH Wo
(argw = 4m), a HUXHHE Oe-
per paspesa TMJIOCKOCTH W]
(argw = 27) — ¢ BepXHUM Oe- argw = 2w argw = 21
perom paspesa IJOCKOCTH Wo
(argw = 27) (cMm. puc. 9). Ec-
JIU B MJIOCKOCTH 2z TOYKA OIH-
CblBaeT TMpPOCTYI0 3aMKHYTYIO
KPHUBY10, 00X0As1 HA4aJI0 KOOp-
IMHAT, TO €CTh apryMeHT 2 Me- Puc. 9.
HsleTCsl OT ¢ A0 ¢ + 2m, TO
B MJIOCKOCTH w € OyHeT COOTBETCTBOBATb KPHBasi, COBEpIIAIOLILAs
IBaxKIbl 06X0I BOKPYT TOUKH w = 0, a Ha moBepxHOCTH w] U wy —
npocTasi KpUBasi, 10 KOTOPOH TOUKa, B3sTas, HaNpHUMep, Ha MEPBOM
JIUCTE, MepeMellaeTcsi o 3TOMY JIUCTY, TOTOM 110 BTOPOMY U BO3Bpa-

©
Sf\

r\\__,/

b

\h
I

®

argw = 4w
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aeTcsl B MCXoAHOe mnoJjoxeHue. [locTpoeHHass Mone/b HasblBaeTcs
PHMaHOBO# MOBEPXHOCTBIO (BYHKIHH W = 2°.

Takum 06pasoM, GyHKIUA w = 2> B3aHMHO OJHO3HAYHO H Herpe-
PBIBHO OTOGpaXkaeT MOJHYI0 MI0CKoCcTh 2z (2 # 0, z # 00) Ha pu-
MaHOBY MOBepXHOCTb w; U wy 3ToH (pyHKuMHU. O6paTHas (PyHKLMS
z = y/w TaKXe B3aMMHO OJHO3HAYHO M HENpPEPBIBHO OTOOpa)aer
PHUMaHOBY TIOBEPXHOCTb w U wy (BYHKUHMH w = 2> HA NOJHYIO TI0C-
KocTb 2z (2 # 0, z # 00).

AHa/lorn4HO MOXKHO paccMaTPUBAThb N-JHUCTHYI (YHKIHIO W =
= 2" u obpaTHyw K Heil w = {/z. Hampumep, obmacTtbio omgHO-

. 2m
JIUCTHOCTH NaHHOH (pyHKIHMM siBasiercsi cekTop C < argz < C + —,
n

C € R, TaK Kak B 3ToH 06/1aCTH HeT TOUeK z = pe'?, UMelolUX OH-
HaKOBble MOIYJIH, Y KOTOPOBIX apryMeHThl OTIHUAIOTCS HA BEJHUHHY,

™

60JbIIYI0, JUOO PABHYIO —.
Oyukunss w = f(z) = €* Takke He SIBJSETCS ONHOJHCTHOHM.
JleficTBUTEIBHO, paccMOTPUM [Be mosoce:: 1) mogocy gy = {—

—m < Imz < 7}, nepexomsiuyro B MJIOCKOCTh —7 < argw < T
C pas3pe3oM IO OmpuyamesvHoli 4acTH BeIIeCTBEHHOH OCH, MPH-

yeM TpaHUYHOH mpsMoil Imz = —m cooTBeTCTBYyeT HudscHui Oe-
per paspesa, a mnpsaMod Imz = m — @gepxnui Oeper paspesa;
2) momocy g; = {m < Imz < 37}, nepexomsillyid B IJIOCKOCTb

Dy = {r < argw < 3r}. Uro6bl Npd HeNpepbiBHOM Mepexoie TOY-
KM 2z W3 ¢gg B g1 d4epe3 mnpsMyio Imz = m obpa3 3TOH TOYKH
HempepbiBHO mepexoaua u3 Dy B Dj, ckijeum Oepera paspesos,
COOTBETCTBYIOLIME 00lleMy 3HaueHHI0 argw = 7. [lonmyunm HoBoe
reomMeTpuyeckoe MHOroo6pasue — ABYJHUCTHYI0 PrMaHOBY moBepx-
HOCTb, COCTOSIIILYIO W3 JiUcTOB Dy ¥ Dj. AHasornyHo npoposxaem
mpouecc aas Bcex mnosoc gn = {(2n — D)7 < Imz < (2n + )7},
nepexonsiux B Dy, = {(2n — )7 < argw < (2n + 1)7}. Ilosnnas
KOMIIJIEKCHAsl IJIOCKOCTb 2 INePeXOIUT B OeCKOHEeYHOJNUCTHYI Pu-
MaHOBY MOBEPXHOCTb, CKJEEHHYI0 M3 JUCTOB D, npudyem auct D,
cKJeeH ¢ jquctaMu D, 1 D,_; no 6eperaM paspe3oB, Ha KOTOPbIX
arg w NpUHHMaeT OJMHAKOBble 3HAYEHHUS.

Onpenenenue 2.7 Ecau 0rs mOuKU 2 MOMCHO YyKA3amMb mMAKYHO
€-0KpecmHocms, 4mo npu OOHOKpamHom o06xo0e mMOuKU 2Z No
A1000MY  3AMKHYMOMY KOHMYPY, UEAUKOM Aexcauiemy 8 3moll
£-0KpecmHocmu, 00Ha 8em8b MHO203HAUHOU PYHKUUU nepexodum
8 Opyeyro, Mo MouKa z HA3bl8AEMCS MOYKOU 8eMEJeHUA OaHHOL
MHO203HAUHOU QYHKYUL.

PaccmoTtpuMm psim mpumepos.
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Jns ¢yHKIUU w = \/z TOUKaMH BeTBJEHHS SBJSIOTCS TOYKH
z =0, z = 00. Ha xKoMmJIeKCHOH MJIOCKOCTH C pa3pes3oM MO OTpHUlla-
TeJbHOH YacTH BelleCTBEHHON ocU —7r < arg z < 7 KaX/as BeTBb —
OJIHO3HAUHAas q)ygxuym, mpu STOM Wy = \/Z Ha3blBalOT IJABHOW

BETBbIO, €CJIH -5 <argw; < 5

DyHKUMA W = — — OJHO3HAYHAs, ONHONHMCTHAs (DYHKUHUS Ha
z
MOJIHOH KOMIIIEKCHOH miiockocTH, z (0) = oo, z (00) = 0.

®dyukuua 2KyKoBCKOro w = 3 (z + —> — OJIHO3HayHasl, Of-
z

HOJMIUCTHAsA (PyHKUUS B J000H o6JacTd, rae AAs JOOBIX 2|, 29
BBITIOJIHEHO HEepPaBeHCTBO 2] - 29 # 1. [lokaxkem 3To.
[lyctb 21 # 29, TOTHA

1 1 1
21+t —=29+— & (22—,21)(1——) =0 = z1z9=1.
21 22 2122
Taxum o6pazom, 06JaCTIMH ONHOJUCTHOCTH SIBJASIIOTCS, HATpH-
Mep, |z| > 1w |z| < L.
Iloka3arenpHas pyHKIMUA €,

w=e® =" = ¢e%W = " (cosy +isiny)

— OJHO3HAa4Hasi, HO He OfHOJNNCTHAs PyHKUKS. OOMACTbIO ONHOJIUCT-
HOCTH sIBJIsieTCs /to0ast moJioca MUpUHOH 27, Hampumep, 0 < y < 27.
Jlorapu¢gpmuueckaa pyakuus Ln z,

Lnz = Ln(pe ™2™ = Inp+ip +i- 27k, k=0,+1,£2, ...,

rae p = |z|, ¢ = arg z — MHOrosHauyHasi pyHKIHsl. TOUKH BETB/IEHHS
z2=0, z = 00.

[Tpu k = 0 mosyyaem ryiaBHbIEe 3Ha4YeHHUS Jorapudma U apry-
meHTa: Inz = Inp + ip; argz = .
Mpumep 2.1. [Ipedcmasumo Ln(—1 — i) 8 aseebpauueckoii ¢op-
Me.

Ln(—1—i)=Ln (\/5 e—i%n+2m1~c) _
_ %hﬂ-i%ﬂﬂ%k, k=0 41,42, ...

3anaua 2.2. [Ipedcmasvme 6 areebpauueckoli opme:
a) Ln(—10); 6) Ln(e").
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Orser: a) Inl0+im+i 27k, k=0,%1,+£2,..;
6) ip+i-2rk, k=0,£1,£2,...
PaccmoTpum dyHKUMIO w = 2%, KOTOpas:
1) npu @ =n € Z, a # £1 — onHo3HAauHasi, He OHOJNHUCTHAS (PYHK-
18078:

m m
2) mpu a = —, TAe — — HecOoKpaTHMasi pallMOHajbHas ApPoOb, —
n n
MHOTO3HauHasi (n-3HayHasi) QyHKIHS,
3) mpu a € R, a € C — wMHorosHayHasi (6ecKoOHeuHO3Ha4YHas),
w = eaan

Baxno momuute: V2" # (Vz)".
Mpuwmep 2.3. a) [Ipedcmasums uucro 2° 6 mpu2oHOMEMPULECKOL
dopme:

2@' — eiLnQ — ei(an—l—QiTrk) — e—QTrk(COS (ln 2) +isin (hl 2) ),
k=0,+1,42,...;

6) npedcmasume wucio i* 8 noKas3amesvHol gopme:

it = esz — ez(ln 1+z§+217rk> — 6757271'16 k= 0’ :l:l, :I:Q’

’

3amaua 2.4. [Ipedcmasome a) 37! 6) (1 + l)if1 8 nokasa-
meavHol opme.

Otser: a) (3 - 6*27”43) - e'n3. ) <Le—%—2wk> _6i(ln\[—%—27rk)’

V2
k=0,+£1,+£2, ...
OtmeTuM, 4TO runepooIuUecKrue (PYHKLMU:
e +e ”? ef—e * sh z

chz = —————; shz = —————; thz = —= — MHOIOJIUCTHLIE
2 2 chz
hyHKLUY;
Y TPUTOHOMeTpUYeCcKHe (DYyHKIUHU:
eZZ + e—ZZ . (22 e—’LZ SinZ
COSz = ————; sinz = —; tgz = — MHOTOJIUCTHEBIE
2 2 COS 2
(hYHKLIUHU.
[Ipu sToM ¢yHKUMH cOsz, sinz ABJSAITCI NEePUOAUYECKHMH C
nepuofoM 27 (YHKUIUAMH, a (QYHKUHSA tgz — TEepUOAHYECKOH C

TIePHOJIOM 7.

Ipumep 2.5. Jokaszams, umo sin(iy) = ishy.
JIOKABATEJIBCTBO.

Lo ) _ o—iliy) o=y oy TV oy
sin(iy) = 5 = i

=1ishy.
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3apaua 2.6. Jokamume, umo cos(iy) = chy.
CrnpaBeiuBbl  CJeAyIolde (HOPMYJbl TPUTOHOMETPUH B KOM-
MJIEKCHOH 00J1aCTH:

sin(z] + 2z9) = sin z; - cos z9 + cos z1 - sin zy;

cos(z] + z9) = oS 2] - COS 29 — s8in 2| - sin zy.

C ydetoMm pa3oGpaHHOrO BbIlle MPUMEPA UMEEM:

sin(x +iy) = sinx chy + i cosxshy;
cos(x +iy) = coszchy — isinzshy;

2

. 9 . s
sin“z+cos“z=1; sinz=cos |- — 2] .

2

O6parHble runepooanyeckne pyHKIUN.
O603HauuM w = Arch z, ecau z = chw. Torna

z:chw:i; w:Ln<2+\/22—1)‘

2
JleHcTBUTEJIBHO, TTOJIOXKUM t = €Y, Torma

1
r=—t — ?-22+4+1=0,

OTKyJla, pellas KBaJpaTHOe ypaBHEHMe, MoJyuaeM
t=z+vVz22-1.
Torna w:Ln(z—l—\/z2— 1).

BakHO MOMHUTb: 3[1€Ch, [IOJ 3HAKOM JIoTapu(pMa, U Iajiee CTaBUM
nepel KOPHEM 3HaK «+», TaK Kak KBaJpaTHbIH KOpPeHb B c/ydyae KOM-
TMJIEKCHBIX YHCEJI 110 OnpefieleHHI0 uMeeT nBa 3HaueHus. C 6osblIoN
OyKBbl 0003HAYAIOTCSl BCe 3HAUEHHsI MHOTO3HAYHOH (PYHKLIHH.

Takum  obpaszom, w = Archz = Ln <z +V22 - 1) —
MHOTrO3HauHasi (yHKLHs, [JaBHOe ee 3HayeHHe w = archz =
:1n<z—|—\/22— 1).

AHajiornyHo onpenessiloTCs Apyrue oOpaTHble runepooInUecKre
(byHKLHUH.
3amaua 2.7. [loayuume svipascenue oas  a) Arshz;  6) Arthz.

Otger: a)Arshz:Ln(z—i— 22+1>; 6)Arthz:%Lnitj
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OoGpaTHbie TpUroHOMeTpHUUeCKHe (PyHKLMH.
O6o03naunM w = Arccos z, ecJid z = cosw. Torna

w:—iLn(z+i\/1—z2).

eV et »
JlelicTBUTEABHO, 2 = COSW = —5 [Tosoxum t = €', to-
t+ 1
raaz:Tt; 2 —2%24+1=0,t=2+22—1.
CJie10BaTeNbHO,

iw:Ln<z+\/22— 1); w:—iLn(z+i\/l—22).
DTO MHOTrOJMCTHAs (yHKUHUS, TaBHOE 3HAaueHHe KOTOPOM
w = arccosz = —i - In (z—l—i\/l —22) )

AHajiorn4Ho ompenessiloTCs APYyrHe oOpaTHble TPUTOHOMETpPHUe-
CKHe (PYHKLHH.

3amaua 2.8. [Toayuume svipascenue 0ra  a) Arcsinz; 6) Arctgz.
Otser: a) —ilni (z +22 - 1); 6) %an —t z
Ipumep 2.9. [Ipedcmasume 8 arcebpauueckoti popme Arccos 3.
PEUIEHHUE.

cosz=3 & eF+e =6 & 241 -67=0 =
= F=3EVE = =il (3£VE) -
— —iln (3i¢§) + 2k, k=0,%1,£2, ..
OTMeTHM, YTO B JAHHOM C/Iy4ae /8 MMeeT CMbIC/ apuU(MeTHIECKOro
KOpHSI, 8 — HeHCTBUTEbHOE YUCIO.
3agaua 2.10. [Ipedcmasvme 8 arcebpauueckoli ¢opme
a) Arcsin(—3i); 6) Arctg2i.
OtBerT:
~iln (34 V10) +2rk,
—iln (-3 + \/E) + 7+ 27k,
k=0,%+1,4+2,...

a) —z‘Ln(3i\/E) =

6) g+%ln3—|—7rk, k=0,+1,+2, ...
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2.1. 3anatm AJd CaMOCTOSATEJbHOI'O peleHud.

1.

Briuncaute (Halaute Bce 3HayeHust). PesynbTaT mpencraBbTe
B (opme a + ib, rne @ U b — nefcTBUTENbHBIE YHC/IA.
a) cos(241); 6) sin2i;, B) coswi; 1) tg(2—1);
1) ILn2; e In2;, x) Lni 3) Ln(2-3i);
(1_4,%) -7 7 1+ ¢
u) I\I=/0ox) 4T on) 7w M) (1 z)
Haiinure Bce pereHust ypaBHeHHsi. PesysnbraT mpeactaBbTe B
tdopme a + ib, Tie a U b NeHCTBUTENbHBIE UHCA.
a) sinz=2; 06) cosz=1, B) tgz=2+1;
r) sinz+cosz=2; n) sinz-—cosz=23;
e) e +e*=3 k) e +i=0; 3) chz=1i;
H) chz—shz=1; x)shz—chz=2i
3anuiuTe ryaBHoe 3HadeHue QyHkuud f(z) = /z, rme
a) z=3+41;, ©6) z=3-—4i;, B) z=-3+4i
r) z=-3-—4i.

Bomnpocs! kK ak3ameny.

l.
2.

SRR

9.

10.

CoopmynupyiiTe omnpeneseHue (QyHKLHUM, ONHOJUCTHOH Ha
HeKOoTOopoM MHoxkecTBe. [IpuBenuTe mprmep.

CdopmynupyiiTe onpenesieHrde onHo3HaYHOH hyHKUMH. [IpuBe-
nute nprumep. Kak cBsi3aHbl MOHATHS OJHOMHCTHOCTH U OJHO-
3HAYHOCTH?

CdhopmynupyiiTe onpeneneHre (QYHKIHUHU, HEOAHOJHUCTHOH
(MHOTOJIUCTHOH) Ha HeKOTOpoM MHOxecTBe. [lpuBenute
puMep.

CdopmynupyiiTe onpeneseHde MHOro3HauyHoH (pyHKUMH. [Ipu-
BenuTe npumep. Kak cBsi3aHbl MOHATHS MHOTOJMCTHOCTH U
MHOT'03HAYHOCTH?

ChopmynupyiiTe onpesesieHne NMOKa3aTeJbHOH QYHKIUU €7,
CoopmynupyiiTe onpeneseHUs TPUTOHOMETPUYECKUX (DYHKLHH
sinz, cosz, tgz, ctgz.

ChopmynupyiiTe omnpeneneHuss TunepbONSHYECKUX (QYHKIHH
shz, chz, thz, cthz.

. ChopmynupyiiTe onpeneseHrde Jorapu@MUUeckod (QYHKLHUN

Lnz.

CdhopmynupyiiTe onpesneseHue OOIIEH CTeNeHHOH (QYHKIUH
2% a#0.

CohopmynupyiiTe onpeseseHHe 1poOHO-JTHHEHHON (YHKLINH.

TeopeTnueckue 3aJa4yy U 3aa4¥l MOBBIIMIEHHOU CJIOKHOCTH.

l.

Haiinure cymMMy W mpousBeneHHe BCeX KOpHeH ypaBHEHHs
Z"+a” =0, a>0.
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2. Hafinute cymMMmy M mpoWsBeleHHe BCeX KOPHeH ypaBHeHHst
2" —a"=0, a>0.

§ 3. Ilpenen u HenmpepbIBHOCTh (PYHKIUN KOMILJIEKCHOM
rnepeMeHHOMN

3.1. Ilonarue npenesa (PyHKIUN KOMIJIEKCHON MepPeMEeHHOMN.

Onpenenenne 3.1 (no letne) Komniexcroe uucao wy Ha3vieaem-
cs npedenom Qynkuyuu f(z), z € g, 6 mouke zy € g, ede g —
MHONHCECNBO MOUEK HA NOAHOLU KOMNAEKCHOL NAOCKOCMU, eCAl 0N
ar06oii nocaedosamenrvrhocmu {z,}, cxodsweiics Kk 2y, zn # 2o, CO-
omsemcmsyroujas nociedogamenvrocmo { f(zn)} cxodumes k wy.
[Ipu amom npednosaecaemcs, umo zy A6ASLEMCL MOUKOL CeyUjeHus.
(npedeavroil moukotl) mHoxcecmsa g.

Onpenenenne 3.2 (no Kowu) Komnaiekcroe uucio wy Ha3vieaem-
cs npedenom pyHKkyuu Komnaekcnot nepemennoil f(z) 8 mouke
2o € g, ecau Oas Ye > 0 30(e,29) > 0 maxoe, umo s 206020
z, ydosaemeopstowezo ycrosuio 0 < |z — zg| < 6, svinoansemcs
Hepasencmso | f(z) —wp| < e.

3ameuanue 3.1  Imo onpedenerue umeem cmviCA AUULL NPU KO-
HEeUHbLY 3HAUeHUAX 2y U wWy.

Teopema 3.1 Onpedesenus no letine u no Kowu axsusanrermmol
Npu KOHeUHbLX 3HAUEeHUX Zy U Wy.
JIOKA3ATEJIBCTBO.

1. Ilycts crpaBensivBo ompenesenue npenena no Koiu, To ecThb
¢yukuns f(z) ynmosserBopsier ompexpesenuio 3.2. Jokaxem,
4TO TOTJA CIIPABENJIMBO OMpeneseHne npemena mno [eiine. Bosb-
MeM J060e ¢ > 0 u BoiGepem coorBeTcTByMIIee d(¢) > 0.
PaccMoTpM TPOH3BOJIBHYIO MOCJEN0BATENIBHOCTD {2} — 20,
Zn # 20, 4 HaiineM N (6(¢)) = N(g) Takoe, 4to aJsi /10600
n > N(g) Boinodinsiercst cootHoutenue 0 < |z, — zg| < 0. Torna
0 < |f(zn) —wo| < e nast moboro n > N(eg). A tak kak € > 0
— J060e 4Ydca0, ¥ {2z,} — TMpPOU3BOJbHAS MOC/EI0BATEJIb-
HOCTb, CXOISILIAsicss K 2p, TO 3TO 3HA4YuT, 4to {f(2,)} — wo,
TO €CTb BEpHO omnpeneseHue 3.1.

2. Ilyctb BBIMOJNHEHO ompefeseHue mpenena no [efine. JlokaxkeM,
YTO BBINOJNHEHO omnpenesneHde mnpepesa no Kowwu. [lpenmo-
JIOXKUM TIPOTHBHOE: MyCThb BepHO ompeneseHue 3.1, a ompe-
nenenne 3.2 — HeBepHo. [locsenHee o3Hauyaer, 4TO Cylie-
ctByeT g9 > 0 Ttakoe, uto anas gawb6oro d, > 0 cyliecTByer
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Zn € g, uto TpH 0 < |z, — 29| < Oy, GyeT BEepHO HEPaBEHCTBO
| f(zn) — wo| > €¢. Beibepem mocnenoBaresnsHocTs {d,} — 0 1
COOTBETCTBYIOLLYIO €if Moc/enoBaTebHOCTh {2, }, YIOBIETBO-
pSIIOLLYI0 TPeABIAYLIMM HepaBeHCTBaM. Torga moJydaeM, uTo
cymectByeT {zp,} — 29, a npu stoM {f(2,)} He cTpemurcs
K wy, TO ecTb omnpeneneHne 3.1 — HeBepHo. [losydyeHHoe
NPOTHBOpeYHe N0Ka3blBAETCs CIPABEAJINBOCTD YTBEPKAEHHUSI.

Onpenenenne 3.3 Pynxyus komniekcHoii nepemennoti f(z) Ha-

3bl8aemcs HenpepvlBHOU Ha MHOJNCecmee g 8 mouke zy € g, ecau

cywecmeyem koneurnwviti npedea lim f(z) = wo u wo = f(29). Apy-
zZ—2)

eumu cro8amu, GyHKyus KomniekcHot nepemernoti f(z) Hasosa-
emcs. HenpepvlBHOU 8 mouke 2y € g, ecau 015 Ve > 0 3d(e, zg) > 0
maxkoe, umo Yz, ydosaremsopsrouezo ycarosur 0 < |z — z| < 6,
soinoansemes |f(z) — f(z)] < e.

OueBHIHO, MPU 3TOM JOCTAaTOYHO MaJjasi 0-OKPECTHOCTb TOYKH
2o oTobpaxaercss f(z) Ha JOCTATOYHO MaJyH £-OKPECTHOCTb TOUKH
wo = f(zp). DTO ompenesneHre pacnpocTpaHseTCsi KaK Ha BHYTPEH-
HUe, TaK ¥ Ha rPaHHYHBbIE TOYKH MHOXKECTBA.

Omnpenenenne 3.4 Touxa zy Ha3bi8aemMCS USOAUPOBAHHOU MOUKOU
MHONCECmB8a ¢, ecAu cyujecmsyem maxkas ee c-OKPecmHoCmb, 8
Komopoti wem Opyeux mouex MHoxecmsa ¢. B u3omupoBaHHOH
TOUKe 2o € g (PYHKIUS CUYUTAETCS HENpPepPBIBHOM.

[Tousitne HempepsiBHOCTH (OYHKUMH f(2z) CrpaBemnBO H B CJy-
yae 6ECKOHEUHO ylIaseHHOH TOUKH.

Ipumep 3.1. a) Qynikyuu w = const, w =az+0b, w=7%, w=
=Rez, w=|z|, w=z" asaat0mcs HenpepolBHbIMU HA BCELl KOM-
NAEKCHOU NAOCKOCMU;

6) PyHKuus W = arg z A6AAEMC HenpepbLeHOLl Ha 8cell KOMNAeKC-
HOLl naockocmu, 3a uckarouernuem mouex z =0, z = 00 u mouex,
ACHCAUYUX HA NOLOHCUMENLHOL Hacmu 0eticmeumenvHoll noAyocu.

3angaua 3.2. [Ipusedume npumep yHKyuLU, HENPePuLBHOL HA Bcell
KOMNAEKCHOU NAOCKOCMU, Kpome:

a) 0syx 3adanHblx mouexk z =1 u z = 2i;

6) mouxku z=o0.

Onpenenenne 3.5  Dynkyus Komnaexkcroil nepemennoil f(z),
z € g, Ha3vleaemcs. HenpepvIBHOL 6 obaacmu g, ecau oHa Henpe-
pesra 8 Kasxcdot mouke z € g (f(z) € C(g)).

Ananoruuno onpepensiotess nousitusi f(z) € C(g) u f(z) €
€ C(dg). Tlpu atoM mpH ompeleseHHH HeMpepbiBHOCTH o [efiHe
1JIst 3aMKHYTO# o6sactu g, f(z) € C(g), unu Ha rpaHuie 06JacTH

2 B.T.Bouskos, [.B. Munaes, U. E. Morunesckuii, B. }0.Ilonos, H. E. [llankuna
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g, f(z) € C(Jg), Hamo paccMaTpUBaTH MOCJAELOBATENBHOCTH {2y},
COCTOSIIIIHE TOJIbKO H3 TOYEK z, € § WIH z, € Jg.

[ycts f(2) = u(x,y) + iv(x,y), tne z =x + iy, a u(x,y) u
v(z,y) — pmeficTBUTENbHBlE PYHKUHH 1€HCTBUTEbHBIX MePEMEHHBIX.

Teopema 3.2 @ynxuyus f(z) Henpepvisna 8 obracmu g moeda u
moavko moeda, kozda ¢yrkyuu u(x,y) u v(x,y) HenpepvleHbL NO
COBOKYNHOCMU NepeMeHHbLx.

Teopema 3.3 [Iycmo f(z) € C(g) u hSZ) € C(g) . Tocoa f(z) =+

z
L h(z) € Clg), f(2)-h(z) € Clg) u ;ZEZ) € Clg), 2de h(z) # 0.
JlokasaTesbcTBO IBYX MOCJENHHUX TEOPEM OMHPAETCs Ha aHaJso-
THYHBIE TEOPEMBl U3 Kypca MaTeMaTquc§oro aHanu3a.
Mpumep 3.3. [lycmo pynkyus f(z) = 2% 30dama s npoxKosomot
z

okpecmrocmu mouku z = 0. Moxcrno au doonpederumo Gyuxyuio
maxk, umobv. OHa cmaaa HenpepwvleHol 8 mouke z = 0?

1
PEWEHUE. PaccMoTprM [Be MOCJeN0BATENbHOCTH: zT(Ll) = (7;0) u

n

1
ZT(LQ) = <0, —>, Kaxaasi U3 KOTOPbIX NPUHALJECKHUT (S—OKPQCTHOCTI/I
n

' () — 1 (2) — (D) — 2)) =
nyas. [1pu sTom nlgglo 2y = nh_)rgo 2y =0,af (zn ) =1,f (zn > =
= 0. CnienoBatesibHO, (PYHKIUSI HEe UMeeT Tpefiesia B Touke z = 0, mo-

3TOMY HEBO3MOXKHO JOONpEeNe/HTb ee TakK, YTOObl OHa CTaja Hempe-
PBIBHOH.

Re(z?) z-Rez
5=, 6) f(2) =

y 2] 2]

3adana 6 npoxosomoii okpecmuocmu mouxku z = 0. MoxcrHo au

doonpedeaums yHkyuo mak, umobs. OHQ CMAAQ HENPepbl8HOL 8

mouxe z = 07?

OrtBeT: a) HeT, HEJb3sT; 6) A2, MOXKHO.

3agaua 3.4. [Iycme ¢ynkuyus a) f(z) =

3.2. PaBHOmMepHasi HenpepbIBHOCTb (PYHKIIUHM KOMILIEKCHOU
rnepeMeHHOI.

B onpenenennu HenpepoiHocTH no Koun aaist f(z) € C(g) Bean-
YHHA O 3aBHCHUT He TOJBKO OT £, HO M OT TOUKH z (§ = (g, 2)). Takum
06pa3oM, Ha £-OKPeCTHOCTb J060i Toukn w = f(z) € D oTobGpa-
’KaeTcsl -OKPECTHOCTb COOTBETCTBYIOLIEH TOUKH Zz, Tl BeJHUHHA 0,
BoOOLIIe rOBOPS, Pa3JUyuHa A5 Pa3HbIX TOYEK 2.

Omnpenenenne 3.6  Dynxyus xomnaekcnol nepemennotl f(z),
z € g, Ha3blBAeMCcs PABHOMEPHO HenpepuL8HOLl 8 obiacmu g, ecau
oas Ye >0 30(e) > 0, makoe, umo 0as Vzi, 29 C g : |21 — 29| <&
suinoamsemces nepasercmso |f(z1) — f(z2)] < e.
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Jlpyrumu cioBam, Jobble §-OMH3KHe TOYKH 00JacTh g oTobpa-
JKAIOTCSl Ha COOTBETCTBYIOLIHE £-O/IM3KHE TOYKU 0OJIACTH 3HAYEHUH
(hYHKLIUHU.

OueBUIHO, YTO M3 PAaBHOMEPHOH HeNpepbIBHOCTH B 00JacTH ¢
cJelyeT HelpepblBHOCTb PyHKUUHU. L5l OKa3aTesbCTBA AOCTATOUHO
(bUKCHpOBaTb OIHY M3 TOYEK, HANPHUMEp 29, TOTJAA ONpeseeHHe PaB-
HOMEpPHOH HeNpepbIBHOCTH MPEBPATUTCS B YCJOBHE HeNpepbIBHOCTH
¢ynkuun f (z1) B TOUKe 2o.

O6patHoe, BoOOIle rOBOPS, HEBEPHO.

Omnpenenenne 3.7 Mwuoxcecmso Ha3vieaemcs 02PAHUYEHHbIM, ec-
AU OHO UEAUKOM cOOepxcumcs 8 Hekomopom kpyee |z| < R.

Teopema 3.4 Ecau f(z) € C(g) u G oepanuueno, mo f(z) — pas-
HOMEPHO Henpepvlenas QYHKYUs 8 g.
JTOKA3ATEJILCTBO. [lycth nist 3amanHoro €g u aas Vo, > 0 HainyT-

cst XOTsl Obl [Be TaKHe TOUYKH zgn) u zén), 4TO Hn) — zé”) <, a

‘f (zgn)) — f < én) ’ > £0. YCTPEMHUB 0y, K HYJIIO, OJYYUM MOCJIEN0-
BaTeJbHOCTH {zgn) U {zén)} , YIOBJIETBOPSIIOLIME NaHHBIM HepaBeH-
CTBaM JJIsl KaXaoro O,. Tak Kak {zfn)} OTrpaHHUYeHa M0 YCJOBHUIO,

TO M3 Hee MOXHO BbLIJAEJUTL MOAIIOC/IeJO0BATEJIbHOCTD {ng)} — 21.

HpI/I 3TOM Zén) TakK>Ke OrpaHh4eHa, U H3 Hee MO2KHO H3BJi€Ub

{zénl)} —  29. Tak Kak zgnl) — 21, a0, =0, To 2 = 29,
a B cujy caenanHoro npexanosoxenusi |f(z1) — f(z9)| > €9, uTo
MPOTHBOPEUYUT YCJOBHIO HernpepbiBHOCTH f(2) € C(7).

Mpuwmep 3.5. Hccaedosamo ynxyuro f(z) = ﬁ Ha pasHomep-

Hyto HenpepwvisHocmy 8 obaacmu D : |z| < 1.

PEMEHUE. DYHKIUS, 0YeBUIHO, HeMpephiBHA B JI060H ToUYKe pac-
cMaTpuBaeMoit o6sacTu. [TokaxkeM, 4To OHa He SIBJSETCS PABHOMEPHO
HenpepblBHOH B 3TOH ob6sacTu. PaccMoTpuM JBe MOCJ/en0BaTeNbHO-

R A I _
CTH: zn—l—ﬁ, zn—l—ﬁ. Torna

pleh o) = |2 — 2l = = =0

npu n — oo. [Ipu atom

pUf () f () = e lomZa) 7o

" A e

Qi
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CnienoBate/ibHO, (PYHKLHMS MO ONpELEeJeHHI0 He SIBJSETCS PaBHO-
MEpPHO HEMNpepbIBHOM.

3anaua 3.6. Hccaedyiime ¢ynkyuro f(z) =

= Ha pasHomep-

Hyto HenpepovieHocmy 8 obaacmu D : |z| < 1.
OTBeT: He sABJSETCH.

3.3. 3amaum A9 CaMOCTOSITEJbHOTO peleHus.

l.

z o

[lycts dyukuus f(z) = B 3ajlaHa B TPOKOJOTOH OKPECTHOCTH
z

Touku z = 0. MoXHo /i1 fnoonpenenuTb QGyHKUHIO TaK, YTOOHI

OHa cTaJjla HelpepbBHOH B Touke z = (07
L

Uccnenyiite pynkuumio e |2l B kpyre |z| < R ¢ BHIKOJIOTOH TOU-
Kol 0 Ha a) HempepBIBHOCTD; 6) PaBHOMEPHYIO HENPEPbIBHOCTD.
I

Wccnenyiite gynkuuio e” 2 B kpyre |z| < R ¢ BbIKOJIOTOH TOY-
Kot 0 Ha a) HempepBIBHOCTD; 6) PaBHOMEPHYIO HENPEPHIBHOCTD.
1

HccnenyiiTe yHKLUHMIO €~ 2°> HAa PaBHOMEPHYIO HENPEPbIBHOCTD
™
B cektope 0 < |z| < R;|argz| < 5

1
Dyukuus f(z) = e * onpeneneHa BCooay, Kpome Touku z = 0.
JloKaxXuTe, 4To

™
a) B moaykpyre 0 < |z| < 1; |arg 2| < 5 (yHKums orpanmyena,
HO He HelpPepbiBHA,;
6) BHYTPH 3TOro MOJNYKpyra (yHKLHsSI HempepbiBHA, HO He
PaBHOMEPHO HerpepbIBHE;

m

B) B cektope 0 < |z| < 1; |argz| < a < 3 (GYHKIHSA paBHO-
MepHO HerpepbIBHa.

Bonpocs! k 3k3ameny.

l.

CdopmynupyiiTe onpesesieHre npejesa GyHkuuu no [eliHe u
no Koumu.

2. CchopmynupyiiTe onpenesieHre HelpepbIBHOH (PYHKIIUH.
3.

Teopema o cBsizu HenpepbiBHOCTH (yHKuHH f (2) = u (z,y) +
+ 4v(x,y) ¥ HermpepbIBHOCTH QYHKUUH u (2,y) U v (z,Yy) .

. Chopmynupyiite onpeieneHve pPaBHOMEPHO HeNpepbIBHOM

(PyHKIIUH.
Kax cBsi3aHbl MOHSATHS HENPEPbIBHOCTH M PaBHOMEPHOH Hempe-
PBIBHOCTH?
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§ 4. IuddepennupoBanue (pyHKIMHA KOMILIEKCHON
nepeMeHHON. AHajquTN4YecKne (pyHKIUN

4.1. Ilonarue nuddepeHUNPYEeMOCTH.
Omnpenenenne 4.1 Dynxyus f(z) € C(g) Hasvieaemcs duggpepen-
yupyemoil 8 mouke zy € g, ecAu Cyuiecmsyem KoHeuHblil npede

. Az) —
pasHoCcmHOo20 omHouenus lim flzo +42) f(ZO),
Az—0 Az

Imom npedes Has3viearom npoussooHol QyHKuuL 8 mouxe zy:

f/(zo) — Aligo f(ZO + AAZi - f(ZO)

BaKHO MOMHHUTb, YTO MO ONpefeJeHHI0 Npefes He 3aBUCHT OT
crioco6a ctpemyeHust Az K HYJIO.

Ha mnepBbi#i B3r/sig NpousBoAHAs (PYHKLHUHW KOMIJIEKCHOH TMepe-
MEHHOH OmpenesseTcss COBepLIEHO aHAJOTHYHO MPOU3BOAHOH (PYHK-
LIUU [eHCTBUTENbHOH NepeMeHHOH, Kak Ipefes PasHOCTHOrO OTHO-
meHus. OpHAKO mNpupalleHWe aprymeHTa Az XapakTepu3yeTcs He
TOJIbKO BeJMYHHON |Az|, HO U HampaB/jeHueM arg Az, a MPOU3BOMI-
Hasl 10 ONpelle/leHHIO OT 3TOr0 HamnpabJjeHHs He 3aBUCHT. [losTomy
nupdepeHIHUPYEeMOCTb (PYHKLUHUHA KOMILJIEKCHOTO IepeMeHHOr0 ecTh
3HaUMUTesNbHO OoJsiee CJIOKHOe MOHSITHE, YeM AUQQepeHIUpyeMOCTb
(DYHKLMU BeleCTBEHHOro MepeMeHHOTO0.

Omnpenenenne 4.2 Jupgpepenyuanrom pynxyuu w = f(z) nHasvisa-
emes dw = f'(2)dz, ede dz = Az — dugpgpepenyuanr Hezasucumoll
nepemenHot z.

I[ycts f(2) = u+iv, roe u = u(z,y), v =v(z,y) — GyHKUHH
NeACTBUTENbHBIX lePEMEHHbBIX, IPUHUMAIOIME AeHCTBUTEbHbIE 3HA-
YeHHs.

Teopema 4.1 [Iycmo f(z) = u(z,y) +iv(x,y) duggepenyupyema &
mouke zy, mo2da Cyu4ecCmeytom wacmmusle npoussoorsie Uy (o, yo),

Uy (0, Y0), vz(T0, Y0), vy(To,Yo), Nputem onu cssa3arv Ycro8UAMU
Kowu—Pumana:

ug (20, Yo) = vy(20,Yo);  uy(Z0,Yo) = —vz(o, Yo)-

JIOKA3ATEJILCTBO. [lpencraBum Az B Bume Az = Az + iAy. Tak
KaK 10 ONpefieIeHUI0 TIPOU3BOIHOM Mpees PA3HOCTHOrO OTHOLIEHHS,
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€CJIM OH CYLIEeCTBYeT, He 3aBHUCHUT OT crocoba crTpemieHus Az K
HYJII0, TO MOJNOXKUM cHadana Az = Az. [Toaydum

A
Ar—0 Az
_ u(xo + Az, yo) — u(zo, yo) + i(v(xo + Az, yo) — v(zo,v0))
= lim —
Az—0 Az

= uy (o, Yo) + 1z (20, Yo). (4.1)

[Tonoxus Az = iAy, nosyuum:

Af
m — =
Ay—0 1Ay
i 40 Yo + Ay) — ufzo, yo) + i(v(zo, yo + Ay) — v(wo, %)) _
— 7 111m —
Ay—0 Ay

= —iuy (o, Yo) + vy (20, Yo)-

JIBa moJiyyeHHbIX 3HauUeHHs Npejesa N0 Olpefe/ieHHI0 PaBHbl MeXIY
co6oi. [IpupaBHUBasl UX BellleCTBEHHbIE U MHUMble YaCTH, MOJNYYHUM

Uz (20, Yo) = vy (20, Y0);  Uy(Z0,Y0) = —vz(T0, Yo)

— ycqoBus Komn-Pumana.

Teopema 4.2 [Iycmo f(z) € C(g) u f(z) = u(z,y) + iv(z,y).
Iycmo pynxuuu u(z,y) u v(x,y) Oupgepenyupyemo. 8 mouke
(x0,Y0), U uacmuvle NPoOU3BOOHBIE NEPBOCO NOPAOKA AMUX
pynkyuil 8 mouke (xg,yo) cea3anvl ycrosusmu Kowu-Pumana,
moeda f(z) — Ouggepenyupyemas GyrKyus KOMNAEKCHOLU
nepemenHoll z 8 mouke zg = xg + 1Yy € g.

JIOKA3ATEJILCTBO. [To onpenenenuto auddepeHurpyeMon GyHKLHH
MeeM:

Au = ug(z0, Yo) Az + uy(z0, Y0) Ay + £(7, Y); |Ali;g0 g&j) =0;
C o (@ y)
Av = vz(z0, Yo) Az + vy (20, Yo) Ay + n(z, y); \Al,lzl\go Ad 0

O6osnaunm ((x,y) =&(x, y) + in(z,y). Torma ¢ ucrnonbzoBaHueM
yenoBu# Komn—-Pumana nonydyaem

Af _ (@0, y0) Az + uy (20, yo) Ay + i (va (%0, o) Az + vy (%0, o) Ay)

Az Az +iAy +
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C(zy) _
+ Az
_ Ua(20.Y0) A% — vx(w0, Y0) AY + i (Va (0, Y0) AT + Uz (w0, 40) AY)
Az +iAy
+5&y) _ Uz (70, Yo) + 7 - vz(T0, Yo) + %

z

Otciona cienyer, 4To cyuecTByer lim Af I (20)-
Az—0 Az
3ameuanne 4.1 K meopeme 4.2

1. DkBuBa/seHTHBIE (POPMBl 3aMUCH MPOU3BOAHOM:
f/(Z) = ug(2,y) +i-vg(r,y) = Uy(x, y) +i-vg(w,y) =

= ug(x,y) =i uy(z,y) = vy(z,y) — i uy(z,y)

2. HerpynHo BuaeTb, 4To BbimosiHeHHs ycaoBHH Kourn-Pumana
HEIOCTaToOYHO 151 AupepeHiupyemoctd QyHKuud f(z) B
tTouke. [loctaTouHble ycaoBHUS CPOPMYJIHPOBAHBI B Teopeme
4.2, koTopas He sBJsieTcss o6paTHOH K Teopeme 4.1.

B kauecTBe mpuMepa MOXKHO pacCMOTPeTb (PYHKLHIO

f(z) = VIRez Imz| = /|ay

KoTopasi He sBJseTcs auddepeHuupyemoir B Touke z = 0,
onHako ycjoBusl Komn—-PrmaHa BEINOJHEHB B 3TOH TOUKe.

’

IMpumep 24.1. Hccenedosame Ha dugdeperyupyemocms QyrKyuro
f(z) =2

PEIIEHUE.

22 = (x+iy)® =2 — o + 2iay.

Bocnoabsyemes ycnosusmu Komn—-Pumana:

0(z* —y°)

5 = 2u; 9y = 2u;
o” —y?) . 0(2xy)
T oy —2 - or —2y.

CaenmoBarenbHo, QyHKUHUS AndQepeHuyrpyemMa B JOO0H TOUKe
KOMIIJIEKCHOH TMJIOCKOCTH.

3anaua 4.2. Hccaedyiime na OJuggepenyupyemocms @yHKLLUIO
f(z) =cosz.
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Onpenenenne 4.3 Pynxuyus f(z) € C(g), dugpepenyupyemas 8o
scex moukax z obaacmu g, npoussodnas xomopou f'(z) € C(g),
Ha3vleaemcs anaaumudeckol pyuxyued 6 obracmu g. bydem obo-
snauame ee f(z) € C™(g) .

4.2. Ananutnyeckas pyHkumsa. JaHHoe o603HaueHHe ONpaB-

IaHO TeM, 4YTO, KaK OyHeT MoKasaHo najee, (DYHKLHS, aHAJUTHUe-
ckasi B 00J1acTH, siBjseTcsl 6ecKoHeYHO AU(depeHLUpyeMol B 3TOH
obmacTu.
Teopema 4.3 Heobxodumovimu u© OocmamouHbiMU — YCAOBUAMU
anarumuunocmu pyukyuu f(z) = u(z,y) + iv(x,y) 6 obracmu
g ABASAIOMCA  Henpepol8HOCMb Nepsvblx UACMHLLX NPOUSBOOHbLX
(Uz, Uy, Vg, vy € C(g)) npu soinoanenuu ycrosuii Kouu—Pumana.

Heooxomumocte. Ecin f(z) € C™(g) to f'(z) € C(g), otkyna
Uz, Uy, Uz, Uy € C(g). Bemonnenue ycnosuil Komn-Pumana cnenyer
u3 Teopemsl 4.1.

JlocTaTouHOCTb. EC/u Uy, Uy, Vg, vy € C(g), TO CYLLECTBYIOT Iep-
Bble qu(depenunans GpyHkunit u(z,y) u v(x,y), u 0o Teopeme 4.2
cywectsyer f'(z) € C(g) = uy + iv,, npuueM HenpepbiBHOCTb f'(2)
cJlellyeT U3 HeNpepblBHOCTH YACTHBIX MPOU3BOIHBIX.

BaXHO MOMHUTD:

1. HeficTBuTesibHAs M MHHMas 4acTH aHAJIUTHUYECKOH (DyHKLHH

YIOBJETBOPSAIOT ycaoBUAM Komn—Pumana:

uz (20, Yo) = vy (20, Y0);  uy(z0,Y0) = —vz (o, Yo)-

2. [e#icTBUTesbHAS U MHHMAasi 4acTH aHAJUTHYECKOH (PYHKLHUU
YIOBJIETBOPSIIOT ypaBHeHHUI0 Jlamsaca:

Uzg + Uyy = Au = 0;
Ugg + Vyy = Av = 0.

OrtmeTuM, 4TO (DYHKUHH, YIOBJETBOpsiiOlIMe ypaBHeHuwo Jla-
njaca, Has3blBAalOTCS rapMOHMYECKMMH (PyHKuusimu. B naH-
HoM ciaydae ¢yHkuuu u(z,y) U v(x,y) — rapMOHHUeCKHe
(DYHKIIUH.

3. JeiicTBUTeNbHAS W MHHMasi 4aCTH aHaJUTHYECKOH (DYHKIHH
f(z) =ulp, ¢) +iv(p, ¢) KOMIIEKCHOH TepeMeHHOH z = p - e'¥
CBfI3aHbl COOTHOILIEHUSIMH:

Vp =P Up, Up=—p" Up.
4. Monyib ¥ apryMeHT aHaJWTHYecKod QyHkuuu f(z) =
= R(z,y)e’®®Y) cBasaHbl COOTHOLIEHUAMY:
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R,=R-®, R,——R-®,

CpoiicTBa aHAIUTUYECKUX (DyHKIUM.

1.
2. C

Ecmu  f(z) € C°(g) (ananutuyeckass B 006JacTH g),
f(z) € C(g) (nenpepbiBHA B 00saCTH g).

yMMa, PasHOCTb W MPOU3BENEHHEe AHAJUTHYECKHX (PYHKIHH
ecTb aHanutHdeckas (yHkuus. OTHOLIEHHEe aHaJHTHYECKHX
(QyHKUHHA ecTb aHaMUTHUECKAs (PYHKUHS BCIOLY, Tie 3HAMEHa-
TeJIb OTJIMYEH OT HYJS.

Ecmn w = f(z) € C*®(g) ectb aHanuTHuecKass QyHKLUS, PU-
yeM B 00JIaCTH ee 3HaueHWii (G Ha IJIOCKOCTH w ONpefe-
JeHa aHamutHdeckass ¢yHkuus @(w) € C°(G), to yHKUMS
F(z) =9 (f(2)) € C*(g) sBaseTcst aHaMUTHIECKOH (PYHKIIHEH
B 06/1acTH g.

[Tyctb w = f(z) = u(z,y) + w(z,y) € C>(g) u
f'(z0) # 0, zp € g. Torma B OKPeCTHOCTH TOYKH
wo = f(z9) ompeneneHa obpaTHasi aHaJUTHYeCKasi (DYHKLHs
z=p(w) € C, (|lw—wy| < €), oToGpaaroiuas 3Ty OKpecT-
HOCTb Ha OKPECTHOCTb TOYKH Zzg, mpuueM ¢’ (wg) = 1/f"(29).
JIOKA3ATEJILCTBO. [l/s cylllecTBOBaHUSI 00paTHOH (DYHKIUU
HeoOX0IUMO, 4TOOBl ypaBHeHusi u = u(z,y), v = v(x,y)
MOXKHO OBbIJIO Pa3pelInTh OTHOCHTENBHO X,y B OKPECTHOCTH
TOYKH Wy CYHTasi, YTO 3TH YpaBHEHHs 3aJal0T HesBHbIE
(YyHKUMH Z,y NepeMeHHBIX u,v. Kak Oblio MoKa3aHO B Kypce
MaTeMaTHYeCKOr0 aHajini3a, IJIsi 3TOT0 AOCTATOYHO, YTOOH B

Uy uy
OKPECTHOCTH TOUKH Z( BBIIOJIHSJIOCH yCJOBHE! # 0.
C yuerom ycqoBuii Komu—Pumana nonyyaem

Up Uy

S = vy —uy vy = ud 02 = |f(z0)2 £ 0.
x Y

Taxkum 06pasom, 10Ka3aHO CyllecTBOBaHHE 0OPAaTHOH (ib}IHKU,HH

z = ¢(w). CocTaBUB pa3HOCTHOE OTHOLIEHHE MOXK-

Aw ~— Aw’

HO [0Ka3aTb CyllleCTBOBaHHe U HeNpepbIBHOCTb npoAHaBozLHoﬁ
¢ (wy) nmpu yeaosuu f/(zg) # 0.

AHanuTH4ecKyo (QYHKLHIO MOXXHO BOCCTAHOBHTb 10 ee JeH-
CTBUTEJIbHOH WJIM 110 ee MHUMOH 4acTH C TOUHOCTbIO 10 ailu-
THBHOH IOCTOSIHHOH.

JOKA3ATEJNLCTBO. IlycTh B omHOCBSI3HOH 06sacTH ¢ MJOC-
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KocTH (x,y) 3amaHa QyHKUHs u(x,y), ABJISOLIAACT AeHCTBU-
TeJbHOU YacThio aHATUTHYeCKOH QyHKuuK f(z). B cuay yeio-
Bull Kowmun-Pumana puddepeHunan Hen3BeCTHOH (DYyHKIUU
v(x,y) ooHO3HAUHO ompeneseH mo GyHKUUU u(x, y):

dv = vedx + vydy = —uydr + uzdy,

TO eCTh MHHMMasi 4yacTb 3TOH (YHKIHH ONpejessieTcsi ¢ TOod-
HOCTBIO 10 aJIMTUBHOH MOCTOSIHHOM, TaK KaK (DYHKIHIO NBYX
NEACTBUTENbHBIX MEPEMEHHBIX MOXKHO ONpEeJHTh 10 ee I0J-
HOMYy auddepeHranty ¢ TOUHOCTbIO A0 aJJHTHBHON MOCTOSIH-
HOM.

6. Jluuuu ypoBusi u(z,y) = const, v(z,y) = const B3aUMHO
OPTOTOHAJIbHBI.
JOKA3ATENBLCTBO. Ilyers gradu = {ug,uy}, gradv =
= {vz, vy}, TOrma cKansipHOe NPOU3BEJEHHE STHX BEKTOPOB
paBHO

(gradu, grad v) = Uy - vz + Uy - Vy = —Uy - Vy + Uy - vy = 0.

['panvienTsl (DYHKIUH OPTOTOHAJbHBI JHUHHUSAM YPOBHS (DyHK-
LUH, cJef0BaTeJbHO, JJUHUH YPOBHSI TOXKe OPTOTOHAJbHHL.

Ipumep 4.3. Hccaedosamov ynKuuo Ha aHAAUMUYHOCTD.

a) dynkuus f(z) = C, rne C = const, — aHaJuTHYeCKasi HA pac-

LIMPEHHOM KoMIieKcHoH miockoceth (f/(z) = 0).

6) f(z) = - — aHaiuTHuYecKas BClOLy, Kpome Toukd z = 0
z

(-1

B) f(z) = €° — aHanUTHUHA HA BCeH KOMIJIEKCHOH IIOCKOCTH.

r) f(z) =% = & — iy — He aHa/MMTHYeCKasl, TaK KaK He BBINOJHSIOTCS
ycaosus Komun-Pumana: u, = 1 # vy = —1.

n) f(z) =sinz — ycnousi Komn-Pumana BEIMONHSIOTCS TOJBKO B

TOUYKax 3 + mn; O), 3HAUYUT, GYHKLUS He SBJSETCS aHATUTHUECKOH.

3anaua 4.4. Hccaedyiime QyHKkuuo HQ QHAAUMUYHOCTD!
a) nuHedHas dyHkuus f(z) = az + b;

6) f(z) = 2", n — uenoe MOJOKHUTENbHOE YHUCIIO;

B) f(2) = (2);

r) f(z) = cos
OTBer:

a) aHasJMTHYeCcKasi Ha Bced KOMIIeKCHO# miockocth: f/(z) = a;

6) aHa/MMTHUECKas Ha Beell KOMMIeKCHOH miockocTH: f/(z) = nz"~L;
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B) ycaoBusi Koum—-Pumana seimosasiioresi Tosibko B Touke (0;0),
3HAYUT, (PYHKLHS He ABJsETCHS aHAJUTHYECKOH;
r) ycnoBusi Kour—Pumana BbimosiHsifOTCS TOJBKO B Toukax (mn;0),
3HAUUT, (PYHKLUS He ABJISETCS aHAJUTHYECKOH.

Ipumep 4.5. Hccaedosamo dyrkyuro w =1Inz =Inp + i@ Ha ana-
AUMUYHOCMb.

PEWEHUE. [oxkaxxem, 4To NaHHas (YHKUHUS SIBJASETCH aHAJUTH-
Yyeckod Be3gme, Kpome Toukh z = 0. Bocmosbsyemcsi ycnoBusimu
Kown—Pumana nasi f (2) = u(p, @) +iv (p, ¢):

Vp =P Up; Up=—p-vV, < lzp%; 0=0,

4TO CIpaBelJ/IMBO B paccMaTpuBaeMod o0/acTH. 3HAuUT, (YHKLHS
aHaslMTHYecKas Besle, Kpome TOUYKH 2 = 0.

3anaua 4.6. Hccaedyiime ¢pynxyuro w =Nz Ha aHaAUMUULHOCTD.
OTBeT: He sIBJSIETCS] aHAJUTHUECKOH.

Ipumep 4.7. Hailimu muumyro wacme anaiumuueckol Qyukyuu
[(z) = u(x,y) +iv(z,y), ecau ee Oeiicmsumenvras uacmo
u(z,y) = e*siny + 2xy.

PEIIEHUE.
@:a_u:ewsiny+2y:>v:—eIcosy+y2+C(:z:)'
oy~ Ox ’
ov __au__ z B _ oz /
i v e’ cosy — 2 = —e® cosy + C'(z) =

Cz) = —22 + Cy = v(x,y) = —e®cosy + (y2 - x2) + Cy,
rae Cp — MPOM3BO/bHAS KOHCTAHTA.

3anaua 4.8. Haitidume OeiicmeumenvHyro wacmo aHAAUMUYECKOL
pynkyuu f(z2) =u(z,y) +iv(x,y) no ee ussecmnoii mHumol wa-
cmu v(z,y) = 3y —y® —v.

Otser: u(z,y) = 2% — 3xy?> — x + Cj.

4.3. 3agauu AJs8 CaMOCTOSATEJbHOTO pelleHMus.
1. Hccnenyiite Ha nudpepeHunpyeMocTs HyHKLUHH:
a) f(z)=Rez +Imz; 06) f(2)=Rez+Imz;
8) f(2) =% 1) fe)=2+7% 1) [f(z)=7Z-Imz
e) f(z)=Rez-Imz; x) f(z)=22+(2)>%
2. Uccnenyiite GpyHKUMIO f(z) HA aHAJTUTHYHOCTh, YKAXKUTE 00-
JIACTb AHAJUTHUHOCTH:

a) f(z)=Re(2?); 0) f[f(z)=Im(z?);
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B) f(2) =12]> Rez; 1) f(2)=|2z> Imz;
n) f(z)=%Z-Rez; e) f(z)=2z2 -Im%;
>K) f(Z)Z,(E)Q; 3) f(z) =2 +[2% w) f(Z)ZZQJr(E)Q;
f@) =2 m f2)=(z+20)% W) f(z) =e”
)=

sm?z o) f(z) =chz 1) f(z):é (z—l——>;
z)=2" nEN; ¢) f(z)=In|z| +iargz ;

z) = y) f(z)=2z-Rez.
ainute MHI/IMyIO YacTb aHAJUTHYECKOH (yHKUMH f(z) =

u(x,y)+iv(z,y) N0 ee U3BECTHON NEACTBUTENBHOH YACTH:
a) u(x y)—:):S 33}y -z

u(z,y) =2 —y> + 5z +y — %
Haiinnre neiicTerTesnbHyo ‘{aC’li aganmnqecmn GyHKUHH
f(z) =u(z,y) +iv(z,y) no ee U3BECTHOH MHUMOH YaCTH:
a) v(z.y) =307y —y* —y; 0 vlzy) = 5

B) v(z,y) =In (2 +4?) +2° —2y.

9/\/ Tt =

x2+y2.

Bomnpocs! k 3k3ameny.

l.
2.

3.

10.

CdhopmynupyiiTe omnpenesneHre (QYHKIMHA KOMIJEKCHOH TMepe-
MeHHOH, nuddepenurpyemoil B Touke. [IpuBenure npumep.
CcoopmynupyiiTe, B 4eM COCTOUT reOMeTPUYECKHH CMBICT apry-
MeHTa MPOU3BONHOH aHANUTUUECKOU (PYHKIIUH.
CoopmynnpyiiTe HeoOXONMMBIE W OCTaTOYHblE YCJIOBUS AHU(D-
(bepeHLHPYEeMOCTH (DYHKLHHU B TOUKe.

Cdopmynupyiite onpenesneHue GyHKIHH, aHAJTUTHUECKOH B 006-
JIACTH, He COflepKallledl TOUKy z = 00.

. ChopmynupyiiTe HeoOXOMHUMBIE W NOCTATOUHBIE YCJIOBHS aHa-

JUTUYHOCTH (PYHKIMU B 00JaCTH, He CcoAeprKallled TOYKY
z = 00.

CoopmynupyiiTe onpepeseHue (YHKLUHMH, TapMOHMYeCKOH B
HEKOTOPOH 00J1acTH.

Cdopmyaupyiite onpejesneHrHe CONpPS2KEHHBIX TapMOHHUECKHX
B HEKOTOPOH 006J1aCcTH (PyHKLHH.

. ChopmynupyiiTe, Kak CBf3aHbl aHaJHUTHYHOCTb (QYHKIHU

f(z) = u(z,y) + iv(x,y) ¢ rapmoHudHOCTBIO QyHKUKE u(x,Yy)
uv(z,y).

3anuuurte ycaosus Komwn-Pumana B cayuae, korma z = x +
iy, w= [(2) = u(z.y) + iv(z.y). |
anumure ycnosus Komn-Pumana B cayuae, korna z = re'¥,

w = [(z) = ulr, ) +iv(r, ¢),



5. Kongpopmroie omobpascerus. 45

11. 3anuwmute ycnosus Komu-Pumana B cayuae, Korma z = x +
+iy, w = f(2) = R(x,y) - '®@¥), ‘
12. 3anuuute ycaosus Komu-Pumana B ciydae, Korjpa z = re'?,
w=f(2) = R(r,p) - ).
TeopeTnueckue 3ajaum U 3aJa4y MOBBILIEHHOM CJIOXKHOCTH.
1. Jokaxwure, uto f(z) = z - Rez nudpdepeHunpyema ToabKO B
touke z = 0 u naiimure f/(0).

2. Jokaxwure, uyto anas ¢pyHkuuu f(z) = 1/|Rez-Imz| B Touke
z = 0 BoinosHsitotest ycqousi Kowmm—Pumana, wo f/(0) ne
CYILLECTBYeT.

3. Ilycte w = f(z) obnanaer cienyoUUMH CBORCTBAMH B TOUYKE
Zuuv — ILHq)qJepeHLLI/IpyeMble GyHkumH (w = u+ iv); cy-
IL[eCTBYET hm W8 A A . Hokaxure, yrto ¢yHKuus w = f(z)

ﬂHcpq)epeHquyeMa B TOUKE 2.
4. Tycts w = f(z) obnamaer cienyoOUMMH CBOHCTBAMH B TOYKE
z:u U v — nuddepeHurpyeMbie GyHKIUH (w = u + iv); Cylile-

cTByeT lim ’_w‘ Hokaxwure, 4to n160 yHKuus w = f(z),

Az—0 | A
anbo dyukunst w = f(z) anddepeHunpyemMa B TOUKe Z.
5. Ilyets B obmactu D : —m < argz < m 3agaHa (YHKUHUS
;9
f(z)=Yre'n, z=re", neN, n>2. Jokaxure, uto f(2)
siBJisieTcst aHaauTHuecko B D u f/(z) = M
nz

6. BuisicHuTe, GyfeT Ji rapMOHHYeCKOH (yHKIMA u?,

rapMoHH4eckasi pyHKLHUs?

7. Ilycte dyHkumsi f(z) siBAsSETCS aHAJUTHYECKOH B HEKOTOPOH
obsactu. SIB/asieTcs M yKasaHHast HHxKe QyHKUHs u(x,y) rap-
MOHMYeCKOH B 3TOH obsactu? OTBeT 06OCHYHTE.

a) u(z,y)=[f(2)); ©6) wlr,y)=[f(z)];
B) u(x,y) = arg f(2).

ecau u —

§ 5. Kondopmubie oToOpakeHus

5.1. OnpepneneHue U CBONCTBA KOH(POPMHOTO OTOOPaKEHUS.
[lyets w = f(z), rae f(z) siBAsieTcss aHANTUTHYECKOH (yHKUHEH
KOMIIJIEKCHOH NepeMeHHOH z = & + 4y B 00JIaCTH ¢, U MCTb MIPU 3TOM
w = u(x,y) + iv(x,y) IpUHALIEKHUT HEKOTOPOH O6JIaCTI/I D. Tlycrte

TaKXke B TOUKe zg € g cymectsyer f'(zg) = hmo E # 0.

BriGepem Tako#l crnoco6 ctpemieHus Az K HYJIO, IPH KOTOPOM
TOUKH 2z = 29 U 2 = zp + Az TNpUHALIeKAT HEKOTOPOH TIJIaJKOH
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KpUBOH ] € g. COOTBETCTBYIOLIME UM TOUKH W = wg U W = wq + Aw
npuHaniexar ['| — HekoTopo# KpuBoii B obsactu D. IlpupaiieHusim
Az 1 Aw COOTBETCTBYIOT 8eKMOpbL ceKyuyux K kpuseim i v I' co-
orBeTcTBeHHO. [IpH atoM arg Az u arg Aw HMeIT reoMeTpUUeCKUi
CMBIC/I Y2/108, KOTOpble COOTBETCTBYIOILHE BEKTOPBI COCTABJSIOT C
TOJIOXKUTEIbHBIMK HAIMpPABJEHUSIMH OCell abCLUCC Ha KOMIJIEKCHBIX
MJIOCKOCTSIX 2 M W COOTBETCTBEHHO, a |Az| u |Aw| — daunet 3tux
BekTOpoB. [Ipu Az — 0 BeKTOpbl CEKYIIHUX IEePEeXOAST B BEKTOPHI
KacaTeJIbHbIX K COOTBETCTBYMOIIUM KpuBbIM (puc. 10).

Puc. 10.

[IpencTaBuM OTIMUHYIO OT HyJsl MPOU3BOAHYI0 (yHKuMH f(z) B
nokasatesibHOH popme: f/(z) = ke'®, k > 0, roe o — onpepeseHHoe
neéictButenbHoe urcao. Torna |Aw| = k|Az| + o(]Az|), npuuem k =
= |f'(z)| He 3aBuUCHT OT BBIGOpA KPHBOH 7.

Takum o6pasoM, mpu oTobpaxkenun w = f(z) € C®(g) u
J'(z0) # 0 GeckoHeUHO MaJible JHHEHHBIE 3/J€MEHTbI PeoOPasyoTCs

nopo6HbIM 06pasom, mnpudeM k = |f/(zp)| — Ko3pduuHeHT Tpeot-
pasoBaHWsi MOMOOMS, YTO HMEHYETCS CB0LUCMBOM NOCMOAHCMBA
pacmscenus.

Teneps paccmoTpuM yroJ

a=arg f'(29) = Alirgoarg Aw — Aliriloarg Az = d — ¢y,

paBHBIH pa3HocTH yria ®; (yronm mexnay KacareqbHOH K KpuBod I')
¥ TIOJIO’KUTEJbHBIM HalpaBjeHHeM ocH u = Rew Ha MJI0CKOCTH w) |
yraa p (yroa MexXay KacaTesJbHOH K KPHBOH | H IOJIOXKHTENbHBIM
HaTpaBJieHUeM OCH T Ha MJOCKOCTH 2). Torma ¢ = ¢ + a.
JlpyrumMu cJ0BaMH, apryMeHT MpousBomHoH arg f’(zg) B TOuke
Zo omnpejiesisieT BEJUUYUHY YIJa, HAa KOTOPbIH HY>KHO MOBEPHYTb Ka-
caTeJIbHYIO K JII0OOH TIM1afiKoHW KPUBOH 7y, MPOXOAsllell yepe3 TOYKY
20, UTOOBI MOJY4YHUTh KacaTe/bHYI0 K 00pa3y 3TOH KPUBOH B TOUKE
wo = f(20). Tak kak o = arg f'(zy) He 3aBUCHT OT BBIOOPA 1, TO HJISI
JI060H KPUBOH 7Yo: 29 € Yo BHINOJHSIETCS paBeHcTBO Py = w9 + q,
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otkyna ® = &9 — & = 9 — ¢ = ¢ (coxpaHsieTcss BeJHUHHA U
HalnpaBJ/IeHHe yIJIOB) — 3TO CB0UCMBO COXPAHEHUSA Y2]l08.

Onpenenenue 5.1 Henpepoisroe 83aumHO 00HO3HAUHOE 0mobpa-
aceHue obaracmu g KOMNAEKCHOU naockocmu z Ha obaacme D
KOMNAEKCHOU NAOCKOCMU W, Npu KOmopom 8 A0b0i mouke z € g
BbLNOAHAIOMCS CBOLICMBA COXPAHEHUS YeA08 U NOCMOSHCMBA pac-
msaocenull, Hazvleaemcs KOHQPopmHboIM omobpaxcenuem g Ha D.
3ameuanue 5.1 [Ipu xongopmHom omobpasceruu 6ecKoHeuHo Ma-
AQ5. OKpyscHOCmb npeobpasyemcs 8 6ECKOHeuHO MAAYIO OKPYH#-
Hocmb; 6eCKOHEeUHO MAAbLL MPeyeorbHUK — 8 6eCKOHeuHO Maablil
mpeyeorbHUK.

BhisicHUM, KaKMMH CBOUCTBAMH JOJ2KHA 00/1afiaTh (YHKIHST KOM-
TJIEKCHOH TepeMeHHOH, YTOOBl 0TOOpaXKeHHe, OCYIIeCTBAsIEMOe TOH
(yHKLMEH, OBIJIO KOH(POPMHO.

Teopema 5.1 Ecau ¢ynxyus f(z) € C*(g), asasemcs o0Ho3HaU-
Hotl u o0noaucmnoil, u f'(z) # 0 das ar0boix mouek z € g, mo f(z)

ocyujecmeansem KoHgpopmHoe omobpascerue ¢ &5 .
JIOKA3ATEJILCTBO.  OToOpakeHHe, OCYIIECTBJsIEMOe YKa3aHHOH
¢yHkumed f(z), obmagaer cBOACTBAMH COXPAaHEHHsl yIJIOB H MOCTO-
SIHCTBA PACTSI’)KEHHH, KaK OblJI0 [0Ka3aHO BbIIlE, U OHO B3aUMHO
onHosHauHoe. CJieoBaTe/IbHO, OTOOpaXKeHHe — KOH(OPMHOE.

Wrak, ycjoBUS aHaJMTHUHOCTH, OAHOJUCTHOCTH M OTJIHYHS OT
HYJI51 NIPOU3BONHOM (PYHKLHUH SIBASIOTCS AOCTATOUHBIMH YCJOBHSIMH
KOH(OPMHOCTH 0TOOpaKeHHs, OCYILECTBSIEMON 3TOH (DyHKIHUEH.

CoopmyrpyeM TeopeMy 0 HEOOXOIUMBIX YCJIOBHSX.

Teopema 5.2 Ecau ¢ynkuyus f(z) ocyuecmeasem Kkongopmroe

omobpascerue g &5 D, mo f(z) € C>®(g), oOnorucmua, u ee
npoussodnas f'(z) # 0 dasn arboi mouku z € g.

PaccmoTpeHHoe oTo6pakeHHe Ha3biBaeTcsi KOH(OPMHBIM OTOO-
pakeHHUEM IepPBOro pojaa.

KoHdopmHoe oToOpakeHHe, NpH KOTOPOM COXpaHsIOTCs abco-
JIIOTHble BeJMYUHBl YIJOB MeXAy KPHUBBIMM M MX 00pasaMH, HO
HampaBJieHWe YTJIOB MeHsieTcsl Ha MNPOTHUBOIMOJOXKHOE, HAa3bIBAETCs
KOH(POPMHBIM OTOOpaxKeHneM BToporo pona. OueBHAHO, YTO KOH-
(hopmMHOe 0TOOpakeHHe BTOPOro Pofa OCYIIECTBJseTCS (DYHKIUSMH,
SBJISIOLMMUCS KOMIJIEKCHO COMPS2KEHHBIMH aHAJUTUYeCKHUM (PYyHK-
OUSIM C OTJIMUHOH OT HYJSI TIPOU3BOAHOM.

5.2. OcHOBHbIE IPUHIIUIBI KOH(OPMHBIX OTOOPAIKEHUIA.
1. BsaumHO OogHO3Ha4YHOe COOTBeTCTBHE oOJsactei. Crenyer
u3 teopem 5.1 u 5.2.
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2. IlpuHIUN COOTBETCTBUSA TI'PaHMIL.

Teopema 5.3 Ecau w = f(z), ede f(z) € C*®(g), obracme g 00-
HOCBA3HA, U epaHuuya obiacmu ¢ HA NAOCKOCMU Z 83AUMHO 00-
HO3HauHO omobpasxcaemca Ha epanuyy obiacmu D Ha naocko-
cmu w ¢ coxpareHuem Hanpasaierus obxoda, mo npeobpasosarue
f(2) ocyuecmenrsem rougopmroe omobpaserue obracmu g Ha
obaacmo D (npu noroxrcumervrom Hanpasiequu 06xode Konmypa
obaracme ocmaemcs cresq,).

3. Ipunuun cummerpun. [Iycts rpanuna dg o6sacTu g UMeeT
npsIMOJIHHEHHbIH yuacTok /. O6sacTb ¢/, MOJyUeHHYIO B pe3yJbTrare
3epKaJIbHOTO OTPaKeHHWsi g OTHOCHUTEJbHO MPSIMOH, Ha KOTOPOH Jie-
KHUT OTPe30K 7/, Gy/ieM Ha3blBaTh 06JACTbI, CHMMETPHUUHOK 06J1aCTH
g oTHocHTesibHO /. ChopMyIHpyeM MPHHIUI CHMMETPHH.

Teopema 5.4 Touxku, cummempuurbie OMHOCUMENLHO NPAMONU-
HELHbIX YuacmKo8 eparuubl, npu KOHMOPMHOM omobpaxceHuu ne-
pexo0sam 6 mouKu, CUMMempuyiHbie OMHOCUMEAbHO NPAMOAUHEL -
Hoeo yuacmka — obpasa eparHuybl.

3ameuanue 5.2 /lannas meopema ocmaemcs cnpasediusoli, eciu
NPAMOAUHEUHBLL YHACMOK 3AMeHUMb HQ OMPe30K Oyeu OKPYHCHO-
cmu, maxK KaKk APAMYI0 MONCHO UHMEPNpemupo8ams KaxK OKpYyic-
Hocmb beckoHeuHo20 paduyca.

Ipumep 5.1. [lokasame, umo mouku zy = 2+ 3i u z9 = 3 + 24,
CUMMEMPUUHbLE OMHOCUMENbHO npamoil y = x, npu omobpaxceruu
GPyrkyuu w = e "2z nepexo0sm 8 mMouKuU, CUMMEMPUUHbLE OMHO-
cumeavHo 06pas3a NPsmoL.

PEmIEHUE. CHavana HaiineMm o6pa3 mpsiMod Yy = T:

w=e %y = e_’%(x +iy) = —i(x +iy) =y — iz,

TO €CTb NpsiMasi Yy = & TePeXoIuT B npsMmyto y = —zx. Hasee, TOUKH
z] = %—1— 3i U z9 = 3+ 2i orobpaxkalTcsi B TOYKH w) = € '22] =
=e '2(24 3i) =3 — 2i; wo = 2 — 37, CHMMETPHUUYHBIE OTHOCHUTEJBHO
npamod y = —x.

Sapmaua 5.2. [lokancume, umo mouku z; = 14+ 2i u z9 =1 — 24,
cummempuurovle omuocumesvro npamoil Rez = 0, npu omobpa-

T
HeHuU PYHKyuU w = €'2 2z nepexodam 6 mouKku, CUMMEMmpPUUHbLE
omHocumenvHo obpada nPAMoL.

5.3. Teopema Pumana (0CHOBHOI 3aKOH KOH(PpOPMHBIX 0TOO-
paxenuii). [lycTb 3agaHbl 06/1aCTh g KOMIJIEKCHOH MJIOCKOCTH 2 H
06sacth D KOMIJIEKCHOH TJIOCKOCTH w. TpebyeTcss HAUTH (PYHKIIMIO
f(z) = w, koHdopMHO oTOOpaxatwiLyo g Ha D.
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Teopema 5.5 (Pumana) Bcskywo 00HOC8:3HYIO obaacmb g KOM-
NAEKCHOU NAOCKOCMU Z, eparuuya Komopoi cocmoum 6oiee yem u3
00HOLU MOUKU, MONHO KOHGOPMHO 0mMobpasums Ha BHYMPEHHOCHb
edunuurozo kpyea |w| < 1 naockocmu w.

[TonHoe nokaszatenbcTBO cM., Hampumep, A.B. Bunanze «OcHoBH
TEOPHH aHAJTUTHUECKUX (DYHKLHU».

3ameuanue 5.3

I.

HyCﬂ’lb obaracme g KOMNAeKcHOU naockocmu z u obiacmb
D komnaekcuorl naockocmu w ydoeﬂemeopmom ycaosusim

meopemor Pumana: cyuwecmsyem & = f(z) : g JELN €] < 1,

F(z0) = & u cymecmeyem w = (€) : |¢] < 14 D, p(&) =
= wy. Tozda cyuecmeyem w = F(z) = o(f(z)) : g &5 D,
F(Zo) = Wy.

Tpebosarue 0O0HOCBAZHOCMU —ABAAEMCA  CYULECMBEHHDBLM.
[Ipednonoscenue o 8o3mosxcHocmu KoHgpopmHo2o omobpace-
HUSL MHO2OCBA3HOL obaacmu Ha 0OHOCBA3HYK NPUBOOUM K
npomusopeuuro. O0OHaKo 8 pade ciyuaes8 B03MOMCHO KOH-
popmroe omobpascerue obracmeti 00UHAKOBOLU C8A3HOCMU.
Ycnosus meopemol Pumana moxcHo 3amerums YycmaHosAeH -
em coomeemcmeusn 3-x mouek 0g — epaHuyv. obiacmu g,
mpem moukam 0D — epanuyer obracmu D.

5.4. OcHoBHbIe (PYHKLHH, UCIIOJNb3yeMbIe MPU KOH(POPMHOM
oroGpaxkennn w = f(z).

1. Jluneitnas dynkuus f(z) = az + b;

4.

5.

az+b

cz+d’
Crenennast pyHkuus f(z) = 2", 06macTh ONHOMHUCTHOCTH:

T
O<arg z < —;
n

I pob6Ho-nuHeitHas GpyHkuus f(z) =

1
f(z) = —, 0b6aacTh OMHOMUCTHOCTH — BCSI KOMIJIEKCHAst MJI0C-
z

KOCTb C BBIKOJIOTOH TOUkKo# z = 0;
f(z) = €*, obnactb ogHOMMCTHOCTH: —70 < Im 2z < 7.

Ipumep 5.3. Yxazame ceomempuueckuil cmoica omobpaxceHus.

a) w

6) w
ocH;

= z+ 3 ¢ — mapajsesibHbIH NepeHOC HA 3 BAOJb MHUMOH OCH;

= 2z 4+ 5 — napaJiyie/IbHbIH MepeHoC Ha O BAOJb N€HCTBUTEIbHOM
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B) w = iz — 1oBopoT Ha 90° MpOTHB YaCOBOH CTPENIKH;
T o

r) w=z-e '6 — noBopoT Ha 30° M0 4acoBo# CTpeJIKe;

n) w = 3z — pactsikeHue (monobue ¢ koshHUIHEHTOM 3).

3apaua 5.4. Ykamcume ceomempuueckuti cmoicA 0mobpaxcenus:

a) w=1i(z+3); 6) w=4e'Tz— 2.

Ipumep 5.5. Haimu aunelinyro @yHKYU0, 0mobpaiarouLyro
mpeyeorvHuk ¢ eepuurnamu 8 mouxkax 0; 1; i 8 nodobrbiL
mpeyeonrvuk ¢ gepuiunamu 6 0; 2; 1 4 1.

PEIIEHME. 3/ecb BaXKHO TMOHAATh, YTO €CJAM COXPAHSITCH YIJbl, TO
MPsIMO# yToJl UCXOMAHOTO TPEYroJibHHKA 0TOOPA3UTCsl B MPSIMOK yroJ
o6paza. 3Hauut, 0 — 1 +4; 1 — 0 . O1crona

w=(1-2z)(1+ 1).
[IpsiMoil moaCTaHOBKOM yOex[IaeMcsi, YTO TPeTbsl BepLIMHA 2z = §

nepexoauT B w = 2.
3agaua 5.6. Haiodume aunetinyro yuxyuro, omobpaxcarou,yro
mpeyeoavHuk ¢ sepuiuramu 8 mouxkax 0; —4; —2 + 2i 8 nodobruwili
mpeyeorvruk ¢ sepuiunamu 8 0; 1; —i.
+1

z+ 1.
IIpumep 5.7. Omobpasume nepsovill kK8adpanm HA NAOCKOCMU 2
HQ BEPXHIOIO NOAYNAOCKOCMb NAOCKOCMU W:

OtBeT: w =

Rez>0NImz>0 <2 Imw>O0.
PEWEHUE. [Ipeo6pasoBanue ocyulecTBasgeTcs (QyHKLIUEN
w(z) =az? +b, a, bER, a>0.

3agaua 5.8. Omobpasume cexmop 0 < ¢ < g, 2 = pe'¥ na sepx-
Hioto noaynaockocmos Imw > 0.

Otser: w (2) = 2°.

Ipumep 5.9. Omobpasums norocy 0 < Rez < a Ha 8epxHiow0

noaynaockocmo Imw > 0.
PEIIEHHUE.

T K
[Tyctb 21 = — - 2, Torma 0 < Rez < a +— 0 < Rez; < 7; nanee,
a

. K
nyctb zp =21, 0 < Rez; <7 +— 0 <Imzy < 7 w = exp(z9),
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Im 2z Im 2,
S @ @

@  Rez ™ Rez,

Puc. 11.

muw

=
5
®

\\@

Rez, Rew

Puc. 12.

0<Imz <7 &S Imw > 0, caenosaresbio, w = exp(irz/a)
(puc. 11-12).
T

3anmaua 5.10. Omobpasume nosocy 0 < Im z < 3

noaynaockocme w: Imw > 0.

OrBet: w = €%,

Ipumep 5.11. Onucame  ceomempuueckyro  UHMeEPNPEMayUo

HA B8EpXHIOr0

1
npeobpasosanus w = —.
z

1
Pacemorpum dynkumio f(z) = —. Ha o6nactu onpenesenus
z
(YHKLHS OfHO3HAUHA W OJHOJHCTHA, a TakxKe HemnpepbiBHAa. Ecan

3amucaTth Z B MOKasaTeJbHOH (opme: z = pe'¥, To w = —e *¥, To

ecTp argw = —argz. lorna npeo6pa3oBaHMe w = — MOXHO pac-
z
CMaTpPUBATh KaK CyMeprio3uiHio IByX npeobpasoBanuii: & = £(z), rae

€| = |2|, arg{ = —arg 2, u w = w(§), re |w| = E argw = arg & —

MHBepCcHsl B eIMHUUYHOM Kpyre. [lon MHBepcue# noHMMaeTcs Takoe
npeo6pa3oBaHue, NPU KOTOPOM KaxKIOH TOYKe BHYTpU (BHe) Kpyra
CTaBUTCS B COOTBETCTBHE TOYKA BHe (BHYTpH) Kpyra, Jexalias Ha
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Jyde, IPOBEIeHHOM M3 LEHTpa Kpyra B 3Ty Touky. [Ipu aTom npous-
BeJleHWe PaCCTOSIHUE OT TOYeK 10 LEHTpa PaBHO KBaipaTy paauyca

KpyTa.
3agaua 5.12. Ha kaxyro obracme Qpyuxkyus w = é omobpasum

noaynosocy 0 < Rez < 1, Imz > 0?

COBET. Halinute, Kyna oto6pasurcs rpaHuna 06/1acTH, COCTOSIILAS
M3 Tpex yacTedl (06XOH OCYIIeCTBJsIETCS TaK, YTOObl 06JacTh OCTa-
BaJslach cJjeBa). ['paHuna obsacTu:

1) z=0, y € (+00;0);

2) y=0,z€(0;1),

3)x=1,ye(0;,4+00).

1 | m
OrtBer: ‘w — 5‘ > 3 g <argw < 0.
5.5. JIpoGHOo-1MHeliHasa QyHKLIUS.
[lyets f(z) = Ly Bynem cuutath, uto a # 0, ¢ # 0, b # @
cz+d a’ ¢
Torna
B _az+b  z+a a—pf
w—f(z)—Cz+d—)\z+6—>\<l+—z+6), (5.1)

a b d
rne A= —, a« =—, = —. Taxkum obpa3om, oTobpa>keHHe OIpeJe-
C a C

JIsIeTCsl TpeMsi mapaMeTpaMH, npuuem a # 3.
Tak:xke MOKHO 3amucath npeobpa3zoBaHHe B 0OpPaTHYIO CTOPOHY:

/!

w+ a K
z=N +B,; z+—w, o/ #0, f'(z) # 0 nas moboro z.

w

BaxxHo nomHuUTh. [eomeTpryeckn KkoH(poOpMHOe oToOpakeHHe,

oCylILecTBJsieMOe APOOHO-JIMHEHHOH (yHKLUHEH, — 3TO IOBOPOT,
pacTsikeHHe, OTpaKeHHe OTHOCUTEJbHO JAeHCTBUTENbHOH OCH,
UHBEPCHS.

3agaHueM COOTBETCTBHUSI TpPeX TOYEK IJIOCKOCTH 2z TPeM TOu-
KaM IJIOCKOCTH W: Z] > W], 2o ¢ Wy, Z3 4> w3 NpoOHO-NHHeHHas
(YHKLHS ONpeneseHa ONHO3HAUHO, TO eCTb KO3(P(UUHEHTH A, ,
OJHO3HAUHO ONpeNe/sOTCS YKa3aHHBIMHU BhILIEe COOTHOLIEHHSIMH Ye-
pe3 6 3agaHHBIX KOMIJIEKCHBIX YHCEJ.

o 21+« 29+«
HelcTBUTEeNBHO, MYCTh w1 ; Wy = ;
21+ 2+
23+«
w3 = A————, Toraa
23+ 3

NI (53— =)o ).
W = A S B AT AT h)
A:wl—w2_(21—22)(23+5).

w] — w3 =

wy —wz (21— 23) (22 + B)’
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w—wy _ (z2—2)(z+h).
w—ws (z—23)(20+8)’

_ (w—wo) (w1 —w3) _ (2—2)(21 — 23)

(w—ws) (wy —w2) (2= 23)(21 — 22)

W3 atoro cooTHoUeHHs noJay4daeM APOOHO-IMHEHHYIO (PYHKLIHIO
w = f(z), orobpaxarnulyo 3 3ajaHHble TOUKH TPAaHULBI B 3 3afaH-
Hble TOUKH I'paHHUIb 06pasa.

Ipumep 5.13. Haimu dpo6n0 -AuHeltHYyo QyHKyuo, nepesoos-
wyro mouku zy = 1, 2o =1, 23 = —1 coomsemcmeenno 68 mouku
w; =—1, wy =0, wy = 1.
PEMEHUE. Bocnosnb3yemcs mosnydeHHOH (DOpPMYJIOH, MOACTAaBUB B
Hee 3a/laHHble TOUKH:

(w=0)(-1-1)  (2—9)(14+1) —2w 22— 21

w-D(-1-0 G+D(I-9 7 T-w G+D0-9)

B =

B
A

[Tocsie npeoGpazoBaHuii HMeeM

z—1 11— 2

— 0 =1 -
iz —1 z+1

3ameuanue 5.4 Eciu o0Ha u3 mouex z uAu w pasHsl 00, HAd0 8
Gopmyre 3amenums ckoOKU ¢ 3MOL MOUKOL HA eOUHULY.
3agaua 5.14. Haidume OpobHo-sunelinyo QyHKuuo, nepesods-

wyro mouku zy = —1, z9 = 00, 23 = i COOMBEMCMBEHHO 8 MOUKU
w; =00, wy =0, wz = 1.
+1
OTtBeT: w = .
z+1

IMpumep 5.15.  Haiimu Opobro-aruneiinoe omobpascerue w =
= f(2), nepesodsujee mouku —1, 0, 1 coomsemcmesenro 8 mouxu
1, i, —1. Boiacuumes, Kakas obaacme Ha NAOCKOCMU W SABASEMCS
obpasom noayniockocmu Imz > 0.
PEWEHME.  OO6wwii Bu ApoGHO-HHeHHOH ¢yHKunu f(2) =

Z+ o

z+ 8

3necb MOXHO /6O BOCHOJb30BaThCsl (hOPMYJIOH, MpHUBEAEHHOH
BbIILIE, JIUOO TIPOBECTH 3TH TNpeoOpa3oBaHMs [Jsi KOHKPETHOH 3a-
nauu: u3 coortHowenud f(—1) =1, f(0) =14, f(1) = —1, nman-
HBIX B YCJIOBHH, MOJNYUHUM YypaBHEHHs [/ OlpeleseHHs napaMeTpoB
I pOOHO-TUHERHON (DYHKIUH

+
Q

ATLEe gy

=1

+
=
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Orciona HadigeM o = —i, =14, A= —i. .
L z—1
C/ienoBaTesibHO, HCKOMOE OTOOpaXkeHHe w = —i

2+
Jls oTBeTa Ha BTOPOH BONPOC 3afauyd 3aMeTHM, UTO 3aJaHHble B

yeqoBud Toukd —1, 0 u 1 sexar Ha rpanuue obgactu Imz > 0 u
oTobpaxkaTcsi B TOUKH 1, 4, —1, jexatiue Ha OKpy»KHOCTH |w| = 1.
Tak kak npoOHO-MUHeHHas (YyHKUUS OoToOpakaeT OKPYKHOCTb B
OKPY?KHOCTb (HAIIOMHHM, UTO TIpsiMasi — OKPY>KHOCTb O€CKOHEYHOT'0
panuyca), To 06pa3oM rpaHHuIlbl o6gacTu Im z > 0 sBAsIETCS OKPYXK-
HoCTh |w| = 1.

[Tpu 3tom, obpasom mnogaymiaockoctd Imz > O siBasercs BHYT-
peHHocTh Kpyra |w| < 1, tak kak, Hampumep, w(i) = 0, HO
z=i€lmz>0, a w=0¢€|w|<1.

Urobbl ycTaHOBUTh, YTO 00pa3oM MOJyMJIOCKOCTH Imz > 0 sB-
JISIeTCS UMEHHO BHYTPEHHOCTb Kpyra |w| < 1, MOXHO Takxe
MCIO/Ib30BATh MPUHIIKIT COOTBETCTBUS rpaHuil. Tak kak w(—1) =1,
w(0) =4, w(l) = —1 u npu 3a1aHHOM MOPsIIKE MPOXOKIEHHUS TOUEK
rpanulel 2 = —1 — 2z =0 — z =1 obaacts Imz > 0 ocraer-
cs CJieBa, TO [1Js COOTBETCTBYIOLIEH MOC/EN0BAaTebHOCTH 00pa3oB
w(—=1) =1, w(0) =4, w(l) = —1 obnacts |z| < 1 — Toxke cieBa
(puc. 13).

Puc. 13. K npumepy 5.15.

21
OTBeT: HCKOMOe OTOOpaXKeHHe w = —i -; 06pa3oM moJy-

miockocTy Im z > 0 siBsieTcss BHyTpeHHOCTh Kpyra |w| < 1.

IMpumep 5.16.  Haiimu Opobro-aruneiinoe omobpascerue w =
= f(2), nepesodsuee mouku —1, oo, i coomeemcmeenHo 8 MOUKU
i, 1, 1+1.

Boisichume, kakas obaacme HQ NAOCKOCMU W A8A5emcs obpa-
3om noaynaockocmu Im z > 0.
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PEmIEHUE. O6wmumii BUi NpoOHO-NTHHEHHONH (HYyHKUIHH
f(z)=A
HUcnoabaysi cootnomenust f(—1) =14, f(oo) =1, f(i) =1 +1,

NaHHBlE B YCJIOBHH, MOJYYUM ypaBHEHHUS /IS ONpeleseHHs NapaMer-
poB 1poGHO-THHEHHOH (PYHKIHH

Z 4+«
2+

-1+« z4+« i+«
A—— =1, N — =A=1, M\ - =1+1,
“1+8 " 48| iv5 "
OTKyla HaleM o« =2+, f=2—14, A=1.
z+2+1
C.HeILOBaTe.HbHO, HCKOMOe OTO6pa}KeHHe w = m

Jlnst oTBeTa Ha BTOPOH Bompoc HalueM oOpasbl Tpex Touek —1,
0 u Rez =00, Jnexamux Ha rpanule ob6sactd Imz > 0 (mpu
YKa3aHHOMH T0C/Ie10BaTeNbHOCTH ToYeK — obsacTb Im z > 0 cyeBa):

3aMeTuM, UYTO MOJy4YeHHble 00pasbl JexKaT Ha OKPYXKHOCTH
|lw| = 1. Tak Kak ApoGHO-THHeHHAsT (QYHKLUHST OTOOPAXKAET OKPYK-
HOCTb B OKPYXKHOCTb (IpsiMasi — YacCTHBIH C/ydall OKPYKHOCTH), TO
o6pa3oM rpaHuibl 061acTi Im z > 0 siBJsieTcsi OKPYKHOCTD |w| = 1.

[Ipu sTom, o6pasom mosmymaockocTd Im z > 0 siBisieTcss o6JsacTh
BHEe Kpyra |w| < 1, 4TO MOXHO YCTAaHOBHTb, MOJIb3YSICh MPHHIIUIIOM
COOTBETCTBUS I'DAaHHUL, UJIH Halas oOpa3 KakoW JuOO TOYKH, JexKa-
el B nogaymaockocetd Im z > 0. Hanpuwmep,

242
w(i) = +2 "o gie w> 1

OTBeT:  HcKOMOe OTOOpakeHHe = T; obpasom
z —1

nosyniockoctd Im z > 0 siBasierest o6iactsb |w| > 1.
3apaua 5.17. Haiidume Opobro-iunetinoe omobpanxcenue w =
= f(z), nepesodaujee mouku —1, oo, i cOOMBEMCMBEHHO 8 MOUKU
0, oo, I.

Boiacnume, Kakas obaacme Ha niockocmu w seasemcs obpa-
som noayniockocmu Imz > 0.

2+«
= |\ # o0, TO
HCKOMOe 0TOOpaKeHHe CjeflyeT UCKATb B BUIE W = A2 + «.

COBET. Tak kak w(oco) =00, a ‘A
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—1

(z+1); o6pasom

noaymnaockoctd Im z > 0 siasierest mosynsnockocts Rew + Imw > 0.
Kpyrosoe cBoiicTBo: npoOHO-IMHEHHAs (DYHKLHUS MEPEBOLUT
OKPY2?KHOCTb B OKPY2KHOCTb.
M3 (5.1) caenyer, 4TO OOCTaTOYHO TI0Ka3aTh, YTO (YHKIHS

w=f(z) =
HBIH MepeHoC He U3MeHsIeT BUA KPHUBOU. PaccMOTpUM MPOU3BOBHYIO
OKPY2KHOCTb B MJIOCKOCTH 2: A (:E + y2) + Bx+Cy+ D =0. [lycts
. . 1 1 £ .

w=¢§&+1in, Torna z = + iy il el B Z€2+772.
[ToncraBnisss mosydeHHble 3HAUEHHWs = W Y B ypaBHEHHE OKPYXK-
HOCTH B TIJIOCKOCTH Z, TOJYYUM OKPYXKHOCTb B MJOCKOCTH W:
A+BE—Cn+D (€ +7%) =0.

OKpY?KHOCTb Ha MJIOCKOCTH OfHO3HAYHO OTpe/essieTCsl 3alaHheM
3-X TOYeK, MO3TOMY, 3aJaB COOTBETCTBHe z; <— wj, ¢ = 1,2,3,
C COXpaHEHHeM HarpaBJeHHs 00XO0fa, Mbl OJHO3HAUHO OIMpPEAeHUM

I po6HO-TUHENHYI0 (DYHKIHUIO0, KOH(POPMHO 0TOOpaXKalllyio g &5 D,

Ipumep 5.18. Haiimu dpobro-aunetinoe omobpaxcenue w(z), ne-
pesodsujee kpye paduyca |z| < 1 8 sepxurwoiw noaynaiockocmo
Imw > 0.
PEIMEHUE. B03MOXXHBI pa3iiyHble TIOAXOMB K PEIIeHHI0 3a1auy.
MOoXHO BOCIMOJIb30BaTbCsl, HAIPUMEp, TPUHIIUIIOM COOTBETCTBHS
rpaHul. 3agaliM TPH MOCJeI0BaTeIbHbIE TOUKU Ha TpaHuUlle (OKPYXK-
HOCTH |z| = 1), Hampumep, z =1, z =14, u 2z = —1, TaK, 4T0bHI
o6s1acTb |2z| < | TmpH OBMXKEHHM OT MEPBOM K TPeTbed TOouke OCTa-
Bajach cjeBa. [locTaBUM UM B COOTBETCTBHE TPH IMOCJEN0BATEbHbIE
Toukd npsiMo# Imw = 0 (rpanuus o6nactu Imw > 0) Ttax, 4To6bl
o6nacte Imw > 0 Takxe Oblia caeBa (puc. 14). Hanpumep:

OTBeT:  UCKOMOe OTOOpa)keHHe  w =

obnanaeT 3TUM CBOHCTBOM, TaK Kak rnapadJJieJib-

N | =

Z 4+«

w(l)=—=1, w()=0, w(-1)=o0 w=A\ el

I/ICHOJ'IIDSYH 9THU COOTHOLIEHHUSA, TTOJYUUM!:

zZ—1
z4+ 1

=1 A=—-1—4i, a=-—i = w=(-1-1)-

OrBer: w=(—1—1)- :
z+1
Bo3MOxXHO M 1pyroe pellieHHe, HampuMmep, C HCIONb30BaHHEM

NprUHLKIA CHMMETPUH.
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Im Y :(—1—1');—11' I
b =1 i z Tzt muw \x
N
-1 IRe 2 w(l)=-1 |w(i)=0 Rew

Puc. 14. K npumepy 5.18.

HanoMHuM, 4TO TOYKM 2| MU 29, CHMMETPHUHblE OTHOCHTE/b-
HO OKpPYXKHOCTH paauyca R Ha MJIOCKOCTH z, TO €CTb MAJSI KOTO-
PEIX BBHITIOJIHSIETCA COOTHOLIEHHE 2| - 29 = RZ, TIpH 0TOOparKeHHH
N pOOHO-TUHENHON (PYHKLUHEH O0TOOpPaXKalTcsi B TOYKH, CUMMETpPHY-
Hble OTHOCUTeJIbHO 00pasa OKPYKHOCTH.

[Tyctb uentp kpyra Touka z = 0 oToOpakaercs, Hampumep,
B TOYKY W = %, TOTAA CHMMETPHUYHAsl OTHOCUTEJbHO OKPYKHOCTH
|z] =1 Touka z = 0O — B CHMMETPHYHYIO OTHOCHTEJNbHO NeHCTBH-

TeJIbHOH OCH TOUKY w = —i (pHc. 15). DTo oToOpakeHHe MOKHO OCy-
o o . T2

[IECTBUTb C TMOMOIIbIO APOOHO-JIUHEHHON DYHKIHH w = —i - oo
Z T 20

Tak xak Touka w(zp) HAXOAUTCS Ha AEHCTBUTENbHON OCH MJIOCKOCTH
w, TO TOYKA 2 AOJKHA HAXOAUTbCS HA OKPYXKEHCTH |z| = 1, To ecTb
zg = €'“, roe o — J1060e NeHCTBUTE/BbHOE YHUCIIO.
(10%
z—e

OtBerT: W= —1- ——r.
z 4+ et

N\

-

Puc. 15. K npumepy 5.18.

OTMeTHM, UTO W B MEPBOM CJydyae MPUHLMUI CUMMETPHH, ecTe-
CTBEHHO, BbImosiHsteTcs1, Tosbko w(0) = —1 414, a w(oo) = —1 — 4.

IIpumep 5.19. Haimu xongopmuoe omobpascerue, nepegodsiuiee
sepxrroro noayniockocms Imz > 0 80 sHympernnocms kpyea |w| <
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< | mak, umober mouxa zy (Im zg > 0) nepewnra 6 mouxy wy = 0.
PEWEHUE. ['paHuLiell BepxHel MOJYMJIOCKOCTH SBJSIETCS NpsiMast iy =
= (0. CUMMEeTpPHYHOH TOUKe zo = Xg + i1y SABJSETCS TOUKA Z( = X —
— 1yp, TIOITOMY €CJId Zy COOTBeTCTBYeT wy = 0, TO TOUKe Zy B CHIY
CUMMETPHUH COOTBETCTBYeT TouKa w = oco. OTciona

zZ— 20

w= A —
Z— 20

3HaueHHe \ HaXoouM H3 Tp€6OBaHI/IH, YTOOHI rpaHU4YHasg TOYKa Iie-

pewsa B rpaHuuHyw. Hanpumep, z = 0 — w, |w| = 1. 3nauwur,
Al =1,
zZ— 20
w = —.
Z— 20

3agaua 5.20. Hatidume Opobro-arunetinoe omobpascerue w(z),
nepesodsiujee SHYMpeHHOCMb Kpyea paduyca |z| < 2 8 sepxHiow
noaynaockocme Imw > 0 mak, umo w(0) =1 + 4.

COBET. Yurure, uto Tak kKak w(0) =1+ 4, To B cusy mpUHLMMIA
cummerpurt w(oo) =1 —i.

OrBer: w=(l—1)- , rae « — nwboe NeHCTBUTENbHOE

YKUCJIO.

3ameuanue 5.5 /{11 noaryuenus eOUHCMBEHHO20 PeLleHUs MONCHO

3adamos donoanumenvioe ycaosue. Hanpumep, w(l) =0, moeda
z—1

I uru argw'(0) =0, moeda zg = —i u

zo=1uw=—i

. Z+1
w = —1- .

z—1
Mpumep 5.21. Haiimu xongopmHoe omobpasxcerue, nepesodsiyee
|z| < R & lw| < 1 mak, umobor zy «— wy =0 (20| < R).

PEmEHKE. C y4yeTOM CHUMMETPUH TOUYEK OTHOCUTEJbHO OKPY2KHOCTHU

zZ— Z
uMmeeM w = )\7R02, rae ZE'; — TO4YKa, CUMMEeTpUYHas Zpy OTHOCHU-
Z— =
A R
TeJIbHO OKPY2KHOCTH. HpI/I 9TOM 3HAa4YeHHe |)\| = —— HaXO0AUM U3 TOI'o

| 0]

YCJIOBHS, UTO I'PaHUYHAs TOYKa MepeXoAuT B rpaHuyHylo. Hanpumep,
z=R <+ |w|=1.

Ipumep 5.22. Haiimu xongopmHoe omobpadcerue 08YYyeoLbHUKA
z:|z| < 1NImz > 0 na sepxniow noayniockocme Imw > 0.
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PEWEHUE. [IByyroJbHUKOM Ha3biBaeTcsi 006/1acTb, obOpasyoliascs
NpHU MepecevyeHUu OYT IBYX OKDPYXKHOCTeH, BOOOLle roBOpsi, pa3HbIX
panuycoB. B naHHOM ciaydae omHa u3 "myr" SBJSETCS OTPE3KOM

NPSIMOM, UTO COOTBETCTBYET OKPYKHOCTH OECKOHEYHOro pajuyca.

1
Oyukuus € = f(z) = i: orobpakaeT TOUKy z = —1 B
tTouky £ =0, a Touky z = 1 B Touky & = oo. [lostomy nBe ua-

CTH IpaHHIBl — MOJYoKpyxkHOCTE |2| =1, Im& >0  u oTpe3ok
Rez € [—1;1] — nepexomsiT B 1Ba Jiy4ya, HAmpaBJeHHBIX OT TOYKH
£ =0x £ =00, a IBYyrOJILHUK — B CEKTOpP, OTPAaHHUUEHHBIH 3TUMHU
ayuyamu. Tak kak £(0) = —1, a £(i) = —i, TO MOJYOKPYKHOCTb Ie-
PEXOAUT B JIy4 Ha OTPULATE]BHOH 4aCTH MHHMOH OCH IJIOCKOCTH &,
a OTPe30K — B Jiy4 Ha OTPULIATENbHOH YacTH AeUCTBUTENbHOU OCH
IJIOCKOCTH &.

[Ipy mocsienoBaTebHOM 00X0/e TOUEK T'PAHHLB ABYYTOJbHHKA B

HampaBJeHHH z =1 — z=—1 — z =1 o6sacTe Ha MJOCKOCTH 2
OCTaeTcs cJieBa, MO3TOMY IPH MOCJ/eA0BaTeNbHOM 06X0/1e X 00pa3oB
no rpanuue cektopa £(i) = —i — {(—1)=0 — £(1) = —1 cam

CEKTOp TaKKe MNOJIKEH OCTaBaTbCs CjeBa. TakuM 00pa3oM, IBYY-
FOJIBHUK OTOOpaxkaeTcst B 3-i KBampaHT miaockocT & (cMm. puc. 16).

Imé

w(—1)=10
Re§
w(i)=—1i

Puc. 16. K npumepy 5.22.

Jlanee, oTobpakeHue w = £ MepPeBONUT TO CEKTOP B BEPXHION
noJymnaockocts Imw > 0.

2
OTBer: w = (Z+1) .
z—1

Ipumep 5.23. Haiidume ¢yukyuro w = f(z), ocyujecmsasowyro
KongopmHoe omobpaxcenue cekmopa 0 < argz < a, ede a —
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3a0aHHblil Y2on, Ha 8epxHIo0 noayniockocmes Imw > 0.
PEMEHUE. Cm. puc. 17.

Imz @ w=z"

\ \
[ w arg —ORew

Puc. 17. K npumepy 5.23.

3amaua 5.24. Haiidume ¢yukyuro w = f(z), ocyujecmsasiowyro

KOHGopmHOe omobpadceHue cekmopa g <argz < TT HQ BEPXHIOHO
noaynaockocme Imw > 0.

Oter: w = —iz2.

IIpumep 5.25. Omobpazums KoHoOpmMHO nepecewenue Kpyzos

|z| < 1, |z —i] < 1 na sepxrioo noayniockocme.
PEWEHMUE. CHauasa HalileM TOYKH TepeceyeHrsi KPyroB W YroJ

V31

Memny KacaTeJbHbIMHU B TOYKax nepecequHﬂ: zZl = —7 —|—Z§;
V3 . o

2= 5 + g v =7 PaccmaTpuBaemasi o6JacTb MpeacTaBJsieT

co00OH [BYYTOJNBHHUK C BeplIMHAMHM B TOUKax 2| M 29. CHauana
npeo6pasyeM [ABYYTOJbHHK B CEKTOp, [Js 3TOTO UCIIOJNb3yeM

. Z— 22
npobHO-MMHeHHYI0 (QyHKUHIO £ = ——=. Jlajee MOBEpPHEM CEKTOp
z— Z21
o ™
MO 4acoBOH CTpeJike Ha yroM —- C MOMOLLbIO npeo6pa3oBaHus

Zim
&9 =e 3 &), a B uUTOre 0TOOPA3UM MOJNYyUEHHBIH CEKTOP Ha BEPXHIOKO

MOJTyTI0CKOCTh: w = (§9)2
3
z—Z 2
OTBeTIw:—< 2) .

zZ— Z
3agaua 5.26. Omobpasums KOHGOPMHO nepeceueHue Kpyaos

lz—1| <1, |z| <1

HA BEPXHIOI0 nO/LyI’l/LOCKOCI?’Lb.
3
22— 1—iV3 > 2

Omger: w=— ————
<2z—1+¢\/§
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m: @ 4= me (&)
& f](@ :*l+iﬁ
2 2
i, o
22—7 §’L 3
/ Re z Re &
1 V3
§1(0) 5l

Im§2

Re ¢, / Rew

Puc. 18. K npumepy 5.25.

5.6. 3amauu A9 CaMOCTOSITEJIbHOTO pelleHMus.
1. Ha#inute npoGHO-MuHelHble PYHKLUHUH, OTOOpaXKaIOIIMe:

a) Touku —1; 4; 1 4+ ¢ COOTBETCTBEHHO B  TOYKH
0; 24 1—1;

0) TOYKH —1; ¢ 144 cCoOOTBETCTBEHHO B TOYKH
i, oo; 1

B) TOYKH —1; ©00; ¢ COOTBETCTBEHHO B TOYKH 00, 1, 1;
r) toukd 1; 4; O cooTBeTCTBEHHO B TOYKH 1; i; —1;

n) toukd —1; 0; 1 cooTBETCTBEHHO B TOYKM 1; 4; —1.

B nocnenHem ciayuae BBISICHUTH, Kakas 00JacTb sBJseTCS 00-
pasom noJymnaockoctd Imz > 0?

2. Hatinute o6pasbl objacTell g Npyu 3alaHHBIX APOOHO-JTHHEHHBIX
oToOpaxeHusix w = f(z):

a) g:lzl<l; Rez <0, w=

’

R | —

z—1

6) g:lz2/|<l;Imz >0, w= ny

’

\}
I
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B) g:0<Rez <1; Imz >0; w:%;
r) g:Rez>0;Imz>0;, w=>""";
7124—1
1) g:0<Rez<1,; w:ZZ :
z—1
e) g:0<Rez<1; W=
%) g:0<Imz < I; w:z+z;
™ z
3) g:0<argz <7 w_Zﬁ_ll’
m z
1) g5 <argz <m w=——0p

K) g:1<|z| <2 w=——

. Ha#inure npo6Ho-nuueiinyo dyHkuno w = f(z), KoHPOPMHO

otobpaxarmllyo 06JacTb ¢ MJIOCKOCTH 2 Ha obJjacTb D mJjoc-
KOCTH W W YIOBJIETBOPSIOLLYIO 3aaHHbIM YCJIOBHSM:
a)g:Imz>0—D:|w <1, w(z)=0,rme z € g;

6) g:Imz2>0—-D:|w| <1, w(i)=0, argw'('):—g;
B) g:Imz>0—D:|w <4 w()=0,argw ()—a;
r)g:Imz>0 — D:|w <1; w(2)=0, argw '(2i) = 0;
1) g:Imz<0— D :Imw > 0; w(l) =0, w(0)=1,
w(—1) = oo;

e) g:Imz<0—D:|w <1, w(-2i) =0, argw’'(—2i) =

®) g:lzl<1—=D:|w <2 w()=4i argw’(O):g,
g:lz|<2—=D:|w <1, w(l)=0, argw'(1) =m;

mg:lz—1<l—=D:|lw<2 w % :O,argw/%%):g,

K)g:|z2|<2—=D:jw—1i] <2, w(0)=2i argw '(0) 7T,

1) g:lz+i <2—=D:Rew>Imw; w(—i)=2, w(i)=

. Ha#inute o6pasbl ykazaHHbIX 00JacTedl ¢ WAHW KPUBBIX L HpI/I

3afilaHHOM oToOpaxkeHHH w = f(z):
a)g:nonoca0<1mz<§; w = e?;
6) g : mosoca 0 < Rez < m; w = e’

. _ . _ o2z
B) L:mpsamast Imz=—; w=e

r) L: orpesok [1;1+2i]; w=-¢e%

n) L : nyra okpyxHoctd |z| = 1,0 < argz < %, w = 2%
€) ¢ : 4acTb IJIOCKOCTH 2| > 2, —% <argz < % w =22,

Bonpocs! k 3k3ameny.
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1. Chopmynupyiite omnpenesneHde oTobpakeHuss w = f(z), KOH-
(bOpMHOTO B TOUKe 2z # OO.

2. Chopmynupyiite onpenesneHrue KOHPOPMHOTO 0TOOpaXkeHHUs1 006-
JACTH KOMIIJIEKCHOH IIJIOCKOCTH Ha 00/1aCTb KOMIIJIEKCHON
MJI0CKOCTH.

3. Cdopmynupyiite TeopeMy O CyII€CTBOBAHHUHU M aHAJUTHUYHOCTH
00paTHOH (PYHKLHH.

4. Chopmynupyiite Teopemy Prmana o cyliecTBoBaHUHM KOH(OPM-
HOTro 0TOOpakeHus.

5. CchopmynupyiiTe TeopeMy eIMHCTBEHHOCTH KOH(OPMHOIO
oToOparkeHus.

6. Chopmynupy#iTe NPUHLHAN COOTBETCTBHSI TI'PAHHIl IPH KOH-

(hopMHOM OTOOpaKEeHHUH.

CoopmynupyiiTe onpesiesieHrue 1poOHO—/IHHEHHON (PYHKLHU.

CchopmynupyiiTe TpynmnoBoe CBOHCTBO JIpPOOGHO—JHHEHHOM

(DYHKIHUH.

9. Cdopmynupyiite Kpyropoe cBOHCTBO ApPOOHO—/MHEHHOH (PyHK-
HH.

10. CopmynupyiiTe CBOHCTBO COXpPaHEHHS] CHUMMETPHHM JIPOOHO—
JIMHEHHOH (DyHKLIHUH.

®© =N

§ 6. MHTerpas or (pyHKIUM KOMIJIEKCHOU NepeMeHHOU
M0 KPUBOM Ha KOMILIEKCHOM MJIOCKOCTH.

lnsi ompeneneHusi WHTerpasa oT (PYHKIHHM KOMIJIEKCHOH Tepe-
MeHHOH TpeOyeTcsl 3agaTh HEKOTOpylo KpuBYyl0 C' Ha KOMIJIEKCHON
MJI0CKOCTH, Hampumep, ¢ (t) =& (t) +i-n(t), tme t — nefcTBUTENb-
Helfl mapametp, & (t) u 7 (t) — KycouHO riagkue (PYHKLUHH, IPHUEM
£ (t) + 0% (t) # 0. Kak u npu onpeeneHun KPUBOJMHEAHBIX HHTe-
rpasoB sl ()YHKUHMH NeHCTBUTEJNbHOH mepeMeHHOH, kpuBasg C pas-
OrBaercst Ha N YaCTHYHBIX AYT (Ck—1, () AAMHON Aly, Ha KaxI0H UX
KOTOPbIX BbIOMpaeTcsi Touka (i, MocJje 4ero AJsi AaHHOH (YHKIMH
KOMIIIEKCHOH repeMeHHO# f (z) cocTaBiisieTcst HHTerpasbHasi CyMMa

n

D (G AL.

k=1

Onpenenenue 6.1 Ecau  npeden unmeeparvHol cymmo. npu
cmpemieHuu K HYaro A:m]?xAlk cywecmsyem u He 3asucum

om evlbopa pasbuenus u svibopa mouex (i*, mo amom npedei

Hasviearom unmezparom om ¢pyukuuu f (z) no kpusot C.
HerpynHo mokasaTh, UTO BBbIUHCJEHHE HHTerpajia OT (PYHKIHH

KOMIJIEKCHOH mepemeHHo# f(z) = u(x,y) + iv(z,y) no kpusoit C
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CBOJIMTCSI K BBIUMCJIEHHMIO KPUBOJHHEHHBIX MHTErpajioB BTOPOro poia
OT HeHCTBHUTEJNbHOH M MHMMOH yacted ¢yHkuuu f(2) = u(z,y) +
+iv(z,y):

[ etz = [ @) + oG, ) (a0 +ia) =
C C

= Ju(m, y)dz —v(z,y)dy + 1 J v(z,y)dx + u(z, y)dy.
C C

JlocTaTouHble yCJOBUSI CYIIECTBOBaHHS HHTerpasna Jf(z)dz

c
ONpeNesIIOTCSl  YCJIOBHUSMH  CYLLeCTBOBAHUS ~ KPUBOJIMHEHHOIO

MHTerpaJsa BTOpPOro poja.

Ilpumep 6.1. Bowuciume unmeeparv. @) dez; 6) szz no

L L
kpusoti L: y=2% 0<z <1, a>0.
PEIIEHUE.

a) J?dz = J:de—l—ydy—kijmdy —ydx = {dy = aa:o‘_ldx} =
L L L

1 1
= J (z 4+ az®*~ ") dz + ij(a:ca — %) dx =
0 0

1

_I_

x?a
2

O+z(a—1)a+1

N —

6) szz = Jazda:—ydijindijyda: = {dy = az® ldz} =
L L

L
1

I
= J (z —043520‘_1) d$+iJ(a$°‘ +2%) dz =
0 0




6. Humeepanr om ¢pynkuuu KOMNAEKCHOU nepemerHou. 65

3ameTHM, UTO B [IEPBOM CJyuae pe3y/bTaT 3aBHCHT OT ¢, TO €CTb
OT MyTH UHTErPUPOBAHHS, a BO BTOPOM — HeT. Jleso B TOM, UTO BO
BTOPOM cJiyyae (YHKLHS SIBASeTCS aHaJWTHUeCKOH, a B MepBOM —
HeT (cM. TeopeMy 7.1 W cieICTBHe U3 Hee).

3agaua 6.2. Boiuuciume unmeepan J(Qz — 3)dz no ompesky, co-

C
edunsarowemy mouku z=0u z=1—1.
OTtset: —3 + 1.

6.1. CgoiicTBa MHTerpaja oT (PyHKIVU KOMIIEKCHOH MepeMeH-
Hou. [lockosbKy 3HaueHWe KPHUBOJMHEHHOrO HHTErpajga BTOPOTO
poga B oflleM cJjydyae 3aBUCHT OT HampaB/eHHs 00xoda KPHUBOH,
YCJOBUMCSI B KauyecTBe MOJIOXKHTEJbHOrO HamnpaBJ/eHUs obxona 3a-
MKHYTOTO KOHTypa MPUHUMATh HampaBJeHHe, PH KOTOPOM 00JacTh,
OrpaHHYeHHasi NAHHBIM KOHTYpOM, ocTaeTrcsi cJjeBa. MHTerpuposa-
HHMe B MOJIOKHTEJbHOM HarpasjeHHH OyfeM 0003HayaTb CHMBOJIOM

J f(2)dz wnu npocro Jf(z)dz, HHTErPUPOBaHUE B OTPHULATESbHOM
c+
HalpaBJeHHH — CHMBOJIOM J f(z)dz.
-
CeolicTBa MHTErpaJja U CIocoObl €ro BbIYMCIEHHS.
l. J f(z)dz=— J f(2)d=.
c- c+
2. JluHeHdHOCTS: J(af (2) +bg(2))dz = aJ'f (2)dz + bJ'g (2) dz,

c c c
roe a v b — KoMIJIeKCHBIe YHCJIa.

3. Murerpan mo oObelWHEHHIO KOHTYPOB paBeH CyMMe HHTe-

rpajioB MO KaXKIOMy H3 KOHTYPOB: f(z)dz =
i Ci+CoF .. +Cy,
= f(z)dz—l—Jf(z)dz—l—...—kJf(z)d,z.
e} lo

4. Ecnu nast pyukuun f(z) BeinosHsiercs: yeqosue |f(z2)| < M,

TO J'f(z)dz < J |f(2)]dl < M L¢, tne dl — 3JeMeHT IJHHBI

C C
nyru kpuBokt C, Lo — nauna Kpusoii C.

3 B.T.Bouskos, [.B. Munaes, U. E. Morunesckuii, B. }0.Ilonos, H. E. [llankuna
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5. Bbluncsienre MHTerpajsa MOXKHO OCYLIECTBJATh KakK WHTErpH-
poBaHHe M0 KPUBOH, 3afaHHON (yHKuUHelH z(t) mapamerpa i:

[ == ff (=(0) 2/ (1)t

C

rae z(a) u z(b) — HauasbHasi U KOHeuHasi TOUKH Kpusod C.

6. 3ameHa MepeMeHHBIX MMPH UHTETPUPOBAHUK: MYCTh CYLIECTBYET
takast PpyHkuns ¢(&), uto z = @(§), u kpuBasi C' Ha KOMILIEKC-
HOH MJOCKOCTH Z COOTBETCTBYET KpHBOH I' Ha KOMIMJIEKCHOH
nnockoctu €. Ilpu stom ¢(§) € C*°(D) u sBnsercs OOHO-
auctHod B D, tne D — o006JacTh KOMIJIEKCHOH MJOCKOCTH &,
conepxaias I'. Torma

[ 1= [ (et e

C r
Ipumep 6.3. Boiuuciumo urnmeepan J'(z — 2)dz no ompesky nps-

C
moti, coedunsaroujeil mouxu z; = —1 — 24, z9 = 2 + 4.
PEMEHUE. OTpe3ok MpsiMo#, COENUHSIOIMINN yKa3aHHble TOUKH, Je-
XKHUT Ha npsamoit y = 2x. Torna

J(z _9)ds = J((m —9) +iy) (dz + idy) =
C

C

:J(m—Q)dx—ydy+iJ(yd:r+(x—Q)dy):
C C
=ly=2z dy=2dx, -1 <z <2]=

2
:J(—Bm— Ydz + 1 J4m— x=—10,5 — 6i.

3apaua 6.4. Boiuuciume unmeepan J'(z +1i)dz no ompesky nps-

C
moti, coedunsaroujels mouxu z; = —2+14, z9 =1—0, 5.
3 ..9
OrBer: 3 + i5-
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IIpumep 6.5. Bowuuciumo unmeepan dez, ede C — dyea xybu-

C

3 om mouxku z =0 do mouxu 1+ 1.

yeckoil napaboivt y = x
PEIEHUE.

Jidz = Ja:d:v%—ydy%—ij—ydw%—wdy = [y=12°, dy=32%dz] =

C c
1

|
= J ($+3$5)d$+ij2$3d$ =1+ %Z
0 0

3anmaua 6.6. Boiuuciumo unmeepan Jz?dz, ede C' — dyea napa-

C
6oabl Y § $2,50m mouku z =0 do mouku 1+ i.
Orger: 5 + gl

Ilpumep 6.7. Boiwucaiumo unmeepan Jz%dz, ede C' — Kpusas,

C
3adaunas coomuowenusmu: |z| =1, 0 < argz <

m
5
PEIEHHUE.

Jzzidz = [z =¥ dz =1, z=¢e"% ] =

c

ie?%dp = —1.

Oty

3amaua 6.8. Bowuuciume unmeepan J(ZZ—I-Z -Z)dz, ede C — kpu-

C
sas, 3adannas coomuowenusmu: |z| =1, 0 < argz < 7.
OrTBer: 8
—t

dz
z— 2z

Ipumep 6.9. Bowuuciumos unmeepan J

|z—20|=Ro
PEIIEHHUE.

Z— 20
|z—20|=Ryo

J dz = [Z =29+ RoeiL‘O; dz = Z.Roei(P : d(p] =

3
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27
=1 J dy = 2mi.
0
OTmeTnM, UTO pe3y/nbTaT He 3aBUCHUT HU OT Ry, HU OT 2.
3angaua 6.10. Boiuuciume unmeepan . iZQi.

|z—2i|=3
Otser: 2m1.
6.2. 3amaum oy CaMOCTOSITEJbHOTO pelIeHusl.
Breluncaure HHTErpaJibl 0 YKa3aHHbIM KPHUBbLIM Ha KOMIIJIEKCHOH
TJIOCKOCTH (MepBOH yKa3aHa HauajbHasi TOYKA MHTEPUPOBAHMS).

1. J|z|2dz, rue:

a% C' — O0Tpe3oK MNpsIMOH, COENUHSIOLIMHA TOYKH z = —2i H
z = 21

6) C — nyra okpyxHoctH |z| = 2, Rez > 0, mpoxonnmasi
NPOTHB YacOBOH CTPEJIKH.

2. JZQdZ, rue:
a) C — O0Tpe3oK MNPSIMOH, COENMHSIIOIIME TOUKH 2 = —2i W
z = 2i;

6) C — nyra okpyxHoctd |z| =2, Rez < 0, mpoxonnmasi
NPOTHB YaCOBOH CTPEJIKH.

3. szz, rae:
C o (%)
a) C' — 0Tpe3oK NpSIMOH, COENUHSIOUHA TOoukH z = 0 U
z=1+1;
6) C' — nyra mapa6oJsl y = x2, coefuHA0Ias ToYKH 2 = 0 U
z=1+1

B) C' — KpuBasi, COCTOsIIast U3 IBYX OTPE3KOB MPSIMbIX, MOCJIE-
I0BATeJ/JbHO COEIUHAMINX TOUKU 2 =0, 2z=1unz=1+1.

4, dez, rue:

C

a) C' — oTpe3oK mpsiMOii, coenuHsOUWMHA TOUukH z = 0 W
z=1+7;

6) C' — nyra mapa6oJsl y = x2, coefuHA0Ias ToYKH 2 = 0 U

z=1+47;
B) C' — KpuBasi, COCTOsIIIast U3 BYX OTPE3KOB MPSIMbIX, MOCJIE-
0BATeJJbHO COEIUHAIMINX TOUKH 2 =0, z=1unz=1+1.
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dz
5. — (06X0x OKPYXHOCTH |z| = R B MNOJIOXKHTEJbHOM Ha-
z
|2|=R
TpaBJIeHUH).
dz
6. — (06X01 OKPYXKHOCTH |z| = R B MOJIOKHUTEJIBHOM Ha-
z
|z|=R
MPaBJIEHHUH).

Bomnpocs! K 9K3aMeHy.

1. ChopmynupyiiTe ompenesieHHe HHTerpaja OT HeNpepbiBHON
(DYHKIMU KOMILJIEKCHOH MepeMeHHOH BAOJb KYCOUHO-TJIaJKOH
KPUBOH.

2. 3anumure GOpPMYJYy BBIUHCJAEHHS MHTETpasa OT HelpepbiBHOU
(PYHKLHUHU KOMILJIEKCHOH IepeMeHHOHU BHAOJb KYCOUHO-TJIaJKOU
KPHUBOH uepe3 OoNpefieJleHHbIH HHTerpaJl.

3. ChopmynupyiiTe OCHOBHbIE CBOMCTBA HHTerpaJsa Mo KPUBOH Ha
KOMIIJIEKCHOH MJIOCKOCTH.

4. 3anvuuTe HEPABEHCTBO /51 MOMYJS MHTerpasa.

TeopeTnueckue 3aJa4yy U 3a4a4¥l MOBBIIMIEHHOU CJIOKHOCTH.
1. Bbluncaute wuHTErpads (z — 2z9)" dz past pasjMUHBIX

|z—zo|=R
HeJbIX 3HauUeHU:d m.

§ 7. Teopema Kommn

7.1. BcnomoraTteabHbIe MOJOMKEHMS.
Onpenenenue 7.1 Obaacme g Ha NAOCKOCMU HA3bl8AEMC S 0OHO-
C8A3HOU, ecau 04 200020 3AMKHYMOEO KOHMYpa, NpuHadiexHca-
uemy obaacmu g, 02paHUYEeHHASE UM 4ACMb NAOCKOCMU UEAUKOM
npuradrexncum g. Obracme, Komopas He s6A5emcs 00HOCB8A3HOLU,
Ha3vl8aemcs HeoOHOCB8A3HOU, ULU MHO20CBA3HOU.

®opmyna I'puna. IlycTb QyHKUMH JeACTBUTE/BHBIX IE€PEMEH-
eix P(z,y), Q(x,y) € C(G), rne G — 3amkHyTass 00sacTb Ha
TJIOCKOCTH, TpuueM nosiHas rpaHuua OG obsmacth G COCTOMT H3
KYCOYHO-TJIaJIKUX KOHTYPOB, U YaCTHble MPOU3BOAHbIE PYHKUUH P 1

() ynoBieTBopsilOT yenosuo: Py, Py, Q., Qy € C(G). Torna

P
J Pdz + Qdy — J J (%Cj _ ‘?)y) dudy.
G

0G
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7.2. Teopema Komwu.
Teopema 7.1 (Kowu) Ecau f(z) € C*®(g), 6 0dnocssasHol obaa-
cmu g, mo 045 1106020 3AMKHYMO20 KOHMYpPa y C g BbLNOAHSAEMC

JIOKA3ATEJBCTBO.

Jf(z)dz = Judx —vdy + iJvda: + udy = [no dopmy.e I'punal =
gl gl gl

- J J (—vg — uy)dzdy + zJ J(um — vy)dxdy =

9 9
= [u3 ycaoBuit Komn-Pumana: u, = vy uy = —v;] =
= J J(uy — uy)dzdy —I—iJ J(vy — vy)dzdy = 0. (7.1)
9 9

3ameuanne 7.1 Tpebosanue odwocsssnocmu obracmu s8Asemcs
CYu,ecmeeHHoiM.
1

Hanpuwmep, pacemorpum ¢yHkuuio f(z) = -, rae obsactb g
npencrasiasier co6o#i Kpyrosoe kosblo 1 < |z| < 3. Tlpu 3Tom,
HECMOTpst Ha TO, 4TO (yHKUUs f(z) SIBASETCS aAHAJIUTHYECKOH B

o z .
paccMaTpuBaeMod 06JacTH, — =2mi #0.
z

|2|=2
Onpenenenue 7.2 Qynkuus Hasvl8aemcs AHAAUMU4eCKOU 8 3a-
mrnymot obnacmu g (f(z) € C°(g)), ecau f(z) € C>®(g) u
f(2) € C(q). Onpedesenue cnpasediuso u 0ass MHO2OC873HOU 06-
Aacmu.

Teopema 7.2 (Kowwu) Ecau f(z) € C*°(g) u g — o0HocessHas o6-
AQCMb, MO UHMmMeepas J f(2)dz =0, ede g — epanuya obracmu.

dg
JlokasarebcTBO npuBeneHo B KHure A.B. Bunanse «OcHOBBI Teoprn
dHaAJUTHUYECKHUX qJYHKL[I/Iﬁ KOMIIJIEKCHOT O HEPEMGHHOFO».

Teopema 7.3 (meopema Kowu 0Oarsi mHO20c853HOU obracmu).
ycmo f(z) € C*(g), ede g — mHococ8s3Has obaracmy, ozpa-
Huuennan ussHe koumypom Cy, a udHympu — roumypamu Cf,
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Cy, ..., Cp u nycmo f(z) € C(g). Tocoa Jf(z)dz =0, ede C

— noanas epaxuua obiacmu g, npoxodu/na?z 8 NOAOHCUMEAbHOM
HANpasieHuu.

JIOKA3ATEJIbCTBO. [lpoBenem rnankue KpuBble 71, 79,...,Vn, CO-
enunsitomre kKoHtyp Cy ¢ konrypamu C, Co, ...,C),, He mnepece-

Kawlecss Mexay coboil W Jexaliue BHYTpU oOsaactu g (puc. 19).
Torna o6asactb, orpanuuenHas kpusbiMu Cy, Cp, Cs...,Cy, ¥ Kpu-
BBIMH Y|, Y2, ---,7Vn, TPOXOMAUMBIMH IBaXKIbl B TPOTHUBOMONOXKHBIX
HarpaBJieHNsIX, OKa3blBaeTCsl OMHOCBA3HOU. [lo Teopeme 7.2 uHTe-
rpajq mo rpaHule 3Tod obsacth paBeH 0. Ilpy 3TOM HHTerpasbl
M0 BCIIOMOTaTeJbHbIM KPHUBBIM 7], Y9, ..., Vn NMPOXONATCS NBaXKIbl B
MPOTUBOIMOJNOXKHBIX HANpaBJeHUsIX, U UX CYMMapHBIH BKJal paBeH
Hy0. [Toatomy

Jf(z)dz+ J f(2)dz + J F)dz o+ J £(2)dz = 0.

Cy cr Cy Cn

Caencrteue 7.1 Ecau g — 00-
Hocssznas obaacme u f(z) €

€ C>(g), mo d/mz/uo6btx 20, ’

z € g uHmeepan Jf(f)d{ He

20
3asucum om nymu urmezpu-
posanus.

7.3. HeonpeneneHHbIN
HWHTErpaJ OT (PYHKIUHU KOM-
MJEeKCHOW MmepeMeHHON.

3aMeTuM, 4TO Mpu (PUKCH-
POBAaHHOM 3HaUeHWM 2( HHTe-

4

rpad Jf(f)df ecTb (DyHKIHS

20
NIepeMeHHOH 2.

Teopema 7.4 Ecau g — odnocsssnasn obaacme, f(z) € C(g) u 0as

Puc. 19.

2106020 3amKHYmMo20 Koumypa vy C g BblNOAHSEMC S Jf(z)dz =0,

v
mo cyuecmeyem maxas Qyukuus F(z) € C®(g), umo F'(z) =
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= f(2).
JIOKA3ATEJILCTBO. [as qroboro € > 0 cyliecTByeT Takoe 3HAUEHHE
6 >0, uto

z+Az z+Az
S 10 =|5; | f@de-re) =] | de=as=

z z

z+Az
1

- | | vO-rene <

z

|AZ| max
[Az] eelz,5+02]

If(&) - fl2)l <e

npu Az < 6. Toraa cyuecTByer Ahmo% F'(2) = f(2) € C(g),

cienoBatenbHo, F(z) € C™(g).
Omnpeneaenne 7.3 [lycmo f(z) € C(g). Pynkyus F(z) € C*(g)
Hasvieaemcs nepsoobpasnoil pyukyuu f(z) 6 obracmu g, eciu
Fi(z) = f(2).

Ecnu cyuiectByer onHa mepBooGpasHasi F'(z), To cyliecTByeT u
0eCKOHEYHO MHOTO MepBOOOPa3HbIX, HO BCE OHM pPa3jHYalnTCs Ha
ANIUTHBHYO TTOCTOSIHHYIO:

F{(2) = Fy(2) =0 = Fy(z)=Fi(z)+C.
Onpenenenue 7.4 Cos80KynHocmo 6cex nepsoobpasHbLY QYHKUULL
f (2) Hasbiaemcs neonpedenennsim unmezpanom.

7.4. OcHoBHbIe (HOPMYJIbI HHTETPUPOBAHHUS.
1. ®opmyna Hoiortona-Jlebuuna. Eciu g — onmHocBsizHasi 06-

nacte, f(z) € C(g) u Jf(z)dz = 0 asst 060r0 3aMKHYTOTO

0
)

KOHTypa + B 00J1aCTH ¢, TO Jf(f)dﬁ = F(z) — F(21), rme

z1
F(z) — nwobast nepBoobpasHast pyHkuun f(z) (puc. 20).

2. ®opMysa HHTErpHUpPoBaHKs N0 YyacTsM. Ecau g — onHOCBs3Has
obaactb, f(z), h(z) € C(g) u mast 11060r0 3aMKHYTOTO KOHTY-

pa 7y C g BEpHBI COOTHOLIEHHS Jf(z)dz =0wmu Jh(z)dz =0,

v Y
29 )

[ remeas = roma|” - | me e

21 21

TO
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Puc. 20.

1JIst TIO0BIX TOYEK 21, 2Z9 € ¢.
3. Ilyctb g — onHocBsA3Hast 06aacTs, f(z) € C°°(g) u ags 11060ro

3aMKHYTOT0 KOHTYypa ¥ C g UMeeT MeCTO Jf’(g)d{ = 0. Torzna
gl
z+Az

J F(€)de = f(z + Az) — f(2).

z

Eciu B KayecTBe MyTH HHTErPUPOBAHHS B3SITh MPSIMOJIH-
HEHHBIH OTPe30K, COeAMHSIIOMKE TOYKH z W 2z + Az, TO-
rmma £ =z+0Az, 0<6<1; d§é = Azdf, to mnoayyum
dopmyry Kowu-Adamapa:

1
flz4A2) = f(2) = Az Jf’ (2+ Az - 6)d6.
0

Baxkno noMHuTb. [Ipu BEIYMCAEHMH HHTerpaja OT aHaJUTHYECKOH
(PYHKUHUM KOHTYpP MHTETPUPOBAHHS MOXKHO IPOM3BOJIBHO Oe(hOpMHU-
poBaTb, HO TakK, YTOOBl OH He BBIXOOUJ M3 00JaCTH aHAaJUTHUYHOCTH
NoAbIHTerpanpHol GyHKUUU. HedopMupys KOHTYP WUHTETrpUPOBAHHUS
TakK, KaK 3TO AONycKaeTcs TeopeMod Kolld, MOXXHO yTNPOCTHUTH BbI-
YUCJIEHHE HEKOTOPBIX MHTErpaJoB.

Mpumep 7.1. Boiuuciumos unmeepan J% no Koumypy, usobpa-

C
HcenHomMy Ha pucyrke 21.

PEMEHUE. O6paTiM BHUMaHHe Ha TO, UTO KOHTYP BOOOIIle He 3a1aH
KaKoH-1160 (opmysnoi. BaxKHEl ero Haua/nbHast U KOHeYHAasi TOUKH, a
TaK»Ke TO, CKOJIBKO pa3 OH OOXOAMT BOKPYT Hayaja KOOpAHHAT.
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y:Imz Tei(p y:Imz
re'¥
1 r=Rez 1' 7 =Rez
Puc. 21. Puc. 22.

dz
3aMeTuM, 4TO HHTerpals J— JIETKO BBIUHCJ/SIETCS TI0 KOHTY-
z

C
paM IBYX THIIOB: BO-TIEPBBIX, BAOJb NEHCTBUTENbHON ocu: dz = dx,
x

dz
J =Inz (x > 0); BO-BTOpBIX, UTO MeHee OUEBHMAHO, MO OyTe
z

1
OKPY2KHOCTH L c HEHTPOM B TOYKE Z — Owu 3aJaHHbBIM palII/IYCOM

r > 0 (puc. 21). Ha 3Toi1l okpyx)HOCTH 2 = 1€'?, dz = ire’¥dyp, Tak
P2

4TO sz—z =1 J dy, 1 < ¢ < 9. losTomy Hano nedopmMHUpPOBaThH

L @1
KOHTYP B OKPY2KHOCTb C LIEHTPOM B HYJIe U PaAMyCcOM 7 TakK, YTOOHI

OKPYKHOCTb MPOXOAMJIACH NBaXKMbl LEJHKOM W €llle M0 Ayre B
panuan (puc. 22).

Otsert: Inr + 47 + .

Ipumep 7.2. Boiuucaiume (z —a)"dz.

|z—a|=r

PEIIEHUE.

(z—a)"dz={z=a+ re’?, 0 < ¢ < 2m; dz = z'rei‘pdcp} =

|z—a|=r
2m

_ J,L-Tn—l—lei(n-!-l)(pd(p'
0



8. Hnmeepan Kowu. 75

Tak kax
e2mi(n+1) _ |
o W:o, npu n # —1,
J ei(n-l—l)(pd(p _ 2
D dp=2m, npun=-—1,
0
I I L Ay
|z—a|=r

Takum 006pa3oM, aHAJUTUYHOCTb MOABIHTETPAJBbHON (PYHKIHUH
BHYTPY 3aMKHYTOTO KOHTypa HHTETPHUPOBAHUS He f848emcs
HE0bX00UMbIM [CAOBUEM PABEHCMBA HYAK) HWHTErpaja I0 3TOMY

KOHTYpY.

i
1n3
3angaua 7.3. Boiuucaiume unmeepan Jﬁdz no oyee OKpYHCHO-
z

1
cmu |z| = 1 npomus wacosoti cmpeaxu.
4

i
OrTBer: 6

§ 8. HaTterpan Komwu

8.1. UuterpansHas dopmyna Komu.
I[lycts f(z) — aHanuTHueckass (QYHKUHSI B 3aMKHYTOH 00JacTH

_ J@)

g. Pacemotpum dynkuno ¢(z) = ~— - OMpenieienHyio Bo BCex
TOUKax 00J1aCTH ¢, KPOMe TOUKHU Z2(. Ecngl B 00/1aCTH ¢ B34Tb TaKOH
3aMKHYTBIH KOHTYp 7y, UTO TOYKa Zy HaXOAMTCS BHYTPH OI'pPaHHYeH-
HOM MM o6macTH, To ¢(z) OymeT aHaJIUTHYECKOH B 08YXCBAZHOL
006J1aCTH, 3aKJ/IUeHHOH Mexay KoHTypamu dg u ~ (puc. 23). Ilo
TeopeMe Kollu 1711 MHOrOCBSI3HOH 006J1aCTH HHTErpas OT aHaJHUTHYe-
CKOH (yHKLHH (z) 10 Og + 7y paBeH HYy.JIIO:

I8 F©) 4o _
| e [ 50

dg* ¥~

W3meHsis HanpaBseHUe 00X0[a KPUBOH <y Ha IMOJIOKUTEIbHOE

& . [ [
Jf—zodg_ Jﬁ—zodg’
v~ vt
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dg
g
Y
Puc. 23.
noJjiyyaeMm
& . [ f©
J §—z0d§_ J g_zodg. (8.1)
dg+ v+

ITonoxenune pucynkal!!

[Tocko/IbKY HHTErpaJ, CTOSIIKEI B JeBOM uacTH paBeHcTBa (8.1),
He 3aBUCHT OT BbIOOpa KOHTYpa 7y, TO 3THM CBOHCTBOM 00JIafiaeT U
MHTErpaJs, CTOSIKHA crpaBa. YI00HO B KauecTBe KOHTYpa HHTETpH-
poBaHusi y* BEIOPATh OKPYXKHOCTB Y, PajHyca p C LEHTPOM B TOUKE
zo. Monoxus & = zo + pe'?, dé = ipe'?dp ua koHTYpe 7,, UMeeM

2r
[Q . B
Lg_—%df—lif(f)cw—
v 2 2
=i J F(€) — f ()] dp + i J f(z0)dp (82)
0 0

Yerpemum p — 0, Torma &(p) — zp. Tak kak f(z) — aHauTH-
ueckasi M, CJIe[0BATe/IbHO, HermpepbiBHAs (DYHKIHUsS B 00JACTH ¢, TO
mast oooro € > 0 cyumecrByer §(g) > 0 Takoe, 4TO Kak TOJBKO
|€(p) — 20| < 9, BinOsHsIETCS HepaBeHeTBO |f(€) — f(20)| <. A 370
3HauuT, 4To npd p — O mepBbI HHTerpans B mpaBod uyactu (8.2)
CTPEMHUTCSl K HYJIO, a BTOPOM He 3aBHCHT OT p W paBeH 27 f(zp).
Torna, nepexons B (8.1) k npeneny npu p — 0, umeem

J fg(f)zdf =0+ 2mif(2),
ogt ’
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OTKyZa MoJlyyaeM uHmeepanvhyto ¢opmyny Kowu:

Feo) = 5 | £%de (8.3)

i &E— 2
ogt

Wtak, 3HaueHHs1 aHAJUTHUUECKOH (PYHKLMH HA HEKOTOPOM 3aMK-
HYTOM KOHTYype OIpefeJisiloT 3HayeHHe (QYHKUUM B JI0O0H Touke
06J1aCTH, OIPaHUYEHHOH 3THM KOHTYpPOM. DTO ellle pa3 MoKa3blBaer,
HACKOJIbKO CHJIbHBIM SIBJsieTCS TpeGOBaHHWE AHAJIUTHUYHOCTH (PYHK-
LUHU.

IIpumep 8.1. Boiuucaiumo urnmeepan:
cos z sin?z
a) dz.

dz; 6) 3
z

|z|=2 |z|=1
COS Z

PEWIEHUE. a) dz = micos(0) = 2mi.

|2|=2

HQZ
2
OnHako, ecyid J0OMpefenTh ee B Touke z = 0 M0 HenpepbiBHOCTH
f(0) =1, oHa cTaHeT aHAJIUTHYECKOH Ha BCEH MJOCKOCTH, H K Hek
MOXKHO MpuMeHuTb (popmyny Komuu:

6) Orwmerum, uto dyHkus f(z) = 2 He ompejesieHa B HYyJIe.

2

) sin” z )
sin” z 2 sin“z
iz | Za= {1 =T =0} =
|z|= |z|=
=27if (0) = 2mi.
3anaua 8.2. Buiuuciume unmeepanr: a) 6?dz; 6) J Sm; dz.
z
. . |2]=1 |2|=
Orser: a) 2mi; 0) 2mi.
Ipumep 8.3. Boiuuciumo unmeepan:
COS z COS z
a —dz; 6 —dz
) 244243 ) 244243
|2[=2 |z|=4
PELMIEHHUE.

COs z

COS Z COS Z 3
YRR 0= Py = 2438 1, —
@) J Traia” J EES e J a1
|z|=2 |z|=2 |z|=2
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COs z |

_ [f(z) = % 2= _1] = 2mif(—1) = micos(—1),

TaK KaK BHYTPb KOHTYypa IOMajfaeT TOJbKO OfHA TOUKa z = —1.

6) Tak Kak B 3TOM pHUMepe BHYTPb KOHTYpa |z| = 4 nonanaiwt 06a
HYJIs 3HaMeHaTes sl 2 = —1 U 2z = —3, TO [/ BBIUNCJIEHHUSI UHTerpana
TNpHUBeeM MOAbIHTErPANbHYI0 (PYHKLUHIO K CJAeIYIOIEeMY BUIY:

COS 2 COS 2

COS 2

214z+3 20z+1) 20z+3)

—

Im 2z

Ly

[/

Puc. 24.

UHUM:

f(z)=cosz, zg=—1mu 2= —3} =i - (cos(—1) — cos(—3)) .

BoamoxHO © npyroe pe-
meHre, 6e3 passioXKeHHsl Ha
npocreiiine apobu. Paso-
6beM KOHTYp HHTerpupoBa-
HUsS Ha OBa KOHTypa L; u
Lo, coenvuenHbit kpuBod L
TaK, 4TOObl BHYTPb KaXMIO-
ro 3aMKHYTOrO KOHTypa L
u Lo momagana TOJBKO OfiHA
M3 TOYeK 2 = —1 u z = —3
(puc. 24). IIpu aTom Kpupas
L mnpoxomutcsi ABaXKAbl B
MPOTHBOIMONOXKHBIX HAaNpas-
JIEHUSIX, TMO03TOMY BKJal B
uHTerpaa He BHocuT. [losy-

J _Cosr g [C:(]z]:4)<:>L1+L2, oM. puc. 24| =

244243
=4

|z

COS 2

z+3
= | =2=d
Jz+1 Z+J
I Lo

COS z

2+l

+3
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COS 2
243’

{nonaraﬂ flz)= = 1w g(z) = co;z1

= 2mi(f(—1) 4+ g(=3)) = mi- (cos(—1) — cos(=3)) .

3anaua 8.4. Buoiuuciume unmeepan:

e* e*
— — dz 6 —d
%) J i 3 9 J 92 15,3
|z|=1 |z|=5

OrtBeT: a) 2\/67” 0) 2mi (ﬁ — L)

0=-3

7 7¢°
3ameuaHue 8.1 H3 unmeepanrvroti gopmyret Kouiu seimexarom
caedyroujue ymeaeprcoeHus.

1. @opmysra (8.3) sepra kak 04 00HOCBA3HOU, MAK U OAS
MHO20CBA3HOLL 06AGCMmU, MOALKO 6 nociednem cayuae Ogt —
NoAHAS epanuya obracmu, NpoxoouMas 8 NOAOHUMEAbHOM
HANPABACHUU.

1
2. Humeepanr suda I(zy) = J ff(ﬁ) d¢ umeem cmoica 0as
Bg+
1106020 NOAONEHUS MOUKU 2y HA KOMNAEKCHOU NAOCKOCMU
npu ycaosuu, umo zo ¢ 0g. Ecau zy € g, mo I(z) = f(20).
Ecau z0¢ g, mo 1(zy) = 0, nockonrvky 6 amom cayuae nodvir-

/)

meepanvhas ynkyus p(§) = ;— — € C*(g) nersemcs ana-

aumuueckoti 8ctody 8 obaacmu g.

3. Tlpu zy € Og unmeepar 8 0ObIUHOM CMbLCAE He Cyujecmayem,
00HAKO, npu OONOAHUMEAbHBLX MpPeboBaHULX HA no8edeHue
pynkyuu f(§) Ha Konmype epaHuiybl, IMOMY UHMeESPALY
moacem Goims npudar onpedenennoiii cmoica. Tax, ecau f(§)
ydosiemeopsem Ha epanuqe 06/zacmu 0dg ycnosur I'envoe-
pa: |f(&) — f(&)| < Cl& — ,0< 6 <1, mo cywecmsyem
2/1a8HOe 3Ha4eHue no Kowu unmeepa/za I (zo)

30ecv . npedcmasasem coboii wacme Konmypa 0Og, Aexca-
wyro 8He kpyea |§ — zo| < €. [lpu amom

V. I(20) = 3/(z0).



80 8. Humeepan Kowwu.

Okonuamenvro das  f(z) € C®(g) moxHO 3anucame:
L e 1f(20)’ 2 € ¢
5 J mdé = §f(20)’ 29 €dg (Vp.);
Ve 0, 20 §§ g.
4. Qopmyra Kowu sepra u 0as awboeo kowmypa CT C g,
KOMOpbLLL MONCHO CMAHYMb K 2y, OCMABASCL BHYMPU .
M3 dopmynbl Kol MOXKHO MOJyYUTh PSIl BaXKHBIX COOTHOLIE-
HHH.

8.2. ®Popwmyna cpenHero 3HaueHusi. I[lycTb zy — HekoTopas
BHYTpEHHsIsI TOYKa ONHOCBsI3HOH obsactu g u f(z) € C®(g). Has
okpyxHOocTH CR ¢ LEHTPOM B TOUKE zy WU pamuycoM R, LeJnKoM
NpUHaJJexallel obaactu g, cnpaBenauBa GopmyJia:

27
Feo) = o | L%t = L [ 7 Gort Ry o = o1 [ s
Cr 0 Cr

rae dl — snemeHT miuHbl AyrH okpyxHOocTH CR, CRr C g¢.

8.3. IIpuHnun MakcmMyma MOQyJs.

Teopema 8.1 Ecau f(z) € C™(g) u f(z) # const, mo |f(z)| do-
cmueaem c80ee0 MAKCUMANAbHOCO 3HAYeHUs. Ha epanuye 0g obia-
cmu g.

JIOKA3ATEJIbCTBO. B obnactu ¢ cyuiecTByeT Takas TOdKa Zp,
urto |f(z0)] = M > |f(2)| mas mo6oit Touku z € g, Tak Kak Oed-
CTBUTeJ/IbHASA (DYHKLUS JOCTUraeT CBOEr0 MAaKCHMyMa B 3aMKHYTOH
orpaHuueHHOH obsactu. IlycTb 2y — BHYyTpeHHsI Touka 00/1acTH
g. 3anumieM GopMysny CpelHero 3HaueHHs] B HeKOTopoM Kpyre K
paguyca R ¢ LeHTpPOM B zgp:

M=o | 1o < s [ r@na < vgy [ d= o,

Cr Cr Cr

rie Cr — OKPYXHOCTb |z — zg| = R, dl — 3/7eMeHT IJHHBI OyTH
okpyxHoctu Cr, Cr C g.

1
CrnienoBaresbHO, 3R J |f(&)]dl = M.

R
Hokaxem, uro orciona caenyet |f(£)] = M pasi Bcex Todek
okpyxHoctd Cg. HeficTBUTeIbHO, MBI curTtaeM, 4to |f(§)| < M mas
V¢ € Cr. Tlpennonoxum, 4to B HeKOTOPoH Touke &y € C'r BBINOJHS-
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ercsi yeaosre |f(&)| < M. Torma, B cuay HempepsiBHOCTH f(§) Ha
Cr cywectsyet ayra vg (§o € Yr) (HEKOTOpasi OKPECTHOCTh TOUKH
&y Ha KpuBoOH), Ha KoTopoH |f(§)| < M — ¢, e > 0 (a Ha ocrajbHOH
yactu okpyxHoctd |f(§)| = M nas V€ € Cr\yr). Torna

M:ﬁ J ‘f(§)|dl:ﬁ J \f(§)|dl+ﬁ J |f(O]dl <

Chr TR Cr\Vr
1 1 1
< (M - s)Lmﬁ + M(27R — Lm)ﬁ =M — €L7Rﬁ
rae Ly, — nnuHa nyrd Y. Takoe HePaBEeHCTBO HEBEPHO, 3HAYMT
Ha okpyxHocTH Cp HeT ToukH, B Kotopod |f(£)| < M. Cnenosa-
tesibHO, |f(§)| = M na Cpr, a 3Hauut, u Bo BceM kpyre Ky. Hus
JI0Ka3aTesIbCTBa TOTO, YTO HEPABEHCTBO BEPHO BO BCEX BHYTPEHHHX
TOUKaX 00JIaCTH, BO3bMeM IPOU3BOJIbHYIO TOUKY 2z*, COENIHHHM ee
C Zo KPHBOH, LEJUKOM Jexalleid B 00/1aCTH, M TOCTPOUM KOHeu-
HYIO CHCTEMY MepeKpPBIBAIOLINXCS KPYroB, KaK MOKa3aHo Ha puc. 25.
[IpoBonst Ha KaxkmoMm u3 kpyroB K ... K, paccyxaeHUs, aHAJOTHY-

<M,

Puc. 25.

Hble MPOBeNeHHBIM 1Jisi Kpyra Ky, moayuum, uto |f(z*)| = M. B
CHJTy TIPOM3BOJIBHOCTH BbIOOpa TOYKH z* mosydaeMm, uto |f(z)] = M
BO Bceld obsactu. [Ipumenssi ycnoBue Komn—-Pumana, n3 paBeHCTBa
|f(2)| = M nonyuaem, uto u arg f(z) siBJsieTCsl MOCTOSIHHBIM Ha
rpaHuie o6JacTH.

3ameuanue 8.2
1. Ecau f(z) € C®(G) u f(2) #0 oan Vz € G, mo umeem
MECmOo NpuHuun munumyma modyns. [is dokasamerscmeaa

docmamouno paccmompems Gyukyuo p(z) = ﬁ u 8oc-

NnoAbL308AMBCS OASL Hee NPUHUUNOM MAKCUMYMA MOOYASL.
2. Teopema sepna Kax OAi OOHOCBA3HOLU, MAK U OASL MHOZO-
c8a3Hol obracmu.
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8.4. 3amaum AIA CaMOCTOSITEJbHOTO pPelleHMs.
dz
Z— 20
lz—2|=R
3yJbTaT HE 3aBUCHUT HHU OT R, HU OT 2.
2. BeruncauTe WHTErpaJbl, UCNOJb3Yys HHTErpajsbHYI (OpMyJy
Komu:

e*dz sinz dz zdz
a) J —; 0) J — B) J -
(z+1) z(1 = 2)
|z|=2 |z41]|=2 |z—3|=3

1. Beruncaurte uHTerpad . O6bscHuUTe, OYeMy pe-

3. Hafinute Bce BO3MOXHbIE 3HAUEHUS HHTETpata | ——p———

z(z*=1)
pasJUYHbLIX MoJioxKeHUssX Koutypa C, rne C' — 3aMKHyTas Mpo-
cTasi KyCOYHO-IJIafiKasi KpUBasi, He MPOXOAsilasi yepe3 TOUYKH
z2=0,z=1nz=-1.

Bomnpocs! k 3k3ameny.

Cdopmynupyiite Teopemy Koiu /s ofHOCBSI3HOH 00/1aCTH.

Cdopmynupyiite Teopemy Koiu nisi orpanndyeHHOH 06s1aCTH.

Cdopmynupyiite Teopemy Kot i MHOTOCBSI3HOH 00J1aCTH.

CoopmynupyiiTe TeopeMy 00 aHaJUTHUYHOCTH HHTerpaja c me-

peMeHHBIM BEPXHHUM TPeIesoM.

5. ChopmynupyiiTe omnpejesieHHe TepBOOOPa3HOU AJS (PYHKIHU
f(2), 3amanHO# B HEKOTOPOE 06/ACTH.

6. 3anumure Gpopmyny HelotroHa-JlelibHHIA U yKaXKUTE yCAOBHUS
ee IPUMEHHUMOCTH.

7. 3anumnte dopmyny Komu-Anamapa. Chopmyaupyiire ycso-
BUSI ee TIPUMEHHUMOCTH.

8. 3anumure uHTerpanpHyio Qopmyny Komu nias omHoCBsi3HOH
00J1aCTH.

00D —

TeopeTnueckue 3agauu U 3aAa4¥l MOBBIMIEHHOU CJIOKHOCTH.

Re
1. fBasiercs qau pynkuus f(z) = J f—gdﬁ , Tie L —OKpY>kKHOCThb
—Z2
L (1)
|z| = 1, mpoxognmasi MPOTHB UYACOBOH CTPEJKH, aHAJUTHUE-

ckoil B Kpyre |z| < 1? OrBer obocHyiiTe.
z
2. Beruncaute uHTErpad % — . IlosicHuTe, Mo4yeMy, HeCMOTpS
z

|2[=2
Ha TO, YTO MHTErPHPOBAHHE BEAETCS [0 3aMKHYTOMY KOHTYDY,
LeJIUKOM JiexKalemMy B ob6sact 1 < |z| < 3, koTopast siBsieTcst
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1
06/1aCTbI0 aHAMUTHYHOCTH QyHKUHH f(z) = ~» MHTErpas or-
JINYEH OT HYJISL.
. Iycts ¢ynkuus f(z) aHanutuyHa B Kpyre |z| < 1 u Hempe-
pbIBHA B 3aMKHYTOM Kpyre |z| < 1, mpuuem f(z) = const # 0
npu |z| = 1. Jokaxwure, yto Toraa au6o f(z) = const B Kpyre
|z| <1, mubo f(z) uMeeT Hy/Nb B 3TOM KpyTe.
COBET. BocrnosbayiiTech NPUHIMIIOM MaKCHMyMa MOAYJIsi aHa-
JIMTHYECKOH (PYHKLIMH.



84 8. Humeepan Kowwu.

§ 9. UuTterpaa tuna Kommn

[lyctb L — KycOYHO TIVIafikasi KpUBasi KOHEYHOW MJIHHBI M
f(€) € C(L). Torma mpu z ¢ L cyuwectByer ¢yukuus F(z) =

= 2%” J Ldﬁ — unmeepan muna Kowu.

Teopema 9.1 B awboi mouke =z & L  onpederena  Ougp-

pepenyupyemas  pynkyus  F(z) = %Jgﬂ_—gld{, npu1em
L
ren L [

I[OKA3ATEJI§CTBO. [TycTh TOUKH 2z = 2¢ ¥ 2 = 29 + Az He TpUHAL-
nexar kpuBod L. Tak kak zp ¢ L, To cyuiectByioT Takue oy > 0
u dy > 0, 4T0 3aMKHYTBIH KPYT |2 — 29| < Jp Oymer HaXoOUThbCs Ha
KOHEYHOM paccTostiiu dg oT kpuBoit L. Ilyets |Az| < dg. Torma mist
V€ € L: |€— 2| > dy, |€ — 20 — Az| > dy. OTcrona umeem

%1: ) 217”1 (510(62)0)2(1lé - % Alzlf(a <5—201—Az B 5—120) de-

S _ 1 ! . _
[ == jf@)((g_%_mxg_%) )"

ma|£(€)] - |A2| L

_ 1 J f(§)AzdE <:
ot o . 2| 3
) (€ — 20— Az) (€ — 2p) 2wdy
. AF
npu  |Az| < 0 < &y, CJIeI0BaTeNbHO, CYILIECTBYeT Aligoﬂ =
1 f©)
= Q—J 5d€.
m 7 (€ — 20)

Wrak, B Touke z = 2 onpeseneHa npoussoaHas F'(z).

3ameuanue 9.1 Henpepovigrocme F'(z) 6 moukax z ¢ L doka3sot-
saemcs ananroeuiHo ¢ nomoupto oyenku |AF'(z)| .
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Teopema 9.2 [Ipu z ¢ L ¢yukyus F(z) = 271rz J g(‘f) d& umeem

L
HenpepoleHble NPou3Bo0Hble N-020 NopaodKka 0as 40000 n, npuvem

FO)(z) = 2 J T f (f))nH d.

2mi

JlokasaTesbCTBO MPOBOAUTCS METONOM MaTeMaTHYeCKOH HMHAYK-
UM, onupasich Ha Teopemy 9.1.

9.1. Teopema o cymecTBOBaHMU MPOU3BOTHBIX JIOOOTO
MopsilKa y aHAJUTUYECKON (PyHKLMU.
Teopema 9.3 Ecau f(z) € C*(g), mo 0as awboeo n u ora Vz € g
cywecmsyem f(z) € C=(y).
JLOKA3ATEJILCTBO. IlycTth 2y € g. [locTpoum 3aMkHYTHH KOHTYD L,
colepxKallii 2y, KOTOPbIH MOXKHO CTSHYTb K TOYKE 2, OCTABasiCh BCe
BpeMs B obsiacTd g. Torna B cuJsly MHTerpasbHOU opmysbl Koiiu

f(z0) = LJ T g,

21 | € — 2o
L

HO 3TO HMHTErpaJ THIIa KOLUI/I, [I0O3TOMY

CnenoBaresbHo, cymectsyer f((z) € C®(g).

Baxuo nomuuth. Ecu Qyukuus f(z2) siBasiercs aHaJIUTHUECKOH
B 00JIaCTH ¢, TO y Hee B 3TOH 00JACTH CYIIECTBYIOT HEMpepbiB-
Hble MPOM3BOIHBIE BCEX MOPSIAKOB. DTO CYLIECTBEHHOE OTJIMYHE OT
(hyHKUUM AeHCTBUTENbHOH MepeMeHHOH, /s KOTOPOH U3 CYIIEeCTBO-
BaHHs [epBOE MPOM3BOAHOKM, BOOOIIE TOBOPs, He CJeldyeT Cylie-
CTBOBaHMe BBHICLIMX MpousBogHbeix. Hampumep, y(z) = x|z| € C(R):
y'(z) = 2|z| € C(R), y"(0) He cyuiecTByer.

IMpumep 9.1. Bowuciumo f(z) = QIZ J T ———d§, ecau mouka z
L

Haxodumcs eHympu Koumypa L.
PEmWEHUE. [lo dopmyne Koy nsis npon3BOJHBIX aHAJUTHUYECKON

hyHKLHUH '
FM(z) = 2 J % de.

2mi



86 9. Humeepaa muna Kowu.

[TosTom iy = [ SQ — 2e? :
y fl(z)= oi | o d¢, w pas f(z) = ze® nonydaem:
L

1 ¢ 1 d
—J & d&zﬁa(zez):ez(z—l—l).
L

Oreer: €*(z+1).

| :
3apaua 9.2. Bowucaume f(z) = —J' gsmidé, ecau mouka z
i ) (6-2)
Haxodumcs sHympu Koumypa L.
OTBeT: cosz — gsin z.
&
3anaua 9.3. Boiuucaume Jﬁd{, ecau mouka z Haxooumcs
—Z

srympu Koumypa L.
T,
OTBerT: 5
9.2. Teopembl Mopeps! u Jinysuiisg.
Teopema 9.4 (Mopepet) Ecau f(z) € C(g), ede g — odHocsasnas

obracmo, u Jf(z)dz =0 daa awboco L C g, a L — samkHymoul
L v
KOHMYP, KOMOPbLIL MONHO CMAHYMb 8 MOUKY, 0CMasascy 8 0baa-
cmu g, mo f(z) € C*(g).
JLOKA3ATENBCTBO. [lpu ycsoBusix Teopembl cyuiectByer F(z) =
z

= Jf(f)d{ € C*(g) (reopema 7.4), rue zg ¥ z — NPOU3BOJIbHBIE TOY-
20
KM 00J1aCTH g, a HHTerpaJ 6epercs mo J0O0H KpUBOH B 06JacTH g,
coenunstoweit atu Touku. Ilpu atom F'(z) = f(z). Ho npousBoxHas
aHaJNMTUYeCKOH (PYHKLHMH cama sIBJseTCs aHaluTHYeCKOH (QyHKILHeH,
T0 ecThb cyuiectsyer F”(z) € C*(g), a umenno F”(z) = f'(z).
3ameuanue 9.2
1. Teopema Mopepor 9.4 seasemcs 8 Hekomopom cmovicie 06-
pamnoti kK meopeme Kowu.
2. Teopema 9.3 u meopema Mopepor 9.4 cnpasediusol u 0is
MHO020C8A3HbLY 0baacmell.

Teopema 9.5 (Juysursrs) [ycmo f(z) — anarumuueckas Ha sceti
KOMNAEKCHOL naockocmu u 045 41000eo0 z cyuecmeyem makoe M,
umo |f(2)| < M (mo ecmo |f(2)| pasqomepro ocpanuuen na sceil
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komnaekcrotl naockocmu), mo f(z) = const.

JIOKA3ATEJLCTBO. To Teopeme 9.1 f/(2) = ﬁ J %d{, rie
—Z
CRr
Cr: € — z| = R. Tlo ycsoBuio Teopembl cyuiectsyet M : |f(z)| < M
He3asucumo oT R, Torna

, 9rRM M

el T =2

Tak Kak R MOXHO BBIOpaTh CKOJb yrogHo Gosbiuum, a f'(z) He
zaBucut ot R, 10 |f'(2)] = 0. B cuay npousBosibHOCTH BbIGOpa 2
|f/(2)| = 0 Ha Bceil KOMIJIEKCHO# TJIOCKOCTH, CJIE0BaTENbHO, f(2) =
= const 1/ BCeX 3HaueHHH 2.

3ameuanne 9.3 Boamooncna dpyeas gopmysuposka meopemol Jlu-
yeuans: ecau f(z) € C* u f(z) # const, mo npu z — o
£ (2)| = oo.

Omnpenenenne 9.1 Dynxyus, anarumuueckas Ha 8ceti KOMNAEKC-
HOU NAOCKOCMU, Ha3bi8aemcs Yeaol QyHkyuel.

BakHo moMHUTE: Uesasi QyHKLHs, He paBHAs KOHCTAHTe, He MOXKET
ObITH OTpaHHYeHa N0 abCOoJIIOTHOH BesuurHe. Tak, HalpuMmep, lieJsble
(PyHKLUMH Sin 2 U cOoS 2z He OTpaHHYeHbl 110 MOAYJIIO.

9.3. 3agaum O CaMOCTOSITEILHOT'O PELICHUS.
1. Ilycts f(z) siBasieTcsl aHaJIMTHUECKOH Ha BCEH KOMIIEKCHOH
njockocTy, npuuem sup |f(z)| < 2, f (1) = 1. Hadinure f(i).
2. CyuwecrByer qu ¢yHkunsi f(z), aHaauTHdeckasi Ha BCeH KOM-
MJIEKCHOM IMJIOCKOCTH U ymoBJseTBopsiioast yeaosusm f(0) =0
u lim f(z) = 1? OrBer oGocHyiiTe.
Z—00
3. Jlokaxkute TeopeMy  JIMyBHJIS,  BBIUHCJAUB  HHTErpas
J' fizdz, la| < R, |b|] < R, u mpousBensi ero
(z—a)(z—b)
|2|=R
OLeHKY npu R — oo.
Bomnpocs! Kk 9K3ameny.

1. ChopmynupyiiTe onpenesieHde uHterpana tuna Ko,

2. ChopmynupyiiTe TeopeMy O CpelHeM.

3. Cchopmynupyiite Teopemy JInyBuJs.

4. Chopmynupy#te Teopemy Mopepsl.

5. CchopmynupyiiTe NpUHLHKI MaKCUMyMa MOIYJsl aHAJUTHUECKOH
(DYHKIIUH.

6. ChopmynupyiiTe NPUHIUI MHUHUMyMa MOIYJS aHaJUTHYECKOH
(PYHKLHHU.
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TeopeaneCKne 3aJa4M W 3aJa4Y¥ MOBBINIEHHON CJI0XKHOCTH.

1. Hwmeer nu dynkuus f(z) = é nepBooOpasHy0 B 00JacTH

0 < |z| < 2? OtBer obocHyiiTe.

2. Myctb ¢pyukuus f(z) aHanutuuHa B Kpyre |z| < R u Hempe-
pbIBHA B 3aMKHYTOM Kpyre |z| < R. Jlokaxute, 4T0 1151 JI0O0H
TOYKH 2, MpHHamJexalied Kpyry |z| < R, BbimosHeHO Hepa-

BeHCTBO |f(2)] < , tme M = ‘rr|1a>}<% |f(2)].
z|l=

R—|z|
3. Ilycre dynxuusi f(z) aHanutuuHa B Kpyre |z| < | u Hempe-
pBIBHA B 3aMKHYyTOM Kpyre |z| < 1, mpuuem f(z) = const # 0
npu |z| = 1. dokaxwure, yto toraa jau6o f(z) = const B Kpyre
|z| <1, mubo f(z) uMeeT Hy/Nb B 3TOM KpyTe.
YKaszaHue: BOCIOJb3YyHTECh MPUHIUIOM MAaKCHMyMa MOJYJIs
AHAJIUTHYECKOH (DYHKLHH.

§ 10. YucnoBble U (PyHKLUOHAJIbHbIE PAIbI

10.1. Yucnaosbie paabl. [lycTe 3amaHa moc/enoBaTebHOCThb
KOMIIJIEKCHBIX uHnces aj. CocTaBUM H3 Hee MOCJeL0BATe/bHOCTb
n

CyMM Sn = E ag. HasoBem uuc/I0BBIM psAAoOM BbIpaxKeHWe BHIaA

k=1
00 n

Zak, torna S, = Zak Ha3blBAeTCS YAaCTUUHOH CYMMOH 3TOro
=N

Omnpenenenne 10.1 Yucrosoil psd Hasvieaemces €x00auumcs, ec-
AU cyuecmayem nh_)rgo S, =S5, 8 amom cayuae npedenr nocie-

008aMeAbHOCMU  YACMUYUHBLY CYymm Haavieaemcs cyMMOﬁ p}lda
oo

S = E ag.
k=1

Teop;Ma 10.1 (Heobxodumoe ycarosue cxodumocmu psda) Ecau

ps0 Zak cxodumcs, mo ap — 0 npu k — oo.

k=1
o
JOKA3ATEJNILCTBO. Ilycth psipg Zak cxoguTes. JlokaXkem, 4TO
k=1

ar — 0. Bocnosabsyemcsi kputepueM Kolid CXOTUMOCTH UHCJIO-
BOH mocJsenoBarenbHocTd: mast Ve > 0 IN(e): mas Vn > N wu
Vm > 0 |Sp4m — Sn| < €. Ecam B3t m = 1, To mosydum, 4To



10. Hucrosvie u ¢pyrnkuuorarvroie psdol. 89

|Snt1 — Sn| = |an+1| < &, TO ecTh Mo omnpenesieHuI0 Mpejea nocje-
LOBaTEeJIbHOCTH Q41 — 0.

o0
Onpenenenune 10.2 Beauuuny ry, = Z aj Ha3LIBAlT ocmam-
k=n+1
Kom pada.

Teopema 10.2 /{15 cxodumocmu 4ucao8020 psada Heobx00umo u
docmamouro, umobot r, — 0 npu n — oo.
JIOKA3ATEJNBCTBO. OTmeTum, uto 1, - 0 <= |ry| — 0.

o

Heobxonumocte. [lo ompenenenuto r, = E ay. loatomy, ecau

k=n+1
o0
PSLIL CXOMHUTCS, TO |ry| = Z ag| = |S — Sn| — 0.
k=n-+1

Jocrarounoctb. Ilyets r, — 0. Torga mocsemoBaTenbHOCTb {7}
ynoBsieTBopsier Kputeputo Komu, 1o ectb |rppm — | — 0 mpu
n — oo. OTciofa BEITEKAeT, 4To

n+m

|Sntm — Sn| = Z ag| = |rntm — ™| — 0 mpu n — oc.
k=n+1

Takum 06pa3oM, MOC/AENOBATENBLHOCTb YACTUUHBIX CYMM S, TaKKe
ynoBseTBopsieT Kputepuio Ko, cienoBaTesbHO, CXOMUTCS.

o0 o0
Omnpenenenne 10.3 Ecau Z lag| cxodumes, mo psd Zak Ha3bl-
k=1 k=1
saemcs abCONIOMHO CXO0AUUMCSL.
OueBHIHO, YTO €C/H PSJ CXOAUTCH a0COJIOTHO, TO OH CXOAMTCS.
O6patHoe, BooO11le rOBOpsi, HEBEPHO.
JloCcTaTOUHBIMH YCJIOBUSIMH a0CO/IIOTHOM CXOLMMOCTH PSJOB IB-
JswoTtes npusHaku Janambepa u Komu.

Teopema 10.3 ([lpusrnax [larambepa) Eciu, Hauunas ¢ Hekomo-
Intl) <1< 1, ede | —

po2o HoMepa M, BbINOAHAEMCS YCAO8Ue
o

HeKomopoe 4ucio, mo psad Z|ak| cxodumcsa. Ecau, nauwunas c
k=1

HEeKOmMOop0o20 HOMepPA M, BbLNOAHAEMCS YJCAOBUE

oo

Z aj, pacxooumcs.
k=1

an

Ap 1

> 1, mo psod

a/’IL
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[Ipusnak [lanambepa B mpefenbHOH QopMe: ecad CyllecTBYeT
o0

lim

k—o00

ak+1

‘ =L, tonpu L <1 psn Z\ak\ cxodumces, npu L > 1

o

psn Zak pacxodumcs, npu L = 1 o CXOHMMOCTH psiia HUYETO

k=1
CKa3aTb HeJIb34.
JOKA3ATEJNIbCTBO. Ecau koHeuHoe uucio L < 1, To cyluecTByer
takoe € > (0, 4To BepHO HepaBeHCTBO L < 1 — 2¢, 3Hauut, L + ¢ <

< | —e. Tak kak cymectByeT lim ‘a’”l =1L, 1o Ve >0 dN:
k—oo | ag

L— <‘ bl o ye<l—c=q O0<g<l, k>N,

OTKYAA Gpy1 < ag - q < ... < ay - ¢ 1™V 10 ectb pan maxopupyert-

CSl TEOMETPHUYECKOH Mporpeccredl ¢ MOJOXKUTENbHBIM 3HaMeHaTeJeM
g <1
AHaJIorM4HO J0Ka3bIBaeTCsl PacXoAMMOCTb psiga nmpu L > 1.

Teopema 10.4 (npusnax Kowwu) Ecaiu waiidemcs Homep N,
oo

maxotl, umo 0as ar6ozo n = N V/lay| <1 <1, mo psd Z lag|

k=1
cxodumcs. Ecau naiidemcsa womep N, maxou, umo VYn > N
o

V\an| =1, mo pso Zak pacxodumcs.

k=1
llpuznax  Kowwu 8 npedenvnoti gopme. Ecau cyuwecmeyem
oo

lim ¥ax| = L, mo npu L < 1 psd Z lag| cxodumes, npu L > 1
k—o00 Pt

pso Zak pacxodumcs, npu L =1 o cxodumocmu psda Huueeo

k=1
CKQ3AMb HeAb3s.
JLOKA3ATEJILCTBO. Eciu L < 1, To cymectByer € > 0: L < 1 — 2¢,
oTkyna L + ¢ < 1 —e. Tak Kak cyIiecTByer klim ¥ar| = L, 1o
—00

Ve>0IN:L—e< ¥|ap| <L+e<l—-e=q<]1,

rae k > N, q < l. 3uauur, |ag| < qk, TO eCTb PSi MaXKOPUPyeTCs
reoMeTPUUYECKOH Tporpeccueil co 3HaMeHaTeseM ¢ < 1.
AHasIoTHYHO NOKasbiBaeTCs PacXOoAMMOCTb psana npu L > 1.
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Bonpochl K 3K3aMeHy.

1. ChopmynupyiiTe onpelesieHHe CXOAUMOCTH YHUCJOBOTO pPsija

2. ChopmynupyiiTe He0OOXOIUMOE YCIOBUE CXONUMOCTH psifia

3. Chopmynupyiite onpeneseHde abCOIIOTHOH CXOIUMOCTH 4YHC-
JIOBOTO psijia

4. Chopmynupyiite npusHak [lamambepa cXONHMOCTH psiia U MpH-
3Hak Jlanambepa B mpenesbHON opme

5. Chopmynupyiite npusHak Kol cXomuMoCTH psiia U MpU3HAK
Kowu B npenenbHOi opme

10.2. ®dynkumoHaabHble paabl. [lyctb B obsacTu ¢ 3angaHa
M0CJ/IeI0BATENBbHOCTb (PYHKUHH KOMIJIEKCHOTO nepemerHoro {ug(2)}.
Omnpenenenne 10.4 <Dynxquonaﬂbubm pAadom, 3a0aHHbIM 8 obra-

cmu g, Ha3ovl8aemcs svipadxcerue 8uoa E ug(2); E ug(z
k=1

HQA3bl8AEMCS YACMUYHOL CYMMOLL dImo2o paoa.
Omnpenenenne 10.5 Ecau 0as scex z € g coomsememsyowuil wuc-
A080t psd cxodumces, mo & obaacmu g onpedesena Gyrkyus w(z),
Komopas Hasvieaemcs CYmmoud PYHKYUoHabHO20 pAada, a cam
ps0 Ha3bl8aeMcs CX00AUUMCA 8 0baacmu g.

Ecau psin cxomutesi B obaactu g, to Ve > 0 AN (g, z), Tako#, 4yro

N

Vn > N(g, 2) |r (2)| = Zuk(z) — Zuk(z) <e.
k=1 k=1

Teopema 10.5 (kpumepuii Koww 0as yHKyUOHANbHBLX PSAO0B)
Has cxodumocmu @yHkuuoHarbro20 psda Heobxodumo u 0o-
cmamouno, umobovl Oas aroboeo € > 0 nawenscs makoi Homep
N(e,z), umo Yn > N u VYm > 0 861n0AHALOCE HEPABEHCMBO
[Snm(2) = Sn(2)] <e.

OTmMeTHM, 4TO NMPU (HUKCUPOBAHHOM 3HAUEHHH 2 (PYHKLHOHAJb-
HbI} psifL TIpeBpalllaeTcsl B YUCJAOBOH U MOAUMHSIETCS BCEM MPU3HAKAM
CXOIMMOCTH UHCJIOBBIX PSIIOB.

10.3. PaBHOMepHasi cxooMMOCTh (PYHKIIMOHAJIBHOTO PHAJA.
Omnpenenenune 10.6 Ecau daa arwboco € > 0 natidemcs maxoi
Homep N(g), umo 0das awboeo n > N(g) ycarosue |rn(z)| < € 6ot

oo

noansiemcs cpasy 0As 8cex z € g, mo pso E u(z) Hasvieaemces

k=1
pasHomepHo cxodaujumea Kk pynxkuyuu f(z) 8 obaacmu g (ob6osna-

uenue Zuk(z) = f(2)) .
k=1
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[TonuepkHeM, 4To HoMep N 3aBUCHT TOJIBKO OT € U He 3aBUCHUT OT Z.
OdeBHOHO, UTO PAaBHOMEPHO CXOASILIUHCS PSiA SIBJASIETCS CXOASi-
mUMcsi; 06paTHOe YTBepPKIeHHe, BOOOIle rOBOPSI, HEBEPHO.

Teopema 10.6 (xpumepuii Kowu pasHomepHoli cxodumocmu

psda). [as moeo, umober psd Zuk(z) CX00UACA PABHOMEPHO
8 obnracmu g, Heobxooumo u dokcn;amowo, umobs. 0 4106020
e > 0 naweacs makoti Homep N(g), umo daa ¥n > N u Vm >0
HepaseHcmso |Syim(z) — Sn(2)| < € svinoansaocey cpasdy ors ecex
zZ €gq.

JIOKA3ATEJIBCTBO.

Heo6xonumocTb. IlycTh psii CXOOUTCS PaBHOMEPHO B 00J1acTH g:
o0

Z uk(z) = f(2). Torma pas awo6oro € > 0 cyuiectsyet Takoit N (e),

uro |f(z) — Sp(2)| < g naist Bcex n > N(e) u Beex z € g. Crenoa-

TebHO, |f(2) — Spam(2)] < %, OTKYAA |Spt+m(2) — Sn(2)| < & mas
Vn > N u Vm > 0 cpasy ans Bcex z € g.

LLOCTaTquOCTb. ITyctb anst mmo6oro € > 0 cyiiecTByeT Takok HOMep
N(e), uto HepaBeHCTBO

1Spsm(2) — Sul2)] < (10.1)

BbINOJIHsAETCA AJsl BceX n > N U Bcex m > 0 ofHOBpeMeHHO s
Bcex Toyek z € g. Torna B mo601/1 TOUKE Z € ¢ BBINOJHEH KPUTepHH
Kowm n/1s uucioBoro psiga, To ecTb _Bce HMCJIOBbIE PSLAIbI CXORATCS,

i B obsactu g ompenesneHa f(z Zuk . [Mepexonst B (10.1) k

npefeny mpy m — 00, MOJIYyYUM |f( ) Sn(z)| < e nns ¥Yn > N(e)
u Vz € g, caenosatesibHO, |1 (2)| < € mast smo6oro n > N(e) cpasy
I/l BCEX TOYEK 2 € ¢.

Teopema 10.7 (npusnax Betiepuumpacca). Ecau, wHauunas ¢
Hekomopo2o Homepa k, 045 8cex z € g 8bLNOAHACMCS HEPABEHCMEBO
oo

luk(2)| < ag, ax >0, u uucrosoii pso Zak cxodumcs, mo psaod
k=1

Zuk(z) cxodumes pasromepro K f(z) 8 obaacmu g.

JIOKA3ATEJIbCTBO. Bocnosbayemest omnpepeneHneM paBHOMEPHOH
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o0 o
cxXomUMocTH  psiga:  |rn(2)] = Z up(z)] < Z lug (2)] <
k=n+1 k=n+1
o0
< Z ar < € 05 Bcex n = N u n1060r0 2 € g.
k=n+1

10.4. Teopembl 0 CBOWCTBaX pPaBHOMEPHO CXOASIIIUXCH pPH-
JOB.

Teopema 10.8 [Tycmo ui(z) € u psad Zuk pPABHOMEPHO

cxodumes «k f(z) 8 obaacmu g, moeda f(z) E C(g), mo ecmo pas-
HOMEPHO CX00AUWULics pA0 U3 HenpepvleHbLX PYHKYUL cxooumcs K
HenpepvLeHOL QYHKYUL.

JIOKA3ATEJBLCTBO. [lo onpeneneHnio /st HempepbiBHOCTH f(z) Tpe-
oyercsi, uto6bl Af(z) — 0 npu Az — 0 Bo Bcex TOUKax 06JIaCTH -

Af@)=1f(e+82) = f()] < 1f(+ B2) = Slz + Az)] +
+[8u(z+ A2) = 5a(2)| +18a(2) - SN S 5+ 5+ 5=¢

st |Az| < 8, n > N pas Bcex Todek 00J1aCTH ¢ (nepBaH U TpeTbs
OLIEHKH CJIeAYIOT HEMNOCPeICTBEHHO M3 PaBHOMEPHOH CXOAHUMOCTH
psiza, a BTopast OLeHKa CJefyeT 13 HereprBHOCTI/I GyHKUMH ug(2)).

Teopema 10.9 [Tycmo uy(z Zuk ) cxodumes k f(2)

pasHomepHo. [lycmo v € g — Kycouro- eﬁadfcuu KOHMYp KOHeuHOU
oo

Oaunel L: Jdl = L, mozda Jf(z)dz = JZ ug(z)dz = ZJUk(Z)dZ
5 5 k=1 k=12
(pasromepro cxodsujutics pad MONCHO UHMeESPUPOBAMb NOUNEH-
HO).
n
JIOKA3ATEJIBCTBO. Jf(z)dz — Zjuk(z)dz = Jrn(z)dz

5 k=15 5

N

|rn(z)|dl < &1L < €, TaK Kak B CHJy PABHOMEPHOH CXOAHMOCTH

5
psima agist qoboro € Haiinercs Tako# Homep N(g1), 4To aJsi Beex

n > N BbinoaHsietcs |y (2)] < €.
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Teopema 10.10 (nepeaﬂ meopeMa Betiepuumpacca)

Ecau uy(z) € C*(g) u pso Zuk pasHomepro cxodumcs k f(z)

8 410001 3aMKHYmMOL no@o@zacmu g C g, mo:

L. f( )ECOO( );
Zuk B 00JIaCTH g;

3. psin Zuk ) paBHOoMepHO cxomutest K f(P)(2) B 11060 3a-

MKHYTOI/I nopo6aacTu g’ 061acTH ¢.
JIOKA3ATEJIBCTBO.
1. Tlyctb 7 — 3aMKHYTBIH KOHTYp: ¥ C g’ CTATHBAIOLIHACSA B

Touky z € ¢'. Tak kak ux(z) € C*(g Z ug(z) paBHOMEPHO

exoputes K f(2) nnsiVz € §, 1o f(z) € C(g) o Teopeme 10.8.
o0
[To Teopeme 10.9 Jf(z)dz = Zjuk(z)dz, a Tak Kak [0 Teo-

k=1
v v
peme Kowy uHTErpas no saMKHYTOMY KOHTYPY OT aHaJUTHUe-
o0

CKOH (DyHKLHH PaBeH HYJ0, TO ZO = 0. Tem cambIM BHINOJ-
k=1

HeHBbl ycsioBusi Teopembl Mopepsl 9.4, 3Hauut, f(z) € C*°(7),
a B CuJly TIpoHM3BosibHOCTH §' uUMeeM f(z) € C™(g).
OtmeTuM, 4TO ocTaToK psifa ry(2) = f(2) — Sp(z) sBAseTCs
aHaJMMTHYeCKOH (QyHKUHeE: 1, (2) € C™(g).

2. TlycTb y — 3aMKHYTHIH KOHTYp, v C §', CTATHBAIOLIKHCS B
TouKy z € ¢'. Boiuie mokasaso, uto f(z) € C*(g), orciona mo
UHTerpanpHoil popmyse Koinu

ﬂW@zﬂj@%%wa

2mi

B cuay toro, uro Zuk(é) CXOIUTCA PaBHOMEPHO K

k=1 e
F(§)lgey, nonyuaem '
@ PN~ () _b f© _
e %ﬁg;@zf“ga/ 2mi (¢ — 2" e,
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k=1 Y k=1
Ormerum, uto rP)(z) = fP)(z) — SP)(2) = Z u,(f’)(z).
k=n+1

3. IlycTb 7 — 3aMKHYTBI# KOHTYD, BHYTPH KOTOPOT'O COAEPMHKHUTCS
061acTh ', TakoH, uTo Vz € g u V€ € ~y BBINOJHSETCS Hepa-
BEHCTBO |z — &| > d > 0, rae d — HeKOTOpoe MPOU3BOJIBLHOE T10-
JIOXKHUTEJIbHOE YHCJIO (OYEBHIHO, TAKOH KOHTYpP M TaKoe YHCJIO
d MoxHO HaWTH). [locKo/bKY 7y, (2) SIBJISETCS aHATHTHYECKOH
(pyHKLHeH, BEpPHO PaBEHCTBO

! Tn
Ty(zp)(z) = p_J (€ (5)20+1d£-

2mi
ol

B cuay paBHOMepHOH CXOAHMOCTH T,(z) B paccMmaTpuBa-
eMOi  3aMKHYTOH O06sacTH JJsi JOGOro & > 0 cyutecTBy-
eT Takou HOMeP N, uto Vn > N BBINOJHEHO HEPABEHCTBO

ondPT
ra(€)] < =

e rie | — nivHa KoHTypa «y. Torma mjisi ocrart-
o

ka psaga rP)(2) = Z u,gp)(z) BEPHO COOTHOLIEHHE
k=n+1

— Pt

|r7(1p)(z)] < %Jmhﬂﬁdl <&,

4YTO NOKa3biBaeT CIIPaBE€AJJIMBOCTL YTBEP2KACHUS.
00

3ameuanue 10.1 /3 pasromeproli cxodumocmu paoa Zuk(z) K

k=1
f(2), z € g ne cnedyem paswomepras & smoti obracmu cxo0u-
oo

mocme pada, COCMasAeHHO20 u3 npousgodHvix. Pad Zu,(f )(z)
k=1
cxooumcst paenoznepno & fP)(2) auws 0na Vz €g Cg.

[Tpumep. Z = cxomuTCsi paBHOMepHO B Kpyre |z| < 1, a psig u3

k= 1
k—1

oo
z
MPOM3BOJHBIX E —j— He CXOIMTCS PaBHOMEPHO B Kpyre |z] <1
k=1
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Teopema 10.11 (smopas meopema Beiiepwmpacca)

Mycmo ug(z) € C*(g) u Zuk(f) cxodumes Kk f(§) pasromepro
k=1

[e.e]
Ha epanuye obracmu g (£ € 0g). Toeda Zuk(z) cxooumcs pas-
k=1
Homepro Kk f(z), z € 7.
JIOKA3ATEJILCTBO. PacemoTpuM pasHocTb Spm(€) — Sp(§), KoTO-
pasi siBJisieTCsl aHAJIUTUUECKOH (DYHKIIMeH KakK JIUHeHHasi KOMOUHAIUs
aQHaJNTHYeCKUX (PYHKLHH, TO eCTb ABJsETCS aHAaJIUTHUECKOH B 00Ja-
CTH ¢ U HeNpepbiBHOH B §. Torga u3 paBHOMEPHOH CXOAMMOCTH psila
Ha TpaHHle 00JacTH caeayer, 4to |Spim (&) — Sp(€)] < & mas mo-
6oro £ € Jg, cnenoBaTeNbHO, B CHJy TIPUHLUIA MAaKCUMyMa MOAYJIs
aHANUTHYECKOH QYHKUHU |Spim (&) — Sn(§)| < e mnsa Vz € g. 3na-
4UT, 1715 JAHHOTO Psiia BHIMOJHEH KpuTepui Kouru, uto mokasbiBaer
TeopeMy.

§ 11. CreneHHble psaabl

PaccMmoTpuM uacTHBIH caydall pyHKUHOHANbHOTO psita — CTe-
NIEHHOW PSAL.
Omnpenenenne 11.1 Cmenennoim padom nazosem QYHKYUOHAAb-
o

Holll pad euda E cn(z —29)", ede zyg — urcuposannas mouka
. n=0
KOMNAEKCHOL NAOCKOCMU, Cp — 3a0QHHbLE KOMNACKCHbLE YUCAQ.
O6/1aCTbI0 CXOOMMOCTH PSiia MOXKET ObITb €IMHCTBEHHAs TOUKa
oo

(HampuMep, psn E nlz" cxomutest TosbKO B Touke z = 0), WM

n=0

00
n
z
BCA KOMIIJIEKCHadA IIJIOCKOCTb (Hanpnmep, psn E - CXONHUTCA IpHU
n.

n=0
JI060M Zz), WM 4YacTb KOMIJIEKCHOH TIJIOCKOCTH (HampuMep, psin
o)

Z %z" CXOmHUTCs B obsacTu |z| < 1).

n=1

11.1. O6aacTh cXOTUMOCTH cTeneHHOro psiga. Teopema AGe-
asg. Kak Oyner mokasaHo nasee, 06J1acTb CXOAMMOCTH CTEIEHHOTO
psiia ornpenessieTcsi BUAOM ero Ko3(p(UUUEHTOB ¢,. MHorue Bax-
Hble CBOHMCTBA (DYHKLHOHAJbHBIX PAJOB, YACTHBIM CJydaeM KOTOPBIX
SIBJISIIOTCS CTETeHHble PSIbl, HMEIOT MecTO B 06JIaCTH paBHOMEPHO#H
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cxonuMocTH. [loaToMy Npu Hcc/le0OBaHHM CTENEHHOro psiia BaxKHO
YCTAHOBUTB 3Ty 06J1aCTb.

Teopema 11.1 (meopema  Abeas) Ecau  cmenennoil  pso

E cn(z — 20)" cxodumcs 8 mouke zy # zy, mo ow cxodumcs
n=0

abcoaromrno u 8 060U mouke z, yoosAemBOpsIOUell YCAOBUIO
|z — 20| < |21 — 20|, npuuem 6 kpyee |z — zo| < p awbozo paduyca
p, MeHbwezo |z) — zo|, pa0 cxodumcs pasHomepHo.

JIOKA3ATEJIbCTBO. Ecau psim cXoguTcss B TOUKE 2|, TO B CHU-

JIy HeOoOXOIMMOrO YCJIOBHUSI CXOAMMOCTH YMCJIOBOTO psila HMeeT

mecto lim ¢, (2] — 29)" = 0, moaToMy cyluiecTByeT Takasi MOCTO-
n—oo

sguHasi A > 0, 4yTo /s J1060T0 7 BBIMOJHSIETCS HEPaBEHCTBO

len(z1 — 20)"| < A. Orciona |e,| < CJIel0BATEIBHO,

|21 — 20"’

—_ n
len(z — 20)"| < A|Z—22

21— 20
Z— 20

ITo YCJOBHIO TEOPEMBI | —— | = @ < 1, 3HAQYHT,
21— 20

len(z — 20)"| < A¢™,

oo (o]
CJieioBaTeIbHO, Psijl E cn(z — 29)" cxomures, Tak Kak Zq” —
n=0 n=0

CyMMa CXOAsilllelicsl FeOMeTPUYECKOH MPOrpPecCHuH.
Ipu |z — 29| < p < |21 — 20| psim CXOAMTCS paBHOMEPHO MO Ma-
KOPaHTHOMY MpH3HaKy Befiepuitpacca, Tak Kak

n

p

n
— <Al—F
en(z = 20)"| < 4] L

p

—— | <L
Z1 — 20

rue

PaccMOTpUM TOUHYI0 BEPXHIOW IPaHb PACCTOSIHUE OT TOUKH 2( 10
TOYeK 2], TO €cTb sup |z; — zg| = R. Ecan R # oo, To pas Vz @ |z —
— 20| > R psn pacxomutesi, To ectb R = inf |2 — 2g| a5 Bcex Touek
Z, B KOTOPHIX psifl pacxonurcs. Cnpocuts y umbl, nmepenucarthb
¢ppasy!!!

Omnpenenenue 11.2 [Iycmo R > 0, moecda obaacmoto cxodumocmu
cmenenHoz2o pada ssisemcs kpye |z — zg| < R, R = sup |z — 2|,
2

4 B.T.Boakos, JI.B. Munaes, U. E. Morusaesckuii, B. }O. [Tonos, H. E. [llankuna
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Ha3vleaemolli KpYyeom cxodumocmu cmeneHHozo pada. Hucio
R > 0 nasvisaemcs paduycom cxodumocmu cmenennozo paoa.
BHyTpH Kpyra CXOOMMOCTH pSII CXOAMTCSI, BHE — PACXOAHTCS, B
TOUKaxX I'PaHHUUBl |z — 29| = R MOXKeT KaK CXOOHUThbCs, TaK U Pacxo-
IUThCS.

CrenctBusi Teopembl Abesis.

1. Ecnu cTeneHHO# psii pacxodumcsa B TOUKe 29 # 2y, TO OH
pacxodumcsa v TIpH J1060M  z, YIOBJETBOPSIOLIEM YCJIOBHIO
|z — 2| > |29 — 2o|. [Ipennonarasi npoTHBHOE, MOMYYUM, YTO 110
TeopeMe AGessi psil NOJKEH CXOMUTCS B JIIOOOM Kpyre paauyca
p < |z — 2|, B yacTHOCTH, ¥ B TOYKE Zzy, UTO MPOTHBOPEUHT

YCJIOBHIO.
2. ®opmyna Komn—Anamapa. Pagnyc cxomumocTH — paBeH
R = —, L #0, rne Bepxuuit npegen L = lim V/|c,|, nin
L n—o0
-— | C o
L= Tim ||, Cayuait L = 0 cooTBeTCTByeT H€CKOHEUHOMY
n—o0o | Cp
panuycy cxomumocTH, a L = oo — pamauycy 0, To ecThb

CXOIMMOCTH B €IHHCTBEHHOH TOUKeE.
JIOKA3ATEJNBCTBO. Ilyete 0 < L < co. Tak kak L =
= lim \/|cn|, To mas sw6oro £ > 0 cyllecTByeT TaKok

n—oo
HoMep N, 4uto mss Bcex m > N BBINOJIHSIETCS HEPABEHCTBO

Vlen| < L+e.

C npyroil cTopoHsl, s Toro xe & > 0 cyulecTByer Gec-
KOHEYHO MHOTO UJIEHOB II0CJIe[0BATENbHOCTH {”\/]cn] } LISt

KOTOPBIX \/|cn| > L — €.

Hano nokasaTh, 4To a) psja cXomuTcss B J06oH Touke zi,

. 1
YIOBJIETBOPSIIOLIEH YCIOBHIO |2] — 2| < R = 7 (dJ1M, 4TO TO

x)e camoe, L - |z1 — zo| < 1);

6) psill PACXOAUTCS B JI0OOOH TOUYKE 2o, YIOBJETBOPSIOLIEH
1

YCJIOBUIO |29 — zg| > R = I (usm, uto TO XKe camoe, L - |zo —

— 20> 1).

JloKaxkeM 3To.

a) Ilyctb Touka z| ymosserBopsieT ycaoBuio L - |z1 — zg| < 1.

1— L‘Zl — Zo| 1+ L|21 — Z()|

2‘21 —Zo|

BriGepem € = ,Torga L +¢ = . das

2|211 — Zo|

Vn > N: V/|en| < L+¢€, otkyna
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cJenyeT, 4To

1+ Lz — =
|21 — 20| - Vel <%ZQ<1-

Orciona |cp (21 — 20)"| < ¢", To ecTb psin CXOOUTCS.

Lpg—m%‘—l 1

6) Bribepem € = , Torna L — ¢ Tak

|22 — 20 |z — 20|

KakK JJs1 BCeX YJIEHOB psifia ¢ HOMepaMH m > N BBINOJHEHO
cootHowenue \/|c,| > L —¢, 10 |29 — 20| V/|cn| > 1, oTkyna
len(z9 — 20)"| > 1 — psim pacxonuTesi.

B) Paccmorpum L = 0. Insa qwoboro € > 0 cyuecTByer Ta-
Ko Homep N, 4To 1/1s1 Vn > N BBINOJHSIETCS HEPABEHCTBO

Ven| < e. Tonoxum € = P nas qoboro z u 0 < g < 1,
-2
oTKyna |z — zo| V/|en| < ¢, 3Hauut, |cn(z — 20)"| < ¢". Caeno-

BaTeJbHO, PNl CXOOUTCS IJs1 Jo6oro 2z, To ecTb R = oo.
r) Pacemotpum L = oo. las mo6oro M > 0 cyuiectByet Gec-

KOHEUHO MHOTO TaKHX YJIEHOB MOCJEI0BATENbHOCTH { Vlen },

uro V/|en| > M. Tonoxum M = |zq*z\ 1JIst JI060r0 2 # Zg
v ¢ > 1, 3HauuT, CyIIeCTByeT GeCKOHEUHO MHOTO WIEHOB psina,
1JIsT KOTOPBIX BEPHO COOTHOLUeHHe |z — zo| V/|cp| > 1, oTkyna
|en(z — 2z9)™| > 1. CienoBaTesibHO, PSIA PACXOLUTCS IJIsT JH000-
ro z # zp, TO €CTb paguyc cxonumocTH psina R = 0.

3. B mo6om kpyre |z — zg| < p < R cTeneHHOH psii CXOLUTCS
paBHOMepHO (o mpusHaky Bedepuitpacca). CienoBaTtesbHo,
no teopeme 10.10 psim cxXomuTCs K aHaJIUTHUECKOH (DYHKUUN

S enlz — )" = 7(z) € C%(|z — 2| < R,
n=0

IMpumep 11.1. Onpederums Kpye cxodumocmiu cmenesHoz2o paoa

Z Cn(z - ZO)n:

n=0
o0 o0

oG oY (75)"
n=0 n=0

g)i(?)ﬂ'”)”z"; 3)2(%)”; H)Z(%n+b")z".
n=0

n=1 n=1

4%
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PEWIEHUE. a) ¢, = €, Torna |c,| = 1, caenosarenvho, R = 1 =
= |z +1i| <1 — kpyr CXO,ZLI/IMOCTH

%) =Ty (ﬁ)

KPYT CXOAHMOCTH.
B) ¢, = (3 +14")". [ocsenosateibHOCTb Y/|c,| COCTOMT M3 HECKOJIb-

KHUX TOAIOC/AeN0BaTeJbHOCTEH, cXondaImuxes K uncaam 2, v 10 u 4.

=R=V2=|z+i|<V2 —

=, TOraa |cp| =

CaenoBaresbo, R = i = |z| < 1
F)Cn:;TOI‘IIan’c,ﬂ=£2>R2002>]2‘<oo—prF
(in)"’ n

— KPYT CXOIHMOCTH;

CXOIUMOCTH, TO €CTh PSIJ CXOMUTCH AJs JIOOOTO Z.
an
1) ¢, = <—+b”>,Toraa Y en| > max ( b)
n
1
= — KPYT CXOAMMOCTH.
max (|a|, [b])
3auaqa 11.2. Onpedesume Kpye cxodumocmu cmenenHoco psaoa:
o0 o0

a) Z z—24)" 6) Zn'(z —-20)"; 8 Z (arctgn)"z";
n=0 n=1
> (- )
1

OTBeT: a) |z —2i|<1; 6)|z—2i|=0; B)|z2| < %; r) |z] < o

=>2I<—
12l < e e o0

11.2. Nud¢epennupopanue creneHHoro psapga. I3 teopembl
AGensi Takxke cyenyeT BO3MOXKXHOCTb MOUJIeHHOTO nH(dhepeHIHpoBa-
HHUS U WUHTErpUPOBaHHUS cTeneHHOro psjaa. CTemeHHOH ps MOXKHO
IU(phepeHIupoBaTb U HHTETPUPOBATh IOUJEHHO JI0OOe UYUC/IO pas
BHYTPHU Kpyra cxomuMocTH. IIpy aToM pamuyc CXOOUMOCTH He MeHSsl-
ercs!

[TonyuuM cpopmyay njs n-o¥l MPOU3BOIHON CTENMEHHOTO psia.

oo

W3 roro, yro ch(z—zo)” = f(z), cnenyer, uto co = f(zp); U3
n=0
o0
TOTO, 4TO ch n(z — )" = f(2), crenyer, uto ¢ = f'(z) u

n=1
Tak fasnee. MeTomoM MaTeMaTUYECKOH MHAYKLHWHA MOXKHO 0Ka3aTh,

4yTo

Z Cp - (nﬁi'k)'(z - ZO)n_k = f(k)(z)v
n==k
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(n)
M ¢, = / (Zo)‘
n! ~
Hpumep 11.3. Haimu cymmy pada Z 1
n=2

PEMEHUE. B o6aacTu cXOMUMOCTH psifa ero MOXKHO auddepeHin-
poBaTh mousienHo. CHadasa npeobpasyem psif:

©  n 0 n-l
;nz_lzz;;_lzzF(z).
Torna
/ e _ N 1
F(z):ng?z" :;z”:I_Z:F(z):—ln(l—z)—l-C',

z

n—1

o
rie C' = 0. Torna Z = —zIn(1 — 2).
n=2

[e.e]
Bapaua 11.4. Haiidume cymmy psda Z 2"(n—1).

n=2

2
(1-2)*

11.3. Popmyna Teiaopa. [loctaBum Bompoc: MOXKHO JH
(YHKLHH, aHaJIHTUYECKOH BHYTPH HEKOTOPOTrO Kpyra, CONOCTaBUTb
CTENMEeHHOH psill, CXOASIIMHCS B 3TOM Kpyre K HaHHOH (DYHKIMH?
OTBeT Ha Hero naer Teopema TeiJopa.

Teopema 11.2 (Tednopa) Ecau f(z) € C*°(|z — 29| < R), mo cy-

o0

wecmeayem eOUHCMBEHHbIL cmeneHHol psd g cn(z — 29)", cx00s-

OrTBer:

n=0
wutica K f(z) 6 kpyee |z — zp| < R .
JIOKA3ATEJIbCTBO. PaccMOTpUM Bce TOUKH z, MPUHAJJEXKAIINE KPY-
ry paguyca R: |z — zg| < R. Tloctponm okpyHOocTh Cr/ € LEHTPOM
B TOYKe 2o pamdyca R’ < R, comepxallyl TOYKY z BHYTPH: AJist
VE € Cr € — 29| > |2 — 29]. Tak xak f(z) € C®(|z — 2| < R'), 10
no dopmysne Komn

1) =gy | HEae

Crr
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1

[Ipeo6pasyem - UCTO0Jb3Yysl (POPMYysy CYMMbl OE€CKOHEUHO YOBI-
—Z

Balollel reOMeTPUYeCKOH Mporpeccuu:

_ 1 _ 1 _ 1 ' 2= 2\ "
Tz (i -z ;(5_%), (11.1)

§—20

Z— 20
J— ZO )
[Tonyyennniit B (11.1) psan cxonurcst paBHomepHo no & Ha Cry,
cJle[loBaTe/IbHO, M0 TeopeMe 00 HHTerPUPOBAHUM PAaBHOMEPHO CXOMS-
erocst psiza,

rae 3HaMeHaTeJ b MPorpeccruu eCTb

16=3 5 | %d& (= 20)" =3 enlz — 20)",
n=0 CR’ n=0

rae ¢, = , UTO U JIOKA3bIBaeT Cylie-

1 1O e M)
| e

2mi — zo)n+l n!

Rl
CTBOBaHHE M €NJUHCTBEHHOCTL PA3JIOKEHHs.

3ameuanue 11.1 -

1. Ipedcmasrenue pyukyuu 8 sude f(z) = ch(z —20)" Ha-
n—=
3vi8arom pasnoxceruem gpynkyuu 6 pad Teidnaopa c uenmpom
8 mouke 2.
2. B svipasceruu 045 Koagpuuuernmos ¢y, = L J Ld{,
2mi | (¢ —z0)""!
R/
okpysxcrocmo Crr moxcHO 3amenums Ha 11060 3aMKHYMbLL
konmyp C, codepacaujuil eHympu cebss MouKy zy U YeAUKOM
Aexcaujuil 8 obaracmu cxodumocmu paoa.

3. B arwbom kpyee |z — zp| < p < R cmenennoii psad cxodumcs
pasromepro (no npusrnaky Beilepwmpacca).

4. Tlo meopeme Betiepuumpacca cmenenHol psd 8Hympu Kpyea
cxodumocmu, Kak u pad u3 npoudsooHvlx, cX00UMCs pasHo-
MEpHO, Nno3amMomy e2o0 MOoxHO Jdugepenyuposams U urme-
epuposams nouseHHo aboe uucio pas. Ipu amom paduyc
cxodumocmu e mensemcs!
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BaxxHo moMHHUTB: psabl Tefinopa Haubosee ynoTpeOUTENbHBIX 3Je-
MeHTapHBIX (DYHKIHUH COBMANAIT C PA3JIOKEHUSMU B 00/acTU NeH-
cTBUTeNbHBIX unces (psim Telsiopa ¢ LEHTPOM pa3J/ioXKeHHsS] B TOYKe
z = 0 HasbIBaetrcs psiioMm Maksopena):

n
4

? = E —~ (cxomurcest mpu JIOOOM 2);
n.

0 2n
cosz = Z (—1)”(;)| (cxomuTes mpu JOGOM Zz);
n=0 '
e H2n+1
sinz = Z (—1)”m (cxonuTes mpH MOGOM 2);
n=0
1 o
_ n .
= Zz (cxomutesi B Kpyre |z| < 1);
n=0
oo
Z ”+1 (cxomutesi B Kpyre |z| < 1).
n=1

[Tpu pasnoxkeHHH (YHKUMH B Psil, KaK MPaBUJIO, MCHOJb3YIOTCS
aub0 NpHBeJEHHbIE BbIlle MNpeaCTaBJJCHUSA QJYHKL[I/II'/JI B BUlE pdna,
b0 (popmyaa 6eCKOHEUHOH reOMeTPHUECKOH MPOTPECCHH.

Ipumep 11.5.  Pasroxncums ¢yuxyuro 8 ;gﬂd Maxkaopena:
a) sin®z; 6) 5 ; 8) z

2c°—z—-2 1 -2z
PEIEHUE.

[e.9]

.9 1l—cos2z 1 1
a) Slnz—#—g—EZ(—

(cxomuTcst mpH JHOOOM 2);

6 I 1 _l( L1 )_
2_2-2 (z2+1(z-2) 3\z—-2 z+1)
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1 Z\" 1 = n_n
S (—> - Z(—l) 2" (cxomutesi B Kpyre |z| < 1);

2° 3 13 200 - 2 = 3n+6
B) lizaz{tzz}zl_t:tZt”:Zt”J“ :Zszr
n=0 n=0 n=0

(cxonuTest B kpyre |z| < 1).

3anmaua 11.6. Pasioxncume gyuxyuro 8 pad Makioperna, ykaxcume
obaacmoy cx00uMoOCmu:
a) sin’z; 6) ln(l + 22).

2n+l 2’ﬂ+1

OTser: a) 1 Z W 1 Z 2n + e (cxomutcst

npu mo60M z)

n+l1?%
0) Zl( 1) - (cxomutes B Kpyre |z| < 1).
Eciu TpebyeTcs pas/oxuTh hyHKIUIO f(2) B AL B OKPECTHOCTH

TOYKH Zz = 00, TO €CTb B 00J1aCTH |z| > R, T0o 3aMeHOH w = — 3aj1aua

o 1
CBOAMTCS K TIPeNbIAyIed: HAlO0 PasaoXUTh PyHKUIUIO f (—) B psil
w
B OKPeCTHOCTH TOUKH w = 0.

Ilpumep 11.7. Pasaoxcumoe 8 psd no cmenexam z 8 OKPEcmHocmu

MOUKU 2 = 00!
1

a9 ——— 0

22 —2—2

PEIIEHHUE.

123

2) 1 _ 1 _1< 11 )_
2_,-2 (+DE-2) 3\z-2 =z2+1/)
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psill CXONMTCS B o6sacT |z| > 2.

6) lizsz[tzzs]:f:—tZ( )
t
— _ 2fl—n:_ - Z3—3n,

psim cxomutes B o6aacTu |z| > 1.

3anaua 11.8. Pasaoxcume f(z) =
OKPeCMHOCMU MOUKU z = 00 .

OrTBer: Z (_nl+)2 .
z

5 8 pad no cmeneuam z 8
25+ z

B HekoTOpBbIX 3aa4yax MOXKHO BOCIIOJIb30BAThCS I1OUYJIEHHBIM IU(}-
(hepeHIUPOBAaHHEM M HHTETrPUPOBAHHUEM CTENeHHOr0 psifa BHYTPH
Kpyra CXOLMMOCTH.

IMpumep 11.9. Pasaoxncume 8 psd no cmenewam z 8 OKPecmHocmu
mouku z =0 (pad Makaopera):

2
9 JE)=qm 0 JE)=m+)

PEWEHUE. a) Paccmorpum prHKU,I/I}O g(z) = i, KOTOpasi pac-
KJIaabiBaeTcsi B psin g(z Zz Ormerum, uto ¢’ (z) = f(2).
n=0

Torna, nuddepeHIUPYs MOYJEHHO P Zz”, noJiyyaem

n=0
f(z)= in(n —1)2"2,
n=2
6) f(z) =In(1 + z). 3amerum, uro f'(z2) = lj—z = i(—l)”z”.
n=0

WHTerpupys mo4seHHO 3TOT Psill, UMeeM

[TockosibKy f(O) =0, to caenyer nonoxute C' = 0.
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3amaua 11.10. Pasaoxcume 8 psad Makaopena f(z) = arctg z.

o

—1)" 2n+1

Orset: f(z) = Z %
n=0

11.4. 3agauu gJjs caMOCTOSTENbHOTO pelleHus .
1. Onpeﬂeﬂme o6s1acTb CXOIUMOCTH CTETeHHOr0 psja:

a)Z( > Zem —2”; B) Z
Zcos in) (z—14)"; n) Zsm—z+1—z)
Zch (z4+9)" x) Zn”z"

n=1

3) Z<3+<—1>”> (z+2)%  w) Y "
n=0 n=1

2. Pasznoxure ¢ynkuuio f(z) B psig Te#isopa ¢ ueHTpoM B yka-
3aHHOW TouKe. HalnuTe paguyc CXOAMMOCTH MOJNYYEHHOTO psi-

aa.

2

a) f(z) = @ C LEHTPOM B TOUKe z = l; C LEHTPOM B

TOUKe 2z = —1;
(1)

6) f(z) = "5, C UEHTPOM B TOuKe z = l; ¢ ueHTpom B

2
Touke z = 0;

B) f(2) = T3 52 C UeHTPOM B ToUKe 2 = 0; ¢ ueHTPOM B TOYKE
+z

z =1

r) f(z) = cosz ¢ ueHTpoM B Touke z = 0; ¢ LEHTPOM B TOUYKE

s

Z = —Z,

1) f(z) =sin (2,2 + 1) ¢ uentpom B Touke z = 0; C LEHTPOM

B TOuke z = —1;

e) f(z) = 357 C UeHTPOM B TOUKe 2 = —2; C LEHTPOM B TOUKe
z

z=0;

z
x) f(z)= o C LUeHTPOM B Touke z = 0; C LEHTPOM B TOUKe

z=1;

3) riaBHywo BeTBb f(2) =Inz ¢ ueHTpom B Touke z = I; ¢
LIEHTPOM B TOYKE z = —1;

1) raaBHylo BeTBb f(z) =In(2 — z) ¢ ueHTpom B Touke z = 0;

LEHTPOM B TOUKe z = 1.
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3.

3anuinnTe 3 MepBbIX HEHYJIEBHIX UJIEHA Pas3JoKeHHs QYHKIHUH
f(2) B psin Teitsiopa ¢ uentpom B tTouke z = 0 (psn Makiope-

) a) f(2) = V5 0) 72 = B ) f() =t

r) f(z) =Incosz.

Bompockel K 3K3aMeHy.

1.

2.

10.

11.

CcopmynupyiiTe omnpeneneHHe pPaBHOMEPHOH CXOOUMOCTH
(hyHKIIMOHAJIBHOTO PSAa.

CoopmynupyiiTe TeopeMy O MOYJEHHOM HHTETPUPOBAHUU
(hyHKLMOHAJIBHOTO psiaa.

CoopmynupyiiTe nepsyio Teopemy Befiepuitpacca o ¢yHKIMO-
HaJ/IbHBIX pslax.

CdopmynupyiiTe BTOpylo TeopeMmy Beliepmitpacca o ¢pyHKIHO-
HaJbHBIX PSAaX.

CoopmynupyiiTe onpeneseHHs CTeNeHHOTO psiza, pajhyca U
Kpyra CXOAHMOCTH CTeleHHOro psiaa.

Cohopmynupyiite Teopemy AGesisi 0 CTENEHHBIX psiiax.
Coopmynupyiite Teopemy Komn—-Anamapa o cTemeHHbIX psi-
Jax.

3anuuure hopmyny Komn—-Anamapa nns pagdyca cXoquMOCTH
CTEIeHHOro psa.

CoopmyaupyiiTe TeopeMy 00 aHaJUTHYHOCTH CyMMBbl CTeleH-
HOTO psija.

CchopmynupyiiTe TeopeMy O TMpeNCTaBJIEHHU aHaJUTHUECKOH
(hyHKUUM psanoM Teksopa.

3anumute nupdepeHUHaNbHYI0O W HHTErpabHYyl0 (OpMYJbl
IJ11 K03((PULUEHTOB Pa3J/oXkKeHUs] aHaJUTHUECKOH (DYyHKIUHU B
CTeleHHOH pAL.

TeOpeTI/I'-IeCKI/Ie 3aJadyM 1 3aJa4YM MOBBIIIEHHOM CJI0XKHOCTH.

1.

2.

3.

HccnenyiiTe Ha paBHOMEPHYIO CXOAUMOCTb (hyHKIIMOHAJIbHBIN
[e.e]

ZTL
psin E —5 B 3aMKHYToM Kpyre |z| < 1.
n=1 n
OmnuIIkTe MHOXKECTBO OCOOBIX TOYEK CyMMBbI CTEMEHHOTO psija
[e.e]

z 2?" Ha rpaHHIE ero Kpyra CXOZHMOCTH.
n=1
Haiinure {)a;myc CXOOUMOCTH psina MaksopeHa QyHKIUU

f(2)

i
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o0

4. Haligute  o6jacTp  CXOAMMOCTH  psfa E e +
z
n=1
Z (z4+ D"
+ LTL+05

§ 12. EnvHCTBEHHOCTD OnpeaeieHUus] aHAJUTHYECKON
(pyHKLIMU

12.1. IIpaBuabHble U ocoGble Touku. [lyctb QyHKuus f(z)
3ajaHa B 00/acTH ¢, 332 MCKJIOYeHHeM, ObITb MOXKET, HEeKOTOPbIX
U30JIUPOBAHHBIX TOUEK.

Omnpenenenne 12.1 Touka zy € g Ha3bi8aEMCS NPABUNLHOU MOU-
Kou pynkuuu f(z), 3adannoll 8 obaacmu g, ecau cyujecmsyem pso
o

Z en(z — 29)", cxodawuiica k f(z) 8 obaacmu g N |z — z| < p(2),

n=0

ede p(zg) > 0 — paduyc cxodumocmu OaHHOZO cmenexHozo psoa.
Bce ocmanvnbie mouku obaacmu g 6ydem Hasvieameo 0coObLMU
moukamu pynxkuuu f(z).

Ecmu f(z) € C*(g), To Bce TOUKH z € g — MPaBUJIbHbIE TOUKH
f(z). Ecnmu f(z) 3amaHa B 3aMKHYTOH 06/1aCTH g, TO TpaHHUYHBIE
TOYKH MOTYT OBbITb KaK MpPaBHJbHBIMH, TaK U 0COObIMH. OYeBHIHO,
4TO BCe TOYKH T'PAHHUIILI, JIeXKAIUe BHYTPU KPyra CXOAUMOCTH CTe-
meHHOro psifa Te#siopa, sIBASIOTCS MPABUJIbHBIME TOUKAMU.

Ipumep 12.1. Haumu 06/Lacmb cxodumocmu pada f(z) =

— — n+l1%
=In(l+2) = Z( 1) — U NOKA3amb, MO HQ epanuye

Kpyea cxodu/vzoc?nu1 ecmo KaK npasuibHole, mak u ocobble Mouku
dynruuu f(2).

PEWEHHKE. Bee Touku |z| < 1 — npaBusbHble. Ha rpanuie o6iactu
CXOIHMOCTH €CTb KaK [PaBHJ/IbHblEe TOUYKH (Hampumep, z = 1), TaK u
ocoOble (Hampumep, z = —1)

)n22n+1

n+1

mocmu u nokasgcume, umo na epanuye Kpyea cxo0umocmu ecmo
KaK npasuivivle, mak u ocobvie mouku gynrkyuu f(z).

OtBeT: cxonuTcst B o6sacTu |z| < 1, Ha rpaHHLEe ecTb Kak 0COOble
TOYKH, HalpuMep, 2z = +7, Tak U NpaBUJIbHble, HaNpUMep, 2 = £1.

3agaua 12.2. /l1s psada Z Hatidume obaacms cxoou-
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Ompenenenne 12.2  [lycmo f(z) € C®(g), 20 € g u f(z0) =0,
moeda zy — HYab anarumuueckol yuxyuu. [lpu smom, eciu

f(z)= ch(z —20)", mocy=0. Ecauci=co=...=cp_1 =0,
=0
acp # 8 mo 2080psim, 4mo zy — HYab n-20 nopaodka.
12.2. Hynn aHanuTHyecKoll (PyHKLUUH. 3aMeTHUM, UTO B HyJle
n-ro mopsinka f(z0) = f'(z0) = ... f""V(z) =0, fW(z) £ 0,
nostomy f (z) mMoxkHO mpenctaBuTb B Bume f(z) = (z — z9)" f1(2),

fl(ZO) 7& 0

Teopema 12.1 (0 wysax awasumuueckoli @yuxyuu) Iycmo
f(z) € C™(g) obpawjaemcs 8 Hysb 8 GECKOHEUHOM MHONECMBE
PABAUYHbLX MOUEK, UMerouem npedesbHyrd MOUKY, UAU MOUKY
ceyujenus z* € g. Toeda f(z) =0 das ar0b60co 3Hauerus z € g.
JIOKA3ATEJILCTBO. B cusy HempeposiBHOCTH f(z) umeem f(z*) =0,
M3 YCJIOBHSl aHAJMTHUUYHOCTH (PYHKLHH MOJy4YaeM ee MpeacTaBjeHHe
B BHJIe CTENEHHOro psja:

f2) =Y ealz = 2%,
n=0

rae |z — z*| < p(z*) (pannyc CXONMMOCTH He MeHbllle PaCCTOSHUS OT
z* no rpanuusl obaactu). CrenoBatenbHo, ¢ = 0,

f(2) = (z=2A(2), fi(z) =) ealz — 2"
n=1

[Ipomoskasi aHa/JoOrUuHbE PACCYKAEHHs, MONydaeM, 4To ¢, = 0
nasi Becex n. Wtak, Tak Kak Bce KOI(UILMEHTbl PA3JIOKEHUS B PsiT
Teiisopa pasuel 0, To f(z) = 0 B Kpyre |z — 2*| < p(2*), rue p(z*)
He MeHbllle, YeM PACCTOsIHHE OT 2z* [0 IpaHULbl 00/MACTH (.

ToxxnecrBenHoe paserctBo f(z) = 0 Bo Bcell o6iacTd ¢ [oKa-
3bIBA€TCS aHAJOTMYHO [0KAa3aTesNbCTBY MpPUHLHIA Makcumyma. Jlis
3TOr0 JOCTATOYHO MOKasaTh, uto f(z**) =0, roe z** € ¢ — mpo-
M3BOJIbHASI TOUKA, JieXKalas 8He Kpyra |z — z*| < p(z*). Coenunum
Z* 1 2" cnpsimasieMod KpuBOH L, LleJUKOM Jexailed B 06JacTu g
U OTCTOSIIIEN OT IpaHUlbl o6JacTy Ha paccTosiHuu d > 0 (puc. 26).
[TockosibKy J1100yI0 TOUKY Kpyra |z — 2*| < p(z*), Jexauryo BHYTpH
g, MOXKHO paccMaTpHBaTh KakK Mpejes MOC/ef0BaTeIbHOCTH HYyJe#H
¢yukuuu f(z), TO, BHIOpaB B KauyeCTBe HOBOTO LIEHTPA pasJioxke-
HHSI TOCJIE[IHIO TOUKY 2z = 2| [epecedeHHsi KpUBOH L ¢ OKpyx-
HOCTBIO |z — 2*| = p(z*), noayuum, uyto f(z) = 0 BHyTpH Kpyra
|2 = z1] < p(21), rme p(z1) = d.
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Puc. 26.

[Ipomoszkasi aTOT mpoliecc, MOKPOeM KPUBYIO L KOHEUHBIM YHC-
JIOM KPYTOB, PagHycoM He MeHblue d, BHYTpU KoTophix f(z) = 0.
[Ipu sToM TouKa z = z** momajgeT BHyTpb MOCJeIHEr0 Kpyra, OTKyna
f(z**) = 0. B cuay npousBosbHOCTH z** mosyuyaem, uyto f(z) =0 B
06J1acT g.

Caenctsue 12.1

1.

2.

Bce nyau ¢ynxyuu f(z) € C*®(g), He pasroii moxcdecmaen-
HO HYAO 8 3MOLl obaacmu, — U30AUPOBAHHbLE.

Ecau ¢pynxyus f(z) € C>®(g) u f(z) He pasna moxdecmsen-
HO HYAO 8 obaacmu g, mo 8 2000l 3aMKHYMOL 02paHUUeH-
notl obaacmu g C g moxem 6Gvimob AUULb KOHEUHOE YUCAO
nyaeti pyukyuu f(z).

JIOKA3ATENBCTBO. Ecau mroxcecmso wyrel gynkyuu f(z)
8 obracmu g 6GeckoHeuHo, Mo U3 He20 MONCHO Bbl0eAUMb
noonocaedosamervhocms, cxodauwyrocs k z € g'. [Toamomy
f(z) =0 6 obracmu g, umo npomusopeuum ycio8uro.

Ecau f(z) — yenan ¢ynkyus (anarumuueckas Ha 8cell
KOMNAEKCHOU naockocmu), mo 8 a0bol 3aMKHYmou ozpa-
Huuennot obracmu g mosxcem Obimb AUULb KOHEUHOE YUCAO
nyaeti f(z). Ha pacuupennoil KomniekcHot nAockocmu ue-
NG5 PYHKUUS MONCEm UmMemb AUldb CUemHoe 4ucAo Hyaell,
npuiem npedesvbHOL MOUKOL MOS0 MHOHNECMBa SBALEMC S
beckoHeuHo YyoaieHHas MOUKA.

Teopema 12.2 Ecau ¢yuryuu fi(z) u fo(z) € C®(g) u cywe-
cmeyem nocaedosamesvHocmy padiuunoix mouek {z,} — z* € g,
npuuem fi(zn) = fo(zn) 015 6cex mouex nocaedosamervrocmu, mo
f1(2) = fo(2) Oas 6cex mouek z € g.

JIOKA3ATEJIbCTBO. /s H0Ka3aTenbCTBA AOCTATOUHO IPU MOMOLIH
TeopeMbl 0 Hynsix (Teopema 12.1) ycraHoBuTb, uto QyHKIms h(z) =
= f1(z) — fo(2) =0 B ob6aactu g.

Caencreue 12.2 (meopema edurncmesennocmu).
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B obaacmu g moxcem cyuecmsosames moAbKO 00HA QHAAUMU-
uecKas QUHKUUS, NPUHUMAIOULAS 3000AHHble 3HAUEeHUS Ha CAedyro-
ULUX MHONECMBAX APEYMEHMA:

1. {z,} = 2* € g, ede z; # zj, Ora aw0boix i # k;

2. 8 moukax { € y C g, ede 7 — KYcouro-eaadKkas Kpusas;

3. 8 moukax z € g’ C g.

Jpyrumu cnoBaMu, (pyHKUHs, aHaJUTHYecKas B 06JacTu g, 00-
HO3HAYHO OTIpelesisieTCsl 3alaHHeM CBOMX 3HAaYeHHH, Kak OMHCaHO
BBIIIE.

Teopema 12.3 Ha eparnuye xpyea cxodumocmu cmenennoeo paoa
Hatidemcs xoms 6v. 00Ha ocobas mouka mol QHAAUMUULECKOU
QPYHKYUU KOMNAEKCHOL nepemerHol, K Komopot cxodumcs amom
ps0 enympu Kpyea cxodumocmu |z — zg| < Ry.

12.3. OnpeneneHue 00JacTU CXOOUMOCTH IO OCOOBIM TOYKaM.
JOKA3ATEJIbCTBO. [Ipeanosioxkum, 4To Ha rpaHUIlE KPyra CXOIHUMO-
cTH BCe TOUKHU & : € — 29| = Ry, sIBJASIOTCS MPaBUJIBHBIMH TOUKAMH
¢yukuuu f(z), roe

o0

f(z) = ch(z —20)", f(2) € C*™(]z — 2| < Rg) -

n=0
Torna nsisi so6oi Touku & cyiiectByer takoe p(£) > 0, uto psn
o
ch(f)(z — &)™ cxonutes K f(2z) B 00LIel YacTh KPyToB |z — zg| <

n=0
< Ro u € — 20| < p(§). 3mech ¢, (§) — KOIDPHULHMEHTBI PA3JIOKEHHS
¢yukuuu f(z) B psn Teiisopa B Touke &.

TIokaxem, u4to p(&) > O siBJsieTcsi He TOJBKO HENPEPLIBHOH (PyHK-
uueit & Ha CR,, HO paxe Jlunuwuy-renpepoisroii: [p(§1) — p(&2)| <
< €1 = &|. Mpennmonoxum mpotusHoe: nyctb p(§1) > p(&2), U, cie-
HoBaTeJ IbHO, cyuiectyeT ¢ > 0, Takoe 4To

p(&1) > p(&2) + [€1 — & + 6. (12.1)

dto o3Hauyaet, 4TO KPYyr |z — &| < p(&) JMEXKHUT BHYTPH Kpyra

|z —&1| < p(&1) (puc. 27). Ho B o0liieit yacTH Tpex Kpyros: |z — 2| <

< Ry, |z —=¢&1] < p(&1) u |z — &| < p(&) Bce Tpu cTemeHHBIX psiia

CXOmATCS K OOHOH u TOH ke QyHKuuH f(z) € C°(|z — 2| < Rp).
o

CulenioBatesIbHO, CTENEHHOH psif ch(§2)(z—§2)" MOXKET OBbITb

n=0
NpOAOJ2KEH Ha 6OJ'II)HJYIO O6J'IaCTb, OH CXOOUTCA B Kpyre pagudyca
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Puc. 27.

p(&2), KOTOpBIE He meHbuie, YeM pAcCTOsiHWE OT &y MO TPAHHULBI
kpyra |z — 1| < p(&1), otkyma p(&2) = p(&1) — |&1 — &l Ho Torna
u3 coortHowenust (12.1) caenyer, uto p(§;) > p(&1) +d U, Tak Kak
0 > 0, mpuxogMM K TPOTHBOPEUHIO. DTO MPOTHBOpEYHE SIBUJIOCDH
CJIEJICTBMEM HAIIEro MPEINoJoKeH s 0 TOM, 4To p(&) He siBasieTCs
Jlunuui-renpepsiBHo#t Ha Cry. Utax: [p(&1) — p(&e)| < [&1 — &l

W3 Jlunmui-HenpepeIBHOCTH, OUEBUIHO, CJEAYET MPOCTO HEMpe-
PBIBHOCTB, a HempepbiBHast GyHKIHs p(§) > 0 Ha 3aMKHYTOM MHOXe-
ctBe |§ — 29| = Ry nmocturaer cBoe#l HHXKHel rpaHd, To ecTb 3&* :
p(&) = p(&*) nasa V€ € Cr,. Tak Kak 10 NpeInosoKeHHI0 BCe TOUKH
IPaHMLBl ABJAITCS NPaBUIbHBIMU, TO p(§) > 0 nns Beex & € Cpy.
CaenoBaresbHoO, p(£*) = pg > 0.

13 HepaBenctBa p(§) > po chaenyer, uto o¢yHKuus f(z2) =

o

= ch(z — 20)" ompemeneHa u B Kpyre |z — zo| < Ro + po. B

CHJ%TOTeopeMbI eIMHCTBEHHOCTH MOXKHO yTBEpXKIaTb, 4TO B KpyTe
|z — 29| < Rog + po omnpeseseHa ofiHO3HAaYHasi aHaMUTHUeCKast PYHK-
uusi, conagawouias ¢ f(z) B kpyre |z — zo| < Ry. CiaenoBatesbHo,
paguyc CXOIMMOCTH MCXOMHOIO CTelleHHOro psina He [y, a Ry + po,
YTO MPOTHBOPEUHT YCJIOBUSIM TEOPEMBbI.

K 3ToMy MpOTHBOPEYHIO MBI MPHIIJIM, TMPEANONOKHUB, YTO BCE
touku { € Cp, — NpaBU/IbHblE, 3HAYUT, HA FPAHULE KPYTa CXOLUMO-
ctu CR, uMeeTcs XOTs Obl OfiHa To4Ka £**, sBasiolLascs 0COOOH.

CnenctBue 12.3  Paduyc kpyea cxodumocmu psda onpedessem-
Cs paccmosiHuem om uexumpa Kpyea 0o bauxcatiuieti 0coboli mouku
moil aHaiumuueckol @QYHKYUU, K KOmopou cxo0umcs OaHHbLL
pA0.
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IMpumep 12.3. Hccredosame obaacme cxodumocmu psda no oco-
(0.0}

6ol moukam Qyrkuuu, k¥ Komopot cxodumcs pso Z (—1)”z2”.

n=0
PEIEHUE. HerpynHo mokasath, uto psin cxomurtest mpu |z| < 1 K
by f(2) =

prdeckoit mporpeccuu. OcoObIMH TouKaMu GYHKUHK f(z) SBJSIOTCS
2| 9 = =i, Jexallye Ha rpanule kpyra |z| < 1. [TosTomy pasnoxenune

byukuuu f(z) = o2
z

z =0 abcomoTHO cxomuTes TpH |z| < 1 u pacxomutest npu |z| > 1

3anaua 12.4. Hccaedyiime obaacmo cxodumocmu pﬂda no_oco-

5 Kak cymMma 0eCKOHeYHO yObIBaroLleH reoMer-

B CTENEHHOH psil B OKPECTHOCTH TOYKH

Ooim moukam Qynkuuu, Kk komopou cxodumes psd f(z Z an

OrBet: aGCOJIIOTHO CXOAUTCS NpH |z| < | U pacxogutcs mpu |z| l.

Ecau Tpebyercs pasnokuTh (GyHKIHUIO B psif Teisopa, 4yacTo He
yhaercsl yKasaTb OOLIMH 4JieH pasJioxKeHHS, HO MOXKHO BbIYMCJUTH
HECKOJIbKO MEePBBIX UYJIEHOB Pa3JsOoXKeHHs] U yKasaTb paguyC CXOAUMO-
CTH KakK PacCTOsIHHE OT LeHTpa pasJ/oxkeHHs1 N0 OsuxKaiiield ocoboi
TOYKH.

Ipumep 12.5. Bowuuciumo 4 nepsoix 4ieHa pasronceqHus QyHK-
uuu f(z) = pe) 8 pad Maxkaoperna u onpedesums paduyc cxodu-

mocmu psoa.
PEIIEHHUE.

1
——(z+...)3—i—...:————|—0 22 +3 z + ..

Panuyc cxomumoct R = 7, Tak kak OJrkaiiine K HYJIO OCO6bIe
TOYKH z = tim (KopHH ypaBHeHusi e + 1 = 0).
3angaua 12.6. Bowuucaume 4 nepsolx usena padroncenus QyHKuuu

f(z) = ﬁ 8 pad Makaopena u onpedeaume paduyc cxoou-
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mocmu psoa.

R SR ST T UOF T i
OTBeT.2 4z+82 482,R—\/1n (2 \/§>+4.
12.4. 3agauu AJjs caMOCTOSITEJbHOTO pelleHus .

1. Halinute paguyc cXOOMMOCTH psifa MO OCOOBIM TOYKaM (DyHK-
LIMH, K KOTOPOH CXOMUTCS PSML:
oo

a) Zz"; 0) Z#(z—%”

2. Haiigute nopsinok HyJsi Toukd 2z =0 pias QyHKUME:
a) f(z)=23¢""1 6) f(z)=22cosz— 2%

B) f(z)=2zsin(2?) + 2%(z — 2).
3. Touka zy siBisietcsl HysneM nopsiika k GyHkuuu f(z) u HyJeMm
nopsinka n GyHKuu# g(x). OnpenennTb xapakTep TOUKH zq AJIS

dyukuuit ) f(2) +g(2); 6) f(2)-g(2)?
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Bomnpocs! K 9K3ameHy

1.
2.
3.

4.
d.

ChopmynupyiiTe omnpeneseHusi MPaBUJABHOH TOYKH W 0COGO#H
TOYKH.

ChopmynupyiitTe onpeseseHde HyJs 2y 7 0O aHAJIHTHYECKOH
(PyHKIIUH.

JlaiiTe onpenesneHne HyMsl zg # OO MOPSIAKA M aHAJUTHYECKOH
(DYHKIIUH.

CoopmynupyiTe TeopeMy 0 HYJASIX aHAJUTHYeCKOH (DYHKLHH.
CoopmynnpyiiTe TeopeMy eIMHCTBEHHOCTH 3alaHHsl aHANUTH-
4yeCcKOH (DyHKIIUH.

38}1&‘-11/1 MOBBINIEHHOM CJI0XKHOCTH U TeopeTUuYeCKHe 3aaavu.

1.

CyluecTByeT M B OKPECTHOCTH TOUKH zg = 0 aHaJuTHYecKas

1
(hYHKIMS, TPUHHUMAKIas B TOYKax 2z, = —, n = 1,2,3,...
n

1 1 1 .
sHauenus 1,0,=,0, =, 0, 7,...? A B mpOKOJIOTOH OKPECTHOCTH

(|z] > 0). OtBer obocHyiiTe.

YKazaHue: BOCHOJb3yHTECh TEOPEMOH €IWHCTBEHHOCTH 3aja-
HUSl aHAJUTUYECKOH (DYHKLIMHU.

Haiinure Bce dynkumu f(z), aHaiuTHUecKHe B OKFGCTHO-

CTH TOYKH 2o = 0 W npuHHMMaIOLIMe B TOYKaX 2z, = —, N =
1 n

TLQ.

YKasaHue: BOCIOJNb3YyHTECh TEOPEMOH eNWHCTBEHHOCTH 3a1a-

HHS aHAJIUTHYeCKOH (DyHKLHH.

=1,2,3,... sHauenus f(z,) =

o0 n
[yets f(z) = anﬁ Mwmeer mu ¢yukuus f(z) ocoGyro
n=1

TOUYKY
a) B Kpyre |z| < 1; 6) B 3amKHyTOM Kpyre |z| < 1?

OrtBeT o6ocHYyHTE.

MoxeT /i1 aHanUTHYeCKasl ¥ He paBHasl TOXKAECTBEHHO HYJIO B
HEKOTOpOH o6sacTh (PyHKUUS UMeTb OECKOHEUHO MHOTrO HyJseH
B 3TOH obsactu? OTBeT oboCHYyiiTe.

§ 13. Psapn Jlopana
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13.1. Ilounarme paga Jlopana, obaacte cxomumoctu. Pac-
oo

CMOTPHM 0GO0OIIEHHe CTENEHHOro Psina Z cn(z — 29)" — psin Buna
n=0
+o00
Z cn(z — 2o)", KoTOpBIH HasbiBaOT psamom Jlopana.

n=—oo

[IpencraBum psn Jlopana B ciefyooiieM BUIE:

“+oo +o0o +oo c
Z cn(z —29)" = ch(z —zo)" + Z (z—;;o)” =
n=-—00 n=0 n=1
= P(z) + Q(z). (13.1)

[Tpu atom P(z) HasbiBawT npasussvroll wacmoto psina Jlopana, Q(z)
— enasHotl wacmoto psina JlopaHa.

[lepBoe cnaaraemoe B (13.1) mpencraBsisieT co6o0# CTeneHHOH
psil, TYCTb €ro paguyc CXOAHMOCTH paBeH Rj, To ectb P(z) €
€ C®(|z — 29| < Ry). Pacemorpum dynkuuio Q(z). Ilyers & =

1 = 0 o 1
= toria Q(z) = Q1(§) = nz_:lc_nf eC (]{\ < R2>’ rue

z

1

uepes o 0603HaueH PajuyC CXONUMOCTH IMOJYYEHHOrO CTENEeHHOrO
2

psima, orciona |z — zg| > Ry. Eciin Ry < Ry, To cyiuiecTByet 06/1aCTh,

B KOTOpOH ompenesenbl obe ¢yHkuun P(z) u Q(z) — koasyo
Ry < |Z—Z()| < R;.
I[Tpumensist K creneHHbM psigam P (z) u Q1 (§) Teopemy Abess u
ee CJIe[ICTBHS, MOJNyUaeM:
o0

1. Z cn(z — 20)" € C* B kosblle Ry < |2 — 20| < Ry.
n=—00

2. BuyTpu Kosbpla cxoguMmocTH psj JlopaHa MOXKHO IOUYJIEHHO
JU(epeHIHUPOBaTb U MHTErPUPOBATh J000€ YUC/IO0 pas, NpH
3TOM TIOJIyYeHHble PSIABl TaKXKe SBJAIOTCS aHAJUTHYECKHMH
yHkunsiMu B Koablie Ry < |z — zg| < Rj.

3. Besnuunna R; omnpeneasiercst koadduuuentamu psina Jlopana
{cn}22 ) IpH NOMOKHUTENBHBIX CTEMeHAX 2 — 20

T n . Cn+1

Ry =1/L, L, = nh_)ngo Vlen| wmu Ly = nh—>Holo o
a BenrunHa Ry — koa¢pduuuenramu psiga Jlopana {c_,}o2

NPY OTPULATEJBHBIX CTENEHSX 2 — z?:
T . C_n—

Ry = lim V/|c_p|, nan Ry = lim —* !
n—oo

n—00 |C,n|

’
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13.2. Pasnomxenue ¢pynkuuu B psaj Jlopana u ero enuH-
CTBEHHOCTb.
Teopema 13.1 Ecau ¢ynryus f(z) € C°(Ry < |z — 29| < Ry), mo
OHQ OOHO3HAUHO PA3A0NHCUMA 8 dIMOM Koavye & psald Jlopana:

+o0o

f(z) = Z cn(z — 20)".

n=—oo

JIOKA3ATEJIBCTBO. DUKCHPyeM MPOU3BOJNBHYIO TOYKY 2 BHYT-
pu koabua: (Ry < |z — 29| < R;) ¥ TMOCTPOMM OKPYKHOCTH
Cry ¢ |€ — 20| = Ry u Cgy ¢ |€ — 20| = Ry, ¢ ueHTpamu B ToUKe 2o 1
paaumycamu R u R, mpu atoM Ry < Rf, < |z — 29| < R} < Ry. Tlo
dopmysie Kowu /15 MHOrOCBSI3HOH 06/1aCTH MMeeM

1 1
f(2) = 5 J gf@zdu% J Ef(%df. (13.2)

C;g,l C}%
Haunem ¢ nepeoro unrerpana. Ha okpyxnoctu Cg : [§ — 2| = R
BBIMIOJIHSIETCS] HEPABEHCTBO ’z:—zg
NpeICTaBUTh B CJENYIOLEM BHAE, UCNOJB3YS (POPMyay CyMMBl Oec-
KOHEYHOU reoMeTPHUYeCKOH MPOrpecCHu:

< 1. Torna npobb

MO2KHO

1 . 1 . 1 1 . 1 Z <Z — Zo)n
E—2z (E—2)—(2—20) &—2 (1272 -2t~ \E—2n/
§—20
[ToncraBnisis mosyueHHoe pasJjioXkeHWe B MepBbld HHTerpas B (13.2)
¥ MIPOBO/IS TOUJIEHHOE WHTErPUPOBaHUE, MOJydaeM

GRS (2 — 2)"
| g3 | ro i

+ n +
CR/1 CR,1

[pUyeM HHTerpUpOBaHHE BO3MOXKHO B CHUJIy PaBHOMEPHOH CXOLMMO-
cTH psana no nepemenHo#t £. Torna

l o0
c -
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_ 1 f(6)
rnecn—Q—m, J (57(%’ n > 0.

- 20>n+1

c;,l

Terepp  paccmoTpuM  BTOpod  uHTerpas. Ha  okpyxHocTH

Cry : | — 20| = R, BbINONHsETCS HEPABEHCTBO ‘i:zz < 1.
1
[TosTomy npo6b £ MoxHO MpeICTaBUTh B BUJE
1 1 I O i(ﬁ—m)"
E—2z (E—2)—(2—2) z2—2 [_§-2 z2—2 “\z— 2 '
n=

z— 20

B pesynbTate MmousieHHOrO MHTEPUPOBAHHUS ITOrO psiia UMeeM
o0
1 f(6) C_n
— Ll dE = E — 0
omi J f—zi l(z—zo)"’n> ’
n=

rue

WN3menuB HampaBJ/eHrne 06Xoia KPUBOH, MOJyUYaeM:

c_nZQLm, J %d&, n> 0.

- ZO)—TL—',—I

Ry
[TonbiHTErpasbHble PYHKIHH B BHIPAXKEHHUSIX IJIsl C—p U Cp SBJSIOTCS
aHAJIUTHYECKMMHU B KPYTroBOM Kouiblie Ry < |z — zp| < R;. IlosTomy
B cusy TeopeMbl Kolliy 3HaueHHsi COOTBETCTBYIOIIMX HHTErpaJjioB He
U3MEHSITCSl TMPH MPOU3BOJNBHOH NedopMalkdHd KOHTYPOB HHTErpUpO-
BaHUS B 00/IaCTH aHAJUTUYHOCTH TOABIHTErPASbHBIX (DYHKUHUH. DTO
MO3BOJIsSIET 3aMUCATh €UHOe BhbIpaKeHHe NS KO3(P(PULUEHTOB Cp:

N G 041 49
Cn J(E—Zo)%ldé’n 0,+£1,+£2,...,

T 2w
o+
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rae CT — NpoM3BOJIbHBIA 3aMKHYTHIE KOHTYP, JeXallki B KOJIbLe
Ry < |z — 20| < Ry u comepxaumit TouKky 2o BHyTpH. Hrak, mis
pyHkuME f(z) MOXKHO 3amUCaTh LENOYKY PABEHCTB:

+oo
_ _ _ n
f(Z)—ch(z 20) —I—Z =) Z cn(z — 29)",

=0 n=-—oo

1
rge ¢, = 2— n+1 dé'
Tak kak z — MpOM3BOJIbHAsT TOYKA BHYTPH Kosblla Ry < |z —
+oo

— 20| < Ry, To psix Z cn(z — zo)" cxomutesi K f(z) BClofy BHYTpPH
n=—oo

JlAHHOTO KOJIbLla, MIPHYeM B 3aMKHYTOM Koublle R} < |z — 2| < R,

rie Ry < Ry v R} < Ry, pan cxomutes K f(z) pasHomepHo.

B urore, 06.HaCTbIO cxXomUMoCTH psifa JlopaHa siBJsieTCst KpyroBoe
Kosbllo Ry < |z — 29| < Ry, Ha rpaHHLax KOTOPOrO HMEeTCs XOTs
Obl 1O OIHOH 0COGOK TOUKe TOH aHAJIUTHUeCKOH (yHKuuu f(z), K
KOTOPOH CXOOMTCS AaHHBIH psifi (cM. Teopemy 12.3).

Ocrasoch [0Ka3aTb eIHHCTBEHHOCTb passoxkeHus. [lpen-
MOJIOXKHUM, 4YTO HMeeT MeCTO [pyroe pasjoxenue f(z) =

o

= Z ¢ (z—29)", rme xota Obl OAMH KO3(D(QHLUMEHT ¢, # cp.
n=—oo
[Ipu sTOM BCrOLy BHYTPH Kosblla Ry < |z — zg| < R; nMeer MecTo
o (0.0}

paBeHcTBO: f(z) = Z c(z—2)" = Z cn(z — z9)". TlpoBenem

n=-—00 n=-—00

okpyxHocTb CR panuyca R, rne Ry < R < Ry, c ueHTpoM B TOYKe

2. Torma psizsl Z c(z—2)" mu Z cn(z — 20)" cxomsiTes Ha
n=—00 n=—o00

CR paBHOMEpHO.
YMHOXMM 062 psina Ha (z — z9) "™ !, rae m — npousBoJbHOe
(bUKCHpOBaHHOE LieJl0e YUCJIO W NPOUHTErpupyeM MovseHHO. Pac-

CMOTPHUM [J11 HEKOTOPOro m HHTerpas J (z—zo)"_m_ldz. [Tou10-

. CR
XUB z — 29 = Re'?, nonydum

27

J (z—2)" ™ 'dz = R J e nmme gy = {
Cr 0

0, n#m
2mi, n=m



120 13. Pso Jlopana.

Torna nocJ/e no4seHHOro HHTErPUPOBAHUS CJeBa U ClipaBa oCTa-
HeTcs [0 OJHOMY CJlaraeMoOMy, 3HA4MT, AJII IPOM3BOJILHOTO ILIeJIOr0
M MMeEeT MeCTO PaBEHCTBO ¢, = Cp,, YTO MPOTHBOPEUHUT MPEAIIOJIO-
KEHHIO CYIIECTBOBAHUSI XOTSI Obl OJHOTO TAKOTO M, YTO C), # Cp.

Ipumep 13.1. Paszromume 6 psd Jlopana ¢yukyuro f(z) =

2
= (gkﬁ 8 ﬂpOI{O/LOI’I’LOLL OKpecmHocmu mouek:
zZ— z

a) z=2; 6) z=—i.
PEWEHME. [lpencraBum f(z) B BHIE CyMMBbI 3/leMEHTapHBIX APOOGEQi:

i+2 1 1
f(z) = (z—2)(z+1) T2 2t

=(z-2)""' =+
(13.3)

a) B okpectHocTH TOYKH z = 2 mepBoe ciaraemoe B (13.2) yxke
SIBJISIETCS YJIeHOM psina JlopaHa, Hajo npeo6pa3oBaTh TOJBKO BTOPOE
cjaraeMoe:

1 1 1

z+i z-2+i0i+2 (i+2)(1_(_§;22))

:z+2 ( z+2> ’

Oblia UCMoJMb30BaHa (opMysaa CYMMbl OeCKOHEYHOH reOMeTqueCKoﬁ
nporpeccru. Mtak, B MPOKOJOTOH OKPECTHOCTH TOUKH 2 = 2

oo

_ -1 (_l)n n
f(z)=(2-2) _;W(Z_Q).
6) B okpectHocTH TOYKM z = —i BTOpoe cjaraemoe B (13.3)

sBJsieTCs uJieHOM psifa JlopaHa, mpu 3ToM

1 1 _ ~1 -1 (z+z>
2—2_z+i—(2+i)_(2+i)<1_2+i)_i+2 < \i 2

) n=
WUTak, B NPOKOJOTOH OKPECTHOCTH TOUKH 2 = —i
- 1
f) ==+ —Zﬁ(z+i)”.
—i+2)

3amaua 13.2. Pasromume 6 psd Jlopana ¢ynkyuro f(z) =

1 +2¢
= M;ﬁ 8 NPOKOAOMOL OKPECMHOCMU MOUeK:
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a) z=2i 6) z=-—1.
(D"
Oreer: a) f(z2)=(z—2i)"" — 7;) Ty (z —2i)";
_ —1 - 1 n
HpMMep+123 3. Paavzoofcumb 8 pﬂd Jlopana ynkuuro f(z) =
7

= — B8 OKpecmHocmu mouxku z = Q.
GC=2G+1) p

. . 1
PEWEHUE. [lepefinem K mepeMeHHOH w = —, TOrJa HYKHO Oymer
z

pas3sioXuTh (YHKIHMIO B psin JlopaHa B MPOKOJOTOH OKPECTHOCTH
Touku w = 0.

it2 i+2 T B
(z—2)(z+i)_(l_2)(l+l-)_ Quw—1)(w—1i)

2 1 S n n 2 wn B
= <_(2w1)+(wi)>:w2 (;2 w _nz_;)i”“)_

_ Zz—n—Q (2n+1 _ ,L-—n—l) _

3anaua 13.4. Pasromume 6 psd Jlopana ¢ynkyuro f(z) =

= 1+—QZ 8 OKpecmHocmu mo4Ku z = o0
N (z—2i)(z+1) o

Orger: Z (2" — (=1)M).

IIpumep 135 Pasnoxcume 6 pad Jlopawa ¢yukyuro f(z) =
142

B (z —2)(z+1)
PEWEHUE. Llentp pasnoxenus sgech Touka z = 0. Torna

8 koavye 1 < |z] < 2.

f(z):(zi;)L(iﬂ):le_le:
- IR « S X Vi
(-3 (=) = E

rae TOYKHU BHYTPHU KOJibLa YAOBJIETBOPAIOT YCJIOBUAM

2]

1
2<1 };‘<1.
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3agaua 13.6. Pasaoxncume 6 pad Jlopana ¢yukyuro

fz) =

1+ 2i
(z=2i)(z+ 1)

n

8 Koavye 1 < |z| < 2.

N o (—D)"
OrTBer: _ZW_ZTL—H'
=0 =0

Ipumep 13. 7 Pa:moofcumb 8 pad Jlopana ¢ynxuyuro

2
f(z)= sin (': ) 8 npokosomoti okpecmrocmu mouxku z = 0.
z
PEIIEHUE.

>
(2n—1)! An—T7

_ sin(zQ) oz > n+1 z
f (Z) - 5 - 5 Z 2n _ 1)

3agaua 13.8. Passomume 6 psd Jlopana ¢yukyuo  f(z) =

_ cos(2?)

3 8 ﬂpOKO/ZOI’I’LOL'Z OKpecmHocmu mouUKU z = 0.
z

o0 4n—3

Otser: f(z) = Z (—1)”2(2n>! :

n=0

13.3. 3agauu g8 caMOCTOSATENbHOTO pelleHus .
1. Paznoxure dyukuuio f(z) B psg JlopaHa B MPOKOJOTOH

OKPeCTHOCTH TOUKH 2z = 0
sin z sin?z

a) f(z) =" 0 fe) == B f()="1
) f(2) = 2ez; a) f(2) = cosl; e)f(z):%;

Il —e77

x) f(z) = 3
Paznoxure pyukuuio f(z) B psia Jlopana B ykasaHHo# o6ia-
CTH:

1

AR IR

OKPECTHOCTAX TOUEK Z — 3; Z = OQ.

B KoJblle 2 < |z| < 3; B MPOKOJIOTBIX

1
6) f(z) = pa B MIPOKOJIOTBHIX OKPECTHOCTAX Touek z = 0;
z z
z=—1; z= ,00-
22—2+3
B) f(z) =
) f( ) 22 —32+42

OKPECTHOCTAX TOUEK 2 = 1; Z = OQ.

B Kousble | < |z| < 2; B mPOKOJOTHIX

r) f(z) = % B KoJble 1 < |z+2| < 3, B NpOKOIOTHIX

OKPECTHOCTAX TOUYEK Z = —1; zZ = Q.
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1
z) = ——— B KoJble 1 < |z+1 2.
n) f(z) ) ne I < |z+4i[ <2
e) f(z) = ——— B TNPOKOJOTEIX OKPECTHOCTAX TOUeK
2
(2 +1)
z=—1;, 2 = 00.
x) f(z) = 2sin —1 B MPOKOJIOTOH OKPECTHOCTU TOUYKH 2 =
=1.
3) f(z) = B MPOKOJIOTHIX OKPECTHOCTSIX Touek z = 0; z =

sin z
= 00 (BBIMHLIXTE TPU MEPBbIX HEHYJ/IEBbIX CJlaraeMbiX [VIaBHOU

yactu psina Jlopana).

1) f(z) = ctgz B mpokoJsoTON OKpecTHOCTH TOUKH 2z = O (BbI-
MULIUTE TPU MEPBBIX HEHYJEBBIX CJlaraeMblX [JaBHOH 4acTH
psna JlopaHa).

Bompoce K 3K3aMeHy.

1.

2.

Cdhopmynupyiite onpenenenue psiaa Jlopana. Kakosa ero o6-
JIaCThb CXOAMMOCTH?

CcopmynupyiiTe onpefnesneHue npaBuabHOH TOYKH. [IpuBenuTe
npumep.

. Chopmynupyiite onpenenenne ocoboil Touku. IlprBenure npu-

Mep.

CchopmynupyiiTe onpeneseH’e H30JHPOBAHHOH 0COOOH TOUYKH
OHO3HAYHOU aHAJMUTHYECKOU (DYHKLHHU.

CoopmynupyiiTe TeopeMy O NpeAcTaBJeHHH (YHKLUHUHA PSLAOM
JlopaHa.

3anuuuTte popmyay Aas Ko3(POUIHEHTOB pa3J/oKeHUs aHaJH-
THYecKoH (PpyHKuMHU B psn JlopaHa.

§ 14. OcoO6ble TOYKH OTJHO3HAYHOU (PYHKIMU
KOMILJIEKCHOU NepeMeHHO!

14.1. OnpeneneHne U30JHMPOBAHHOU 0COOOI TOUKM.
Omnpenenenne 14.1 Touka 2y Ha3vieaemcs U30AUPOBAHHOU OCO-
60l moukold ¢ynkyuu f(z), ecau cyuwecmsyem makxas okpecm-
HOCMb MOUKU 2y, 8 KOMOpPOU Hem Opyeux ocobvix mouex.

Hanpuwmep, nis ¢dyukuuu f(z) = — Touka zg = 0 siBasiercs
z

o . . 1
M30JIMPOBAHHON 0C000H TOUYKOH; AJist PyHKUHHK f (2) = ———— TOUKa

()

290 = 0 — HeusosMpoBaHHas ocobas TOYKA, TaK KakK CYIIEeCTByeT
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1
rnocJenoBaTeJIbHOCTb 0COOBIX TOYEK Zn = —, KOTOpasd CXOAMUTCA K
™

Touke 29 = 0, TO ecTb B JIOOOH OKPECTHOCTH TOUYKH zo = O cylie-
CTBYIOT 0COOble TOUKH, OTJIHYHbIE OT Hee.

dynkunio f(z) B OKPeCTHOCTH H30JHPOBAHHOH 0COGOH TOU-
KH 2z) MOXHO pas3ioXuTb B psin JlopaHa, CXOASIUMHACS B KOJb-
e 0 < |z — 20| < p(29), mpu 3TOM B caMo# TOUKe 2y (YHKLHS
f(z) moxer ObiThb He omnpemeseHa. [loBemenwe ¢yHkuuu f(z) B
OKDECTHOCTH TOYKH Z( ONpelensieTcsl IaBHOH 4yacTbio psina JlopaHa

o0

Cn
Q)= ——
(z — 20)
n=1
14.2. Knaccuukanusa wu30JMpPOBaHHBIX OCOOBIX TOYEK.
[Tyctb pyHKIMSA NpencTaBieHa psaioM JlopaHa B OKPeCTHOCTH H30-

+oo
JIMPOBAHHOH 0c000# TOUKH 2g: f (2) = Z Chn(z — z0)". PaccmoTpum
—o0

pasanyHble TUIIbl U30JUPOBAHHbBIX 0COOBIX TOYEK.

I. ¥Ycrpanumas ocobasi Touka
Onpenenenue 14.2 H3zoaruposannas ocobas mouka zg Ha3vi8aem-
¢ yempanumot ocoboil moukoi, ecau c_, = 0 dasn aroboco n > 0,
mo ecmo npasuivhas wacmo psoa Jlopana Q(z) = 0.
[Ipu 3TOM CylllecTBYeT KOHEUHBIH Mpese)t zli_)ngof (2) = co.

Ecau dyHKUMS He ompenesieHa B TOUKe 2y, HJH ee 3HaUeHHE He
COBMAjaeT C Cp, TO €€ MOXKHO NOOMpPEeAeNHTb, MON0KUB f(29) = ¢,
TeM CaMbIM Mbl TOJYYMM HENPEPLIBHYIO (DYHKIIHIO.

[Ipumep ycTpaHMMOH 0COGOH TOYKH.

sz
Dyukuus f(z) = —= HUMeeT yCTPaHHUMYH O0COOYI TOUKY zo =
z

= 0. [leficTBUTeJbHO, B 3TOH TOo4yKe (YHKIMS He OmpejeJsieHa, HO
. Sl 2

lim = 1. IlpencraBasin ¢yukuuio f(z) B BHUEE CTENEHHOTO
z—=0 Z

psifa, mosyyaem

sin z _li(—l)n L2nt1 —i(—l)n ,2n
z oz —~ n+1)! —~ (2n+ 1)V

oTkyna c_, = 0 s Bcex n > 0.

Teopema 14.1 Ecau ¢yukyus f(z) ssasemces anarumuueckoll 8
NPOKOAOMOL OKPeCmHOCmU ee U30AUPOBAHHOL 0co60l MOUKU %,
u |f(z)| < M & amou obracmu, mo zy — ycmparumas ocobas
mouka.

JIOKA3ATEJICTBO. Pasnoxum ¢ynkuuio f(z) B pan JlopaHa u
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pacCMOTPUM BblpaxKeHHe 1Jis KO3(D(UIUEHTOB €ero IJaBHOH YacTH:

| _
o= 557 | 116 (€= 20" d mpu > 0
T
C
B kauecTBe KOHTypa MHTerpupoBaHMsl BblOepeM KpYr paauyca p
C LeHTPOM B TOYKe Zg. Toria, chenas 3aMeHy & — 2o = pe'¥, d§ =
= ipe"?dp u yurs, 4To || = 1, MOJNYYHUM OLEHKY:

len|<p-M-p" 1 =0

npu p — 0. Tak Kak 3HaueHus c_, He 3aBUCAT OT p, TO c—p, = 0 npu
Bcex n > 0.

I1. IToaroc
Onpenenenue 14.3 Hzoaruposannas ocobas mouka zg QyuKyuu
f(z) nasvieaemcs noarocom nopadka m, ecau pso Jlopana QyHk-
uuu f(z) 8 okpecmuocmu amoil MOUKU COOEPHCUM KOHeUHOe HUC-
A0 4NeH08 C ompuuyamenvHoLMu cmenensmu, mo ecmo Q(z) =

“ C_
= " edec_, #0 > 0).
El(zzo) ede c_py #0(m > 0)

n—=
[Tpu atom li_>m f(z) =00, u dyHkuHio f(z) MOXKHO MPEACTABUTD
Z—r2)

¥(2)

B Buge f(z) = )™ rae ¢(z) — aHamuTHyeckast QYHKUHS W

¥(20) # 0.

o 1
[Ipumep oco6Goit Touku noswoc. Dyukuus f(z) = R UMeer
zZ—a
TOJIIOC M-TOTO MOPSIIKA B TOUKE 2o = .

Teopema 14.2 Ecau ¢yukyus f(z) asisemces anarumuueckol 8
NPOKOAOMOLL OKPeCMHOCMU ee UB0AUPOBAHHOL 0CO60U mouKu 2,
u|f(z)] = oo npu z — zy (Hesasucumo om cnocoba cmpemierus
Z K 20), mo zg — noatoc gynkyuu f(z).

JIOKA3ATEJILCTBO. [lo yesoBuio teopemst |f(2)| — oo mpu z — 2,
csenoBatesibHO, A4s Jgrdoro A > 0 cymectByet € > 0, yto npu 0 <
< |z — 29| < € BbimosHsIETCST HepaBeHCTBO | f(2)| > A.

J)

(0 < |z — 20| < e€). Hns 370l QYHKUHH CIPaBeAIHBO HEPABEHCTBO

Pacemorpum dyHkumio g(z) = — aHaJUTHUYECKYIO B 06J1aCTH

lg(z)| < — = M, 3Hauur, zp — ycTpaHHMast ocobasi Touka (PYHKIHH

g(z) (o Teopeme 14.1), u g(z) — 0 npu z — zp. Torma pyHKUHIO
MOXKHO TMPeNCTaBUuTh B BHIe ¢(z) = (2 — 29)™w(2), ¢(z) #0, m > 0,
OTKyJza

GO _ 1
f(Z) - ™ ¢(ZO) - SD(ZO)

(z — 20) #0.
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ameuanue 14.1 Touka zy, A8aArOUAACS HYlem NOPAOKA M OAs
3 14.1 T 0 0 o)
pynkyuu f(z), a6asemcs noAOCOM MO2o He nopsaoka OAs GyHK-

yuu g(z) = 2

III. CymecTBeHHO 0c0o0asi TOUKa
Onpenenenue 14.4 H3zoaruposannas ocobas mouka zg Ha3vi8aem-
cs cyujecmeenno ocoboii mouxou gynkyuu f(z), ecau pso Jlopana
¢yuryuu f(z) 6 okpecmuocmu smoii mouku codepxcum 6ecko-
HEeYHO MHO20 YAEHO8 C OMPUUAMENbHbIMU CMEeNneHamu Pa3HOCMU
Z — zg, MO ecmov OecKOHeuHoe HUCA0 Koapduuyuenmos c_, # 0,
n > 0.
Ipumep cyuiecTBeHHo 0coGoi Touku. Jas dynkuun f(z) = el/?
tTouka z = 0 — cyurecTBeHHO ocobasi.

[ToBeneHne aHaNMUTHUECKOH (PYHKLHH B OKPECTHOCTH CYLIECTBEH-
HO 0COOOH TOYKH ONHCHIBAETCS CJEAYIOLleld TeopeMoH.
Teopema 14.3 (Coxouxoco—Beiiepwmpacca) [as 1106020 Kom-
naekcrozo uucia B u awboeo € > 0 8 awboli n-okpecmuocmu
cywecmeento ocoboil mouku zy : 0 < |z — z| < n cywecmsy-
em maxkas mouka zj, 04l KOMOPOU BblNOAHAEMCS HepaseHcmaeo
f(z1) — B <e.
JIOKA3ATEJIbCTBO. IlycTb 2y — cylecTBeHHO ocobasi Touka (pyHK-
uun f(z). [lpeamosnoxum, 4To A/ 3aAaHHOTO KOMIJIEKCHOTO YHC/IA
B n ¢ > 0 cyuecrByer takoe 1y > 0, 4to mas Jjwo6oro z, yuo-
ByieTBOpstioero ycsaosuo 0 < |z — zg| < 19, BBIMOJIHSIETCS Hepa-
BeHCTBO |f(z) — B| > €. PaCCMOTpI/IMl BCIIOMOTaTe/bHY0 (YHKLHIO
9(2) = gy =g T 19 = gy <
BesuunHa. Otciona mo teopeme 14.1 Touka zo HB.HHeTCH yCTpPaHHU-
MO 0c060H TOYKOH (QyHKUHH ¢(z) U 3Ty (DYHKUHIO MOXKHO Mpei-
craButh B BHEe ¢(z) = (2 — 20)"p(z), tme ¢(z) # 0. Tak kak

— OrpaHHUYeHHas

f(z) = —= 4+ B = (2 —20) "p1(2), rne ananutuueckas QpyHKLHs

g(Zf
p1(z) = ) OrpaHHYEHa B paccMaTpUBaeMOH OKPEeCTHOCTH TOYKH
90 z

20, TO OTCIO[@ CJIEAYET, YTO TOUKA 2z ABJASETCS JHOO MOMOCOM, JTHOO0
npaBu/bHON Toukod (mpu m = 0) dyHkuun f(z). Takum oGpasom,
B pas3niokeHWH B psif JIopaHa B OKPECTHOCTH TOUKH Zz() KOHEYHOE
YHCJIO YJIEHOB C OTpPHLATEJbHBIMH CTENeHSIMH, YTO MPOTHBOPEUHT
OTpefiesIEHHIO CYIIeCTBEHHO 0c060# Touku. [TosydeHHOE MpoTHBOpE-
4He 0Ka3biBAaeT TEOPEMY.

3ameuyanue 14.2
1. B okpecmmocmu cyujecmeeqmo 0cobOl MOUKU 2y MOHCHO Bbl-
bpame makyto nocaedosamervrocms mouek {zp} — zg, umo nocae-
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dosamenvrocmo { f(z)} cxodumcs k arobomy naneped 3adanromy
qucay.
2. Ecau f(z) # 0 8 okpecmrnocmu cyujecmseenio ocoboil mouku

|
f(2)
cyujecmeerno ocoboli mouKkol.
CobepeM BMeCTe BBINIEU3JNOXKEHHbIE (DAaKTBl W MOJYUUM
KJaccU(pUKAMI0 H30JHPOBAHHBIX OCOOBIX TOYEK C MOMOLIbIO psna

29, mo 0aa Qynkyuu ¢(z) = mouKka zy mode ABAAEMCs

JlopaHa.
[lyctb 29 — u3osmMpoBaHHast ocobasi Touka GyHKuuu f(z). Ecin

B passioxkeHHH B psig JlopaHa TOH (PYHKUHH B OKPECTHOCTH TOUKH
zp (B xoubie (0 < |z — zg| < p(20)):
1. OTCYTCTBYIOT uJjieHbI C OTpPHLATEJbHBIMH CTEMEeHSIMH, TOrIa
29 — yempanumasn ocobas mouka f(z);
2. KOHEYHOE YHCJIO YJIEHOB C OTPHULATEbHBIMH CTEMeHsIMH, TOTAA
29 — noaoc f(z);
3. GECKOHEUHO MHOTO YJIEHOB C OTPHLIATE/bHBIMU CTENEHIMH, TO-
rua zg — cyujecmeenno ocobas mouka f(z).

K.HaCCI/ICbI/IKaLH/IH M30JIMDOBAHHLIX 0COOBIX TOUEK Ha SI3bIKE NIPEHEJIOB.

[TycTb 29 — u3osupoBaHHas ocobasi Touka GpyHKuuu f(2):

1. ecau B okpectHocTH 0 < |2 — 20| < p(20) Tpu 2 — 2o PyHKUHS

f(z) = co, |co] < 00, TO 2y — yempanumas ocobas mouxa
(2);

2. ecau B okpectHocTH O < |2 — 29| < p(20) Tpu 2z — 2o PyHKUHS
f(z) = o0, 10 29 — nomoc  f(z);

3. ecam B okpecTHOocTH O < |2 — 20| < p(20) IpH 2 — 2o PyHKLUHUS
f(2) He nMeeT KOHEUHOro /M OECKOHEYHOrO Mpenena, TO 2
— cyujecmeenno ocobas mouka f(z).

14.3. H3oaupoBaHHas ocobas ToOYKa z = OO.

Onpenenenue 14.5 Touka z = 0o f6843emMCA U30AUPOBAHHOL OCO-
60ti mouKoil 00HO3HAUHOL AHAAUMULECKOU QYHKUUL, eCcAu ClYuie-
cmeyem maxkoe R > 0, umo 0as awbolx 2z, yOOBAEMBOPAIOULUX
Hepagencmsy |z| > R, ¢yukyus f(z) He umeem ocobvix mouex,
Haxo0auwuxcs Ha Koneunom paccmosnuu om z = 0.

I. Touka z = oo HasblBaeTCsl YCmMPanumoi ocobol moukoil
pyukuuu  f(z), ecan B pasnokeHuu ¢GyHKuud B psig JlopaHa

+oo

f(z) = Z cnz" BCe ¢, =0 mpu n > 0, UIM eCclu CyLIECTBYeT
n—=—oo
KOHEeUHBIH mpenes f(z) mpu z — oo.



128  14. Ocoboie mouxu 00HO3HAUHOL YHKULUL KOMAAEKCHOL nepemeHrHou.

II. Touka z = oo HasbiBaercsi noatocom GyHkuuu f(z), ec-
an psan Jlopana ¢yHkuuu f(z) B OKPECTHOCTH z = 0O COLEPHKHUT
KOHEYHOE UHCJIO YJIEHOB C TOJIOKHTEJbHBIMH CTEMEHSIMH, TO €CThb

m

f(z) = Z cnz", (m > 0), nan f(z) — oo mpu z — 0.
n=—oo

III. Touka z = 0o Ha3bIBaeTCs CYujecmeeHHo 0coboll TOUYKOH
yukuuu f(z), ecaun psix Jlopana ¢yHkunu f(z) B OKpeCTHOCTH
Z = 00 COEpPXKHUT OGECKOHEYHO MHOTO YJIEHOB C MOJIOKHUTEJNbHBIMH
CTereHsSIMH z. DTO O3HadaeT, 4To MNpH 2z — oo (yHKuMs f(z) He
MMeeT KOHEYHOr0 HJH OeCKOHEUHOro mpefesa: B 3aBUCHMOCTH OT
BBHIGOpA MOCJEN0BATENBHOCTH {2, } MOXKHO TOJYYHTD MOC/IE0BATE b~
HocTb {f(z,)}, cxomsiuytocst K nr0GOMY Harnepel 3aIaHHOMY UYHCIY.

Mpumep 14.1. Hatimu sce ocobvie mouxku (8KkiOuas z = 00)
pynkyuu f(z) u onpedeaume ux mun, ecau 0ocobas Mouka uU30AU-
pOBaHHASL.

l —cosz 1

a) f(z) = W’ 0) f(z) = ﬁ; B) f(z) = o7,
cos (

1 —cosz QSiHQE
PEWEHHKE. a) f(z) = — = —3 57— - Herpynuo Bu-
sin“z 4sin 3 - COS 5

JIeTb, YTO TOYKU 2z = 27N, COOTBETCTBYIOLIHE Sin 5 = 0, sBasoTcs

YCTPaHUMBIMH 0COOBIMU TOYKaMH. TOUKH 2 = T + 27N, COOTBETCTBY-
z

jotue cos® = = 0, SIBAAIOTCS MOIOCAMH BTOPOTO MOPSAKA (ByHKIMU
f(z). CnemoBarenbHo, B JI0G0H OKPECTHOCTH TOYKH 2z = OO €CTb
opyrue ocobple TOYKH, [I03TOMY OHA He SIBJISIETCSI U30JIMPOBAHHOH U
He MOJAJEXKUT Hallled KJaCCU(UKALIUU.

6) Touka z = —1 obpaiiaer B HY/b 3HAMeHaTeJb apryMeHTa
KOCHHYCa, MO3TOMY 3TO ocobas Touka. Touku z, = —1 +

T+ 27N
SIBJISIIOTCST HYJISIMM [IePBOTO Mopsiika 3HaMeHare s (o6palilarT KOCH-

HYC B HYJIb) H, CJIEOBAaTeJIbHO, TMOJOCaMK mepBoro mnopsinka f(z),
NpUYeM TpU n — 00 z, — —1, MosToMy Touka z = —1 He sABJseTCS
. 1
usosnnpoBaHHou. [lpu z — 0o cos (—> — 1, 3HAUUT 2z = 00 —
z

+1
YCTpaHuMas ocobast ToukKa.

B) Pasjoxum QyHKUHIO e~ i
o0

* B pAf 1O CTeleHAM Zz: e = =

o

n n+2
— Z(—l)"% torna f(z) = Z(—l)”zn' . B nmannom cayuae
o ! !

n=0
0EeCKOHEYHO MHOI'O YJIEHOB C IMOJOXXUTEJbHBIMHU CTEIEeHAMHU, Y KOTO-
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pbIX KO3(D(HUIMEHTBl OTJIHUYHBI OT HYJs, MO3TOMY 2 = 00 — CYIle-
CTBEHHO oco0asi To4Ka.

Sagaua 14.2. Haiidume sce ocobsoie mouku (8KkAiouas z = 00)
pynkyuu f(z) u onpedesume ux mun (ecau ocobas mouxka u3oiu-
pPOBAHHAS):

0 f)=%% 6 j)=— 1

z 1] );
cos(—z_1

) f(z)zﬁ; ) f@)==
) ()= T o [(:)=ctg;
w) f2)= .

OrTBer:

a) z =0 — ycrtpaHuMmas ocobasi TOUKa; 2z = 00 — HEHU30JMPOBaH-
Hasi ocobast TOUKA; 2, = 5 -+ Tn — MOJIIOCHI TIEPBOTO MOPSIAKA;
6) z = | — HeusoJMpOBaHHas ocobast TOUKA;, z = 0O — YCTPaHH-

Mas ocobas Touka; z, = 1 + — moJitockl 1-ro mopsiaka;

T+ 21N
B) 2z = 0 — Heu3oJHpoOBaHHasi ocobasi TOYKA; 2 = 00 U 2 =
2
= ——— — noJitockl 1-ro nopsiaka;
T+ 21N

r) z =0 — yctpaHuMast ocobasi TOYKa; z = 0O — CYIIECTBEHHO
ocobas TOUKa;

n) z = —1 — cyulecTBeHHO ocobasi TOUYKa; 2 = 0O — yCTpaHUMasi
ocobast TOUKa;

e) zp = —; 2 = 00 — MoJICk 1-ro nopsifka; z = 0 — Heu3o0JH-
™

poBaHHast 0cO0ast TOUKA;
XK) z =0 — yctpaHumMas ocobasi TOUKa; z, = (27N — MOJIOCHI
1-ro nopsinka; z = 0o — HeM30JHUPOBaHHAs 0cobast TOUKA.

Ipumep 14.3. [lycmo mouka z = a A848€MCA CYU,LCMBEHHO OCO-
6ou moukoti 0ra pyukyuu f(z). Moxro au ymseeprcdams, umo u

ors pynkyuu g(z) = e MOUKa z = G A8AAEMCS CYULeCmeerHo

ocobotl moukoii?
. 1
PEmEHUE. Her, Hesbssa. Pacemorpum f(z) =sin(-) , y koro-
z
poii z = 0 — cyuecTBeHHO ocobasi Touka. Torma anst (QyHKUHH
g(z) = ——~« Ttouka z = 0 — HeusoJaMpOBaHHasI 0cobasi TOUYKa, TaKk

()

5 B.T.Bouskos, [.B. Munaes, U. E. Morunesckuii, B. }0.Ilonos, H. E. [llankuna
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1
KaK TOUKH 2, = — SIBJASIOTCS MOJMOCaMM (YHKUHH ¢(z), U 3THX

™n
To4YeK 6eCKOHeYHO MHOTO B Ji060# okpectHocTH 2 = 0.
Ipumep 14.4. [lycmo mouka z = a A848€MCA CYU,ECMBEHHO OCO-
6oti moukoii 045 f(z). Mosxro au ymeeprcoamo, umo u 011 QyHK-

uuu g(z) = f <l> mouka z = a A6AAeMCA CYuecmsenHo ocobot
MouKoiL? ‘

PEWEHUE. Het, Henb3si. PaccMoTpum, Hanpumep, noBefeHue (hyHK-
Ui sin <l) U sinz B Touke z = 0. Ias dyHKUMH sin (— OHa
cymeCTBegHo ocobasi, a sl (YHKUHUH Sin z — pery/sipHas TouKa.

3agaua 14.5. [lycmv mouka =z = a A8A5eMCS  NOAOCOM OAS
Qyukyuu  f(z). Moxno au ymeepmcdamv, umo 0as GyHKYUU
g(2) = ef?) mouka z = a asasemcs cywecmsenno ocoboii mouxoi?
6) Iycmo mouka z = 0o R8AAEMCA CYUECMBEHHO 0COO0LL MOUKOL
oaa gynkyuu f(z). Mosxcro au ymeepacdame, umo u 01 PyHKUUU

z o
g(z) = =%, n € N mouka z = 0o s8asemcs cyuwecmsesno ocobotl

MO4KOU?
8) I[lycmv mouka z = oo s8Asemcs Noaocom nopsoka k 0Oas
Qyukyuu f(z). Moxcro au ymeepxcdams, umo u 04 GyHKYUU

z
g(z) = =%, n € N mouxa z = oo sa8asemcs noiocom?
z

e) I[lycmo mouka z = a asasemcs noawocom 04 Gyukyuu f(z).
Moxcno au ymeepxcdams, umo u 0in Qyukuuu g(z) = e /=
mouKa z = a A6ASeMCS NONOCOM?

Oter. a) Ha; 6) Ha; B) Her, mpu n > k 370 Gyner ycTpaHuMas
ocobasi Touka, a npu n < k — moJioc nopsiaka k — n; r) Her, ato
CYILleCTBEHHO 0cobasi TOUKa.

14.4. 3agauu s CaMOCTOSTENbHOTO pelleHus .
1. Haiinure Bce ocoGeie Touku (BKawuas z = 00) hyHkuuu f(z)
¥ ONpeieJIUTe UX THM (ecau ocobasi TouKa H30JHPOBaHHASs):

) [ =15 6 £ =T 8 )=
0 0= D =

4 .
o fo)=1m W =2 9 fe)= g
W fE) = 0 [ =S ) ()=
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M) f(z):tf—:; H) f(z)zcos(z—12>; 0) f(z):sin(é);

n) f(z) = 22 sin (%) D) f(z):_zl); 0) f(z):“%;
) f(2) =etge—; y) f(2) =2 cte
¢) f(z)=zcosz; x) f(z)=2z" €.

2. Myets f(z) = ——. CyuecTByer /M Takasi MOCJeI0BATEJb-

HOCTb {2, } — 0, uro mocsenosarenbHocts {f (z,)} — 1? Or-
BeT 000CHYyMTe.

3. Ilyctb 2y — cylecTBeHHO ocobasi Touka mJsi GyHKUuH f(z).
Kakyto 0co0eHHOCTP MOXET HMeTb B 3TOH TOYKe (yHKIUS

g(z) = ﬁ? OTBet 0GOCHYHTE.

Bomnpoce K 3K3aMeHy.

1. Copmynupyiite onpesiesieHHe YCTPaHUMOH 0COOOH TOUKH aHa-
JuTHdecKod ¢yHkuuu. I[lpuBenure npumep.

2. CchopmynupyiiTe TeopeMy 00 YCTPaHUMOH 0COOOH TOUKe
20 7 00 aHAJUTUYECKOH (PYHKLHH.

3. Chopmynupyiite onpenesienre nojtoca. [IpuBenute nprumep.

4. CchopMyupyHTe U IOKaXKHUTE TEOPEMY O TOJIIOCE 2 # OO aHa-
JIUTUYECKOH (PYHKLIHH.

5. ChopmynupyiiTe omnpejesieHHe CYLIECTBEHHO 0COOOH TOYKH.
[IpuBenure mpumep.

6. Chopmynupyiite ¥ gokaxkuTe Teopemy  Coxoukoro-—
Befiepitpacca o cyliecTBeHHO 0COG0H TOUKe.

TeopeTnueckue 3agauy U 3aa4y NOBBIIIEHHON CJIOXKHOCTHU
1. TlpuBenute mpumep QyHKUHH ¢ 0COOOH TOUKOH 2( # 00, KOTO-
past He sBJsieTCsl U3onMpoBaHHON. OTBeT o6OCHYHTe.
2. IlpuBenute nmprumep (YHKLHH C 0COOOH TOUKOH 2y = 00, KOTO-
pas He sBJsieTcs uzonupoBaHHOH. OTBeT 0BOCHYyHTE.
3. lyere 2z, k= 1,2,3,...,m — TOYKH, B KOTOPBIX (PYHK-
. 2 .
sin (2° + iz + 2
s f(z) = %
z' 432 -4
21+ 29+ 23+ ... + 2.
1
4. MoxeT /i1 Tpefies1 MOCAeI0BaTeNbHOCTH  f(2,) = €2 mpu
COOTBETCTBYIOLEM BbiGOpe mocjenoBatesbHocTd  {z,} — 0
OBbITb PaBHBIM:
a) 1, 6) 2, B) 0; 1) 2i; n) oo. OTBeT o6OCHYyHUTE.

uMeer noJioc. Halinure cymmy

5
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§ 15. IlonaTue BbIYeTa B U30JMPOBAHHOU 0COOOH TOUKE

15.1. OmnpepneneHue BblYeTa (PyHKIMHM U OCHOBHAs TeopeMa
TEOPHUH BbIYETOB.

Hanomuum, 4to eciu 2y — U30/MpoBaHHAs ocobast TOuKa (PyHK-
unu f(z), aHaJUTHYECKOH B HEKOTOPOH MPOKOJOTOH OKPECTHOCTH
3TOH TOYKH, TO B 3TOH OKPECTHOCTH (PYHKUHIO f(2) MOXKHO enHH-
CTBEHHBIM 00pa3oM pasJyoKUTb B psin JlopaHa:

N 1 1)
n, —
f(Z) - Z Cn(z ZO) v Cn = omi J (5 _ Zo)n-Hdg’

rae CT — 3aMKHYTBI KOHTYD, COlepPKalMH eIHHCTBEHHYIO 0COOYI0
TOUKY Z(.

Onpenenenne 15.1 [Tycmo Ct — samxnymoul kKowmyp, codepxca-
wutl eOUHCMBEeHHYI0 U30AUPOBAHHYIO0 0COBYO MOUKY Zy U NPOXO0U-
Mol 8 NOAOKUMENbHOM Hanpasaeruu (Mo ecmb mak, 4mo mouka

n=—oo C+

1
zg ocmaemcs cresa). Toeda KomniekcHoe HuUCAO 5 J f(&)d¢
T

Cc+
Hasvieaemcs evtuemom pynkuyuu f(z) 6 mouke zy u 0603navaemcs
Buouwu[f(2), 20)-
3aMeTHUM, 4YTO

_ 1 /&) _ 1
c+ c+

B pasjoxeHuu (yHkuuu f(z) B psan JlopaHa B OKPECTHOCTH TOUKH
2o mpeacTaBisier coboi BbiueT GyHKUMH f(2) B TOUKe 2.

Teopema 15.1 (ocrosras meopema meopui 8viuemos)

ycmo f(z) — awnasumuueckas QYHKYUS 3a UCKAIOUEHUEM KO-
Heunoeo uucaa N uU30AUPOBAHHLLX 0CObbLX MOUeK 21, Zo, ..., ZN,
pacnonroxcerrolx snympu kowmypa C. Toecda

N
Jf(z)dz —2mi S Bunalf(2), 2.
n=1

C

JIOKA3ATEJIbCTBO. OKPyKHUM Ka)K1yH H3 H30JHPOBAHHBIX OCOOBIX
TOYeK 2z, QyHKUMH f(z) BHyTpH KOHTypa C' 3aMKHYTBIMH KOHTYpaMH
“Vn, HE CONEPXKAILIUMH BHYTPH APYTHX OCOOBIX TOUEK, KPOME z,. B
3aMKHYTOH MHOTOCBSI3HOH 00JIacTH, OrpaHHueHHOH KoHTypamu C' u
T, n =1, 2, ..., N, (puc. 28), dyuxuusi f(z) siBaseTcsi BCOLY
AQHAJUTHYECKOH.
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[Io Teopeme Kowu asst MHO- C
roCBSI3HOH 00J1aCTH

N
Jf(z)dz + Z J f(z)dz =0,

C nzl'}/n

(15.1)
rie KoHTYp C' MpoXoauTes mpo-
THB Y4acOBOH CTPEJIKH, a KOHTY-
pBl 7y, — 10 YacoBo#. [lepeHecs
BTOpoe cJjaraemoe B (15.1) B Puc. 28.
NPaBy0 YacTh PaBEHCTBA, OMe-
HSIB HampaBJieHHe 00Xona KOH-
TYpPOB 7y, ¥ HCIOJNb30BaB OIpe-
JleNleHUe BblUeTa, MOJNYUHM:

N
J'f(z)dz — 270> Bualf(2), 2]

C n=1

15.2. BblueT B KOHEUHOU M30JUPOBAHHOU 0COOON TOUYKeE.

[. TIlycth TOYKa 2y — ycTpaHuMas ocobas Touka. B astom
caydyae Ko3pduuueHT c_; B psige JlopaHa paBeH HYJIO, NMO3TOMY
Beiu[f(z), 20] = 0.

sin z
[Ipumep. BbI‘{|: ,O} =0.
II. Ilyctb TOYKa 2y — moJitoc mepBoro nopspaka. Torga

f()=ci(z— zo)_l + ch(z —20)",
n=0

f(2)(z—2)=c1 + ch (z— 20)" .

n=0

[lepexonst B mocsnefHeM paBeHCTBe K Mpefesy NpPU z — 2, 10JydaeM

lim f(z)(z—2) = c_;. Takum o6pa3om, B MoJIOCE MEPBOTO MO-
zZ—2)

psiiKa
Beiu [f (2),20] = lim f(2) (2 — 2) -

Z—r20
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[Tonyuum erue omHy (opmyqy AJsi MOJIOCA MEPBOr0 MOPSAKA.
_ e(2)
[lyets f(2) = o) ©(z0) # 0, a TouKa zy SIBJSIETCS HYJIEM [IE€PBOTO

nopsinka assi (z), To ecThb

1"

B (2) = (2 — 20) ¥ () + L

npuuem 1’ (zg) # 0.
Toraa zo ecTb MOJIOC MEPBOTO MOPSIAKA U

20)

(z — z0)2 + ..,

Boru[f(2), 20] = lim f(2) (2 — 2) =

zZ—20
_ zh_{rzlo 90(2) E/)Z”( Z;)) _ :Z/((ZOO)) ) (152)
(2= 20) ¥/ (20) + L5222 (2 — 20)" + .
COS3Z . COSSZ 3
[Tpumep 1. Boru . 1,1 = hrn1 —1 (z — 1)=cos’1 (ucnoJip3oBa-
_ ol 2 —

HUe TepBOH (HOPMYJIbI).
[pumep 2. Boiy o8 2 = lim o’z _ cos
. 2 492,-3 71322 +2 5

HUe BTOPOU (POPMYJIbI).
III.  Tlycth TOYKa 2y — moJioc nopsiaka m > 1. B atom cayuae

31
(ucnosb3oBa-

oo
_ C_m C—1 . n
f(z)_(Z—ZO)m—'—“.—i— Z—ZO+CO+z:lcn(Z ZO) ’
n—=

OTKyna

(z—20)"f(2) = com4 ot c_1(z—2)" " + ch(z — zp)"t™,

n=0

[Iponuddepenuupyem nocaenHee cooTHoumeHue m — 1 pas. Torza,
Tnepexofst K mpejeny Npu z — zg, NoJaydaem

lim L (= )" ()] = (= D,

OTKYyJa B IOJIIOCE M —TOI'0 MopsAaKa

1 dm—l

Boru[f(2), 2] = c—1 = lim [(z = 20)" f(2)] .

(m — 1)! z—2) dzm_l
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2z 2z
e . . d N2 €
[lpumep.  Bou|——,3i| = lim — |(z - 3i)"—| =
(22_'_9)2 z—3i dz (ZQ+9)2
2z : .1 — 67
= lim 4 [76 2} — 92 O] 3 31 = 661—1 6,1.
z=3i dz | (z 4 3i) (z+30)° |,_s; 108:

IV. Touka zg — cyurecTBeHHO ocobasi.

B sTom cayuae Bera[f(2), zg] = c—1 = ﬁ J f(&)d€ moxHo Haii-

c+
T NPSIMBIM BBIYHCJEHHEM HHTerpasa, Jubo Kak c_| B PasJoKeHHH
¢bynkunu B psn JlopaHa.

[pumep. Briu [siné ,0} = 1, TaK Kak

1 1 1
sin — = — — — +....
z oz 628
15.3. BoiueThl B TOUKe 2 = OO.

Onpenenenue 15.2 Boiuemom pyukyuu 8 mouke z = 00 HA3bLBA-
emcs KOMNAEKCHOe YUCAO, PABHOE 3HAYEHUID UHMe2paLa

- L J F(€)de,

2mi
o+

ede xoumyp C — npousdsonvHbLl 3aMKHYMbLL KOHMYp, 8He KOmo-
poco Qynkyus f(z) aeasemcs anarumuueckol u He umeem ocoboLx
mouex, OMAUUHBLY OM Z = OC.

CnenoBarenbHo, Beru[f(z),00] = —c_| B pasioxkeHHH (YyHKUHH
[e e}
B psig JlopaHa f(z) = Z ¢pz" B OKPECTHOCTH OECKOHEYHO yaa-
n=-—00

JIEHHOU TOYKH.

BaxXHO MOMHHUTBE: ec/u z = 00 — YyCTpaHUMasi ocobasi Touka, TO

BBIYET B HEH MOXKeET 6b1’fb oraunven ot 0.

[lpumep. f(z) = 1+ -, z = co — ycTpaHuMasi ocobasi TOUKa,
z

Boru[f(z),00] = —c_; = —1 #0.

Teopema 15.2 [lycmo ¢ynkyus s645emcs QHAAUMUYECKOU HA

8cell KOMNAEKCHOL NAOCKOCMU, 34 UCKAIOUeHUeM KOHeUH020 HUC-

AQ USOAUPOBAHHLLX 0C0bbix mouek. Toeda cymma 6cex Bvinemos,

8KAO4AA Bbluem 8 mouke z = oo, pasHa 0.
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JIOKA3ATEJILCTBO. Paccmorpum koHtyp C, BHYTPH KOTOPOTO Ha-
xoxsites Bce N 0coObix TodeK (yHKUMH f(z), pacrnosoKeHHBIX Ha
KoHeuHOM pacctosHud oT Todkd 0. Torma mo ocHOBHOH Teopeme
TEOpUH BbIYeTOB 15.1

N
Jf(z)dz —2mi S Busalf(2), 2.
n=1

C

Ho no ompenesieHuio BbUeTa B TOUKE z = OO 3TOT MHTErpas u
ectb —Bbru[f(z), 00]. CenoBaresnbHO, CyMMa BCeX BBIYETOB, BKJIIO-
yasi TOYKy 2 = 00, PaBHa HYJIIO.

Ipumep 15.1. Bouucaumo svivemor ¢ynxuyuu f(z) 6o ecex uso-
AUPOBAHHBLX 0COOLLX MOUKAX:

COS 2 1 1
a) f(z): 23 ’ 6) f(z)226271; B) f(z)zzg_zll;
r) f(z)=sinz-sin ot
PEIIEHUE. o8 2
a) OcoGeiMu ToukaMu GyHKUHK f (2) = 5 SIBJISIIOTCS] TOUKH 2 =
= 0 (nosmtoc 3-ro mopsifika) U z = 00.

1. d 1
Berua[f (2),0] = 5;lim —; (cosz) = —5.

21250 dz

[To Teopeme 15.2 Boru [f (z), 00| = 3

1
6) OcobbiMu Toukamu ¢(yHKUMH f(z) = ze—1 sBasiores z = |
1

u z = oo. Paznoxum ¢yukuuio f(z) = ze>=1 B psn Jlopana B
OKPECTHOCTH TOUKH z = | — CyIIECTBEHHO 0COGOH TOUKH (DYHKIIHH

f(2):

f(z):(1+(z—1))<1—|— Ly ! +)

z=1  9(z—1)7

Cymmupys koshoduuuentsl npu (z — 1)~! B pasnoxenun,
nosyyaeM, d4to Bera[f(z),1] = ¢ = g [To Teopeme 15.2
Boru [f (2),00] = —;.

B) Dynkuus f(z) = zg—lz“ = 29(11_22), nMeeT 0cOOble TOYKH

2=0,2=1,2z=-1, 2z = 0.
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PassioxkuM (pyHKLHIO B P B POKOJOTOH OKPECTHOCTH z = 0 —
TMoJII0Ca AEBATOrO MOPSAKA:

Kosdduuuent npu z~! pasen 1, sHauur, Beru [f (2),0] = 1.
B nmpocteix mosocax z =1 1 z = —1 BBIUETH pPaBHBI

Bbu [f (2), 1] = lim @ _ 1

z—1 29(1_22) 2’

Boiu[f (2),—1] = lim /——%- =—2.

Torna

Buaa[f ()00 =0 (14 (—3) + (=3)) =

. !
r) ®yukuus f(z) = sinz-sin — umeer nBe ocobble TOUKH z = 0
z

u z = 00. Mcnosb3yst pasnoxkenne QpyHKINHU sin z B psia MakJjopeHa,
noJyyaem

P 1 1 1

[Ipy MOYJIEHHOM YMHOXEHHMH PSIIOB MOJYYAIOTCS TONBKO YETHbIE
creneHu z, mostomy Bera[f (2),0] =0, Beru[f (2), 00] = 0.
3apaua 15.2. Bbmumume sbLUeMbL B0 8CEX UBOAUPOBAHHBLY OCO-

sin z 22

bblx MmouKax: @) —— 6) ——=, 6)

=7 254 [EE
OrBer: a) Bbm[f(z);Qz] = %62"; Bou[f(2); —2i] =

|
6) Bem[f(z);a] = msma -
B) Bera[f(2);i] = _TZ; Boa[f(2); —i] = %
Ipumep 15.3. Bowuuciumo soiiemor PyHKyuL tg 2 80 8cex U304uU-
pPOBaHHbLY 0COBLLX MOUKAX.

3 —2i.
4 b

sin z
PEWEHUE. PyHKuusa tgz =
Ccos z

, IO3TOMY €e O0COOBIMH TOUKaMH

m
ABJAIOTCA TOYKH § + TN — TMOJIIOCHI [IepBOro rnopsaka, Tak Kak 3To
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HyJM 3HaAMeHareJ st MepBoro mopsiaka (MPOM3BOAHASI 3HAMeHATe/si B
3THUX TOYKaxX He paBHa HYJ0). Bocmosbayemes dopmysoi (15.2):

. ™
- sin (5 + 7Tn>
Bou |tgz; - +mn| = —=— 4 = —1.
’ n (3 +mn)
—sm (= +7mn
2
Touka z = 0o — HeusoJHpoBaHHAs ocobas TOYKa, TaK Kak B

o 7T
JI060H ee OKPeCTHOCTH €CTh 0COOble TOUKU 3 + ™.

3anaua 15.4. Boiuuciume soiwemor Qynkuuu ctg2z 60 e6cex
U30AUPOBAHHBLX 0COObLY MOUKAX.

1
Orser: 5 B TOYKaXx % n € Z.

15.4. 3agauu AJd CaMOCTOSATENbHOTO pelleHus .
Haiinure Bbiuetsl (yHKUMM f(z) BO BCEX H30JHPOBAHHBIX 0COOBIX
ToYKax (BKJo4asi 6eCKOHEUHO yHaJeHHYI TOYKY):

eZ

1. f(2) = m;

2. f(z)= m
3. f(2) = m
4. f(z) = ,22:3—%12;

5. (2) = (jj:i;g

6. f(2) = sin:

7. f(z):sin;;

8. (2) = 236%;

11. f(z) = z3cos .

12. f(z) = ;
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13. f(z) = sin 2
14. f(z) = &
15. f(z) = ctgz;
16. f(z) = ctg’z

§ 16. Jlorapu¢pmuueckuii Boruer. Teopema Pyme. Yuciao
HyJleil aHAJINTUYeCKOU (PyHKIMU

16.1. Jlorapudpmuueckuit Boruer. [lycts f(z) € C™° Bo Bcex
TOUKaxX 00J1acTH ¢ 3a HcKjaroueHHeM [N 0COObIX TOYeK — IIOJIIOCOB,
u opyHkuus f(z) # 0 Ha rpanuue obnactu g. IlycTb Bce TOuKH rpa-
HUILBI Jg 00JIaCTH g MPaBUJIbHbBIE, U B HUX CYIIECTBYET MPOU3BOAHAS

pyukuun f(z).

!
Omnpenenenne 16.1 Pynxyus ¢(z) = / (zZ)
cs nozapugmuyeckoti npou3soonoi ¢yrkyuu f(z). Botwemol p(z)
8 ee 0cobbLX MOUKAX HA3LIBAIOMCS Jlo2apupmuiecKumu doviiema-
mu pynrkyuu f(z).

Teopema 16.1 Ocoboimu moukamu @(z) 8AHOMCS HYAU U NOAKO-
ca ¢ynkyuu f(z).
JIOKA3ATEJIbCTBO.

1. Ilyetb 2, — Hysab mopsinka ny GyHkuuu f(z), Torna

f(z) = (z = 2)"™ - fi(2),
rae fi(zx) # 0, ¥ TouKka zj SIBASIETCS MPABHJIBHOH TOYKOH
fi(z). Torna

= (In f(2))" nasvieaem-

_ N fi(2)
()O(Z)_ z— 2 + fl(Z)

3HaAuUT, 2z} SBJSIETCS MOJMIOCOM 1-ro mopsimka QyHKUHH ©(z) U

Beiu[p(2), 2] = ng.
%, rae Y(z) #

# 0, ¥ ToYKa 2}, BJSETCS NPABHJIBHON TOUKOH (yHKUHU 1 (2),

OTKYy/a
Pk ¥'(2)

(z—zr)  ¥(2)

CnenoBarenbHo, Boru[p(2), zx] = —pg (norapudmuyeckuil Bbl-

yeT B IOJIOCE PaBeH MOPSIAKY IOJ0Ca, B3SITOMY CO 3HAKOM

MHUHYC).

2. Tlyctb 2, — modtoc nopsifka py: f(z) =

p(z) =
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Teopema 16.2 Ecau f(z) € C™ 8o scex moukax obiacmu g 3a
uckaouernuem N ocoboix mouek — noarocos, pyukyus f(z) # 0 na
epauuye obracmu g, u 8ce MouKU epaHuybl 0g nPasUlbHbLe, MO

1 1€ 0 N

ogt

ede N — noanoe uucro nyred f(z) ¢ yuemom kpamwocmu, P

— MNOJAHOE YUCAO NOANCO8 f(Z) c yuemom f’LOpﬂdfCa noarocos
n p

k=1 k=1
OKA3ATEJIbCTBO. Ilo ocHOBHO#H TeopeMe TEeOpHUH BbIYETOB

M
J p(&)d¢ = 2mi Z Bou[p (2), 2m] =
m=1

ogt

N P
= 2mi (Z ng — Zpk> = 2mi(N — P).
k=1 k=1

T omi ) f(9)

ogt

B uacrhocty, ecan f(z) € C*°(g), To N = 1 J ') dg.

16.2. Ilpuanun aprymenra. /s pacCMOTPEHHOrO B TeOpeMe
16.2 nHTerpasa crpaBelJIMBO Clenyiollee mpeobpasoBaHue:

o | A = g [ dnlr©)+ g [ dlarg 1) =

271
ogt ogt ogt

= o Var[In[f(©)] ]|, + 5-Var[arg £(€) (ag+. (16.1)

2mi g+
3nech Var[f(£)] o6o3Hauaer uameHeHue (Bapualyio) (QYHKUHH TPH
o6xozie TOUKO# & 3aMKHYTOro KoHTypa dg* JledicTBuTebHAs (QYyHK-
uusi In|f(€)| siBasieTcss omHO3HAUHOH (YHKLHEH, MOITOMY ee Ba-
puanus npu o6xofie TOUKOH & 3aMKHyTOro Koutypa dg' pasua 0,
cseioBaTesibHO, nepBoe cjaraemoe B (16.1) paBHo Hymwo. Btopoe
cslaraemMoe TpeacTaBJsieT co00H MOHY0 BapHal|io apryMeHTa QyHK-
uuu (&) npu 06xoze TOUKOH £ 3aMKHYTOT0 KOHTypa g, leseHHYI0
Ha 27.
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Wrak, cripaBel/iuB npUHYUN apeymenma:
1
NP = g Varfarg(F()], |

l'eomerpuueckas wuHTepnperanusa. [306pasum 3HaueHus
w = f(z) TOUKAMH Ha KOMIJIEKCHOH TJIOCKOCTH w. IlOCKOJIBbKY
f(z) € C(dg), To npu mnoaHOM 00Xome TOYKOH 2z KOHTypa Jg
Ha KOMIIJIEKCHOH IIJIOCKOCTH 2 COOTBETCTByMIOLIAas €H TOuKa Ha
TJIOCKOCTH W ONHCbIBaeT HeKWH 3aMKHYTHIE KoHTyp C. Ilpu stom
Touka w = 0 MOxKeT OKazaTbCsl KaK BHe, TaK W BHYTPH 00JaCTH,

orpaHuueHHOH KoHTypoMm C. B mepBom ciyuae Var[arg(w)]‘c =0

(puc. 29). Bo BTOpOM cayuae Var[arg(w)]‘c = +27 - K (puc. 30),

y=Tmz @ v=Imw @

TN i

rz=Rez u = Rew

9

Puc. 29.

rie K — uuc/o mosHbIX 00X0H0B BOKPYr Toukn w = 0, KoTopoe
coBepllIaeT TOYKa w MpHU CBOeM JABHXeHHH mo KoHTypy C. Ilpu
3TOM TOYKa W MOXKET 0OXOAHTb TOUKY w = 0 KaK B MOJOXKHTEJIbHOM
HarnpaBJIeHWH, NIPOTUB YaCOBOH CTpesikH (TOrAa BeiOMpaeM 27), Tak
¥ B OTPULIATEJbHOM, 110 4aCOBOH CTpeJsike (TOraa BhiOMpaeM —27r).

Takum o6pazoM, pasHOCTb MeXAy TOJHBIM YHUCJIOM HYyJeH U Io-
J0coB GyHKUUU f(z) B 00J1aCTH ¢ OMpPeAessieTCs YHUCAOM 000pPOTOB,
KOTOpoe coBepiiaer Toyka w = f(z) Bokpyr Touku w = 0, mpu
TOJIO’KUTENBHOM 00X0fle TOYKOH 2 KOHTypa Jg.

Mpumep 16.1. Haiimu uucio Kopretl ypasHeHus

U(z) =2+ 422 -8:-1=0
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w=f(z)

S

y=Imz

v=Imw @

)

TN

Puc. 30.

8 rzpaeoﬁ noaynaiockocmu.

PEIEHUE.

Y.
/

\// u = Rew
C

r=Rez \
g

B cuny npuHuuna ap-
rymenta npu P = 0 umeem N =

1
= %Var [arg W ()] oot riae rpaHdia

00J1aCTH COCTOUT U3 MOJYOKPYKHOCTH
CRr ¥ ee JuameTpa, JexXxallero Ha
MHHUMO#H ocH (puc. 31).

[IpeoGpasyem ¢pyHkuuo ¥(z):

8

1 1
\Il(z):z5<1+—+—2——4—z—5)-

B CUJIy TOr'O, YTO apryMeHT MpOH3Be-

Puc. 31. JIeHUs] paBeH CyMMe apryMeHTOB, IIO-

JydyaeMm

1 2
arg(V(z)) = arg <25 (1 + -+ 2
z

= arg (2 )—l—arg(1+i—|—j

1
:5arg(z)+arg<l+z+?——4——5>.
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PaccmoTprM Bapualuio apryMeHTa Ha MOJYOKPYXKHOCTH U yCTpe-
MUM R K 0eCKOHEYHOCTH:

ng%o Var[al"g‘l’(z)]‘c =95 lim Var[argz]‘cR'i'

R R—o00
+ lim Var[arg(1+l+%_%_i>” _
R—o0 z Cr

[TepBriil mpenes paBeH 7, Tak Kak nepeMeHHasi 2 U3MeHsIeTCs 0T —100
no +ioo. Bropo#i mpenen paBen 0, Tak Kak Moja 3HaKOM arg CTOUT
(GyHKuHs, KoTopasi cTpeMutcss K | nmpu R — oo. CsemoBaTesibHO,

]%1_{20 Var [arg U(2)] o 57.

[lyctb 2z nBUKeTcs MO MHHUMOH ocH oT z = iR no z = —iR, TO
ecTb z = it, rae t — JNeHUCTBUTeJbHAA MepeMeHHas:

U(z) = W(it) = u(t) +iv(t) = t* — 1+ (> — 26> — 8¢)..
[TocTpoum rpauk ¢gyHkuuu. s sToro HakjaeMm TOUKH Mepece-
YeHUs1 KPUBOU
u(t) =t — 1
v(t) =15 — 213 — 8t
C KOOPAMHATHBIMH OCSIMU:
t*—1=0 = t==l,
P—28-8t=0 = t=42 t=0.

3amerum, uto u(t) ¥ v(t) OMHOBPEMEHHO B HOJIb He 06paIlaTCs,
3HAYUT, HA MHUMOH OCH y HUCXONHOH (DYHKLHUH HET HyJeH, U IpuMe-
HeHHe NPUHLHKINA apryMeHTa 3aKOHHO.

Ta6auua 1. K npumepy 16.1.

t | u
2 |15
1]10]-9
0 |-1
-1]10
-2115| 0
z=—iR
Orciopa  lim Var[argW¥(z)]| =~ = —3m, To ecTb BeKTOp,
R—o00 z=iR

HpOBelIeHHbIﬁ W3 HaydaJsia KOOpAWHAT N0 KpHBOfI, [NIOBEPHYJICA Ha YyroJi

—37 (puc. 32). CnenoaresbHo, N = %(577 —3m) = 1.
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v

Puc. 32. K npumepy16.1.

INpumep 16.2. Haiimu uucao kopreii ypasuenus V(z) =0 8 npa-
60li noaynaockocmu, 2de W(z) = 2" — 2z — 5.
PEWEHUE. B cuny toro, uro P = 0, U3 NpuUHIMNA apryMmeHTa cJe-

nyet, uto N = % Var [arg \Il(f)]‘a ,» TIe TpanHa 00/1aCTH COCTOMUT
13 nosnyokpyxkHoctd Cr U ee nuametpa (puc. 31).

IpeoGpasyem dyukumo ¥(z) = 2’ <1 - 36 - =

z z

TYMEHT MpPOU3BENeHUs1 KOMILJIEKCHBIX YHMCesJ paBeH CyMMe HX apry-
MEHTOB, TO

s (4 (1) -
:arg(z7) —i—arg(l —%—37) =Targ(z )+arg(1 _é_%)

[lepeiinem K mpeneny:

). Tak kak ap-

+

Cr

lim Var [arg ¥(z)]
R—o0

=7 hm Var [arg 2]
CR R—o0
. 2 5
i, varforg (1= 5 - )]

z

Cr
[lepBbIil mpesies1 paBeH 7, TaK KaK z H3MEHSITCS OT —i00 10 +

—+100. Bropoii npenen pasen 0, Tak Kak 1oj 3HaKOM apryMeHTa CTOUT

(yHKLHS, KOTOpasi CTPEMUTCS K enuHMLe NpH R — 00. 3HAUHT,

lim Var |arg ¥(z =T7m.
Aim_ Var [arg W(2)]|
[Tyctb z nBHXKeTcsi Mo MHUMOH ocu oT z = tR mo z = —iR.

Cnenaem 3aMeHy z = it:
U(z) = W(it) = u(t) +iv(t) = =5 —i (t +2t).
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Puc. 33. K npumepy 16.2.

3amerum, uto u(t) u v(t) OMHOBPEMEHHO B HOJIb He 0OpAIAOTCS,
3HAUMT, HA MHHUMOH OCH Y MCXOAHOH (YHKLHMH HeT HyJeH W NpHMe-
HEHHe MPHUHLKNIA apryMeHTa 3aKOHHO.
z=—1iR
Tak xak hm Var[argVU(z)]| = —m, TO BEKTOp MOBEPHYJICS
M0 4acoBO#H CTpeJIKe Ha yroa m (pI/IC 33).

Cunenosatenbo, N = %(77r —m) =3.

3angaua 16.3. Haidume uucio KopHeil ypagHeHus
P4t 423 -8:-1=0

8 Npasoti NOAYNAOCKOCMU KOMNACKCHOLU NAOCKOCMU Z.
Orser: 1.

16.3. Teopema Pyme. Bo MHOrux ciaydasix BbIYUCJEHHS
MOXKHO 3HauWTeJbHO 06Jerdyuthb Giaropaps teopeme Pyiie.
Teopema 16.3 (Pywe) Ecau oas ¢yukyutl f(z) u p(z) svnoa-

naromes ycaosus f(z), p(z) € C°(g) u \f(z)|‘ag > |<p(z)|‘ag, mo
NIf()+¢()]| = NI

JIOKA3ATEJIBCTBO. [las f{z) u F(z) = f(z) + ¢(z) BbimonHeHbl
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Bce ycsioBHst Teopembl 16.2. [leficTButensHo, f(z) € C*°(g), caemo-

BaresibHO, f(2) 5 He MMeeT 0COOBIX TOUeK, M TaK Kak
9

G| >l

dg dg

TO

2|, #0

Hanee, F(z) € C*(g), otkyna F'(z)|gy He MMeeT 0cOOBIX TOYEK,
U TaK Kak
PG|, = 1£() + 92
9

> 1|, ~ eI, >0

dg dg

TO

NIf +4l| = g=Varlarg(F + )]+ NIfl| = 5= Varlarg ()]

g
3aMeTHM, 4TO a
arga —argb = arg 7

H TaK KakK

a = |ale’®8% b= \b]eiargb, noJiyyaem

@ |a| z (arg a—argb)

== arg% = arga — argb.

b o€
Torna
NI +¢l| = NI = 5 Varlars(F +) —ars(D)]|, =
= %Var [arg ( )] ‘ —WVar [arg (1 + %)} ‘ag,

@()
f(z)

Typa 0g COOTBETCTBYIOLLAst €H NepeMeHHast w ONHUILET HEKOTOPYIO

Beenem dyukunwo w(z) = [Ipu 06xome TOYKOH z KOH-

3aMKHYTyI0 KpuBylo C, KOTOpas B CHJY TOrO, YTO |f(z)|‘a >
g

> |o(2)] 5, ETHKOM OymeT JexaTb BHYTPH HEKOTOPOro Kpyra

g
lw—1 < p <1, To ectb Touka w = 0 jexur BHe KpuBod C'
(puc. 34). CnenoBaTenbHO,

Var [arg (1 + ?)} )ag —0.
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v=Imw

) 1 u=Rew

Puc. 34. K reopeme 16.3

Ipumep 16.4. Haiimu uucao kopreii ypasuenus ¥(z) =0 6 yka-
3aHHOl obracmu:

U(z) =20 ~62+10, |z <1

PEWEHUE. TTonoxkum ¢(z) = 28 — 62, f(2) = 10, Torna Ha rpanuue
obmactu |z| = 1 Bemosnsiotes cootHowennst |p(z)] = |28 — 62| <
< |28 + 62| = 7. A rax kak [f(2)] = 10, 1o | f(2)| > |¢(2)].
dyukuus f(z) He ¥MeeT KOpHeH BHYTPH 006/1aCTH, 3HAYUT 11O TeOpe-
me Pyme N[f] ||z|<1 =0, orkyna N[lll] |\z\<1 = N[f] ||z|<1 = 0.
3amaua 16.5. Haiimu uucao xopretl ypasuenus V(z) =0 6 yka-
sannoti obracmu: W(z) = 2" — 623 + 22 — 9 6 kpyee |2| < 1.
OTBeT: HeT KOpHEH.

INpumep 16.6. Haiimu uucao kopreii ypasnenus V(z) =0 6 yka-
sannoti obracmu: V(z) =24 =323 -1, |z| < 2.

PEWEHUE. [onoxum ¢(z) = 24 — 1; f(2) = —32%, Torna ua rpanu-
Le 00JacTH |z| = 2 BBINOIHAITCS cooTHOWeHUs | (z)| = |2* — 1| <
<[+ 1 =17 u |f(2)] = |32%] = 24, 10 ects [f(2)] > |(z)|. B
cusy Toro, uto f(z) WMeeT 3 KOpHSI BHYTPH 0OJACTH, MO TeOpeMe
Pyuie nosyuaem

N[f] =3 = NIV ez

|z|<2

|z|<2

3amaua 16.7. Haimu uucao xopretl ypasuenus V(z) =0 6 yka-
sannoii obaacmu: W(z) = 22 — 523 — 2 6 kpyee |z| < 1.
OTBeT: 3 KOpHS.
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Ipumep 16.8. Haiimu uucao kopreii ypasuenus ¥(z) =0 6 yka-
3anHoU obaacmu:

U(z)=2'—52+1,1< 2| <2

PEWEHUE. Ilyetp N — d4ucsio KOpHeH ypaBHEeHHS B 3alaHHOM
KOJIblle, TOT/A

N (Y] = Ny [V] — N [Y]

1<|z|<2 |2|<2 l2|<1

3necb N| — 4ucaI0 KOpHeH B Kpyre paanyca 1, No — 4Hc/I0 KOpHeH
B Kpyre paauyca 2.

Jlns naxoxpmenus Ni nosoxum ¢(z) = 2* 4+ 1; f(z) = -5z,
TOrAa Ha TrpaHuue |z| = | BBIMOMHSIOTCS COOTHOLIEHHS |p(z)]
= |z4—|— 1| < |2'| 4+ 1= 2. B cuny Toro, uro |f(2)] = [bz| =
nonyyaem | f(z)| > [o(2)].

Tak kak GyHKuMs f(z) HMeeT OAMH KOpPeHb BHYTPH 00JACTH, TO
no teopeme Pyue

5,

1 p—
|Z‘<1 ‘Z‘<1

N1 [f]

=1 = N[

|2|=1

Jlist Toro, uto6hl Haiitu Ny, nonoxum ¢(z) = 1 — 5z, f(z) = 24,
torna |z| =2 |p(2)| = |1 —5z] < |5z| + 1 = 11. B cuay toro, uro
|f(2)| = |2*| = 1, Buinonnsercs coornomenue |f(z)| > |p(2)| u, Tak
Kak QyHkuusi f(z) uMeer 4 KOpHsS BHYTpPHU OOJACTH, MO TeOpeMe
Pyue

Ny [f] =4 = N [V] = Ny [f] =4.
|2|<2 |2|<2 |2|<2
OxoHuaTeJ bHO,
N |U = Ny |W — N; |W =4-1=3.
[ ]‘1<\z|:2 2 (Y] 12]<2 1l ]|z|<1

3anaua 16.9. Haimu uucio Kopueil ypasrenus z° — 62>+ 1 =0
6 obaracmu: a) |z| <1, 6)1<]z|<2.
OtBer: a) 2 kopHsi, 6) 3 KOpHS.
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16.4. OcHoBHag Teopema aare6pbl. BaxkHbiM ciencTBHEM
TeopeMbl Pylile siB/isieTCsl OCHOBHAS TeopeMa BbICLIeld aJjredpsl.
Teopema 16.4 [lorunom n-oii cmenenu umeem HQ KOMNAEKCHOU
NAOCKOCMU POBHO N Hyaell (¢ yuemom ux Kpamwocmu).
JIOKA3ATEJIbCTBO. [IpencraBum moJuHOM

F(2) =apz" +a12" '+ ... +an
B BHIE
F(2) = f(2) + ¢(2), tae f(2) = ap2", p(2) =a12" ' + ... + an.

CocTaBHUM OTHOLIEHHE

z a; 1 a, 1
f(z) ay =z ap %
Jlnst mo6BIX ag, aj ..., 4, CyLLeCTBYeT Takoe 3HaueHHe Ry, 4To ajs

MoOBIX 2z = R > R( BHIIOJHSIETCS COOTHOIIEHHE

0< “p(z) <1
f(2) |z|=R
B cuny teopemsnl Pyie
N|F =N .
[ ] |z|<R [f] |z|<R

Tak kak ¢yHkuus f(z) = apz" Ha Bcell KOMIUIEKCHOH MJIOC-
KOCTH MMeeT eIMHCTBEHHBIH m-KpaTHbIH HyJab — TOYKy z = 0, TO
N[F = NIfl|_ =n.

[ ] |z|<R [f] 2<R

16.5. 3agaum nyisl CaMOCTOSITEJNBHOTO pelleHHUs.

1. Ha#inute yucao KopHel ypaBHEHHS B MPaBOH MOJYIJIOCKOCTH:
a) 23—4z2°+5=0; 6) 2/ —22—-5=0;
B) 2245z -5=0; 1) 22-2:-5=0.

2. Haiigute yucsio KopHel ypaBHEHHS B yKa3aHHOW 00/acTH:
a) 20— 62 +32—1=08kpyre |z| <I;
6) e —4z"™ — 1 =0 (n — HarypaJjibHOe YHCJI0) B Kpyre |z| <
<1
B) 25 — 62+ 10=0 B kpyre |z| <1;
r) 24 —323 -~ 1 =08 kpyre |2] <2;

n) 23 +2+1=08Bkpyre |z| <3
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e) 2+ 22 +1=08Bkpyre |z] <2;

X)) 28 4+62410=0 B kpyre |z| < I;

3) 2 —5z+1=08Bxkomue 1<|z] <2;
) 2% — 82+ 10 =0 B koapie 1< |z| < 3.
COBET. BocnosbsyiitTech Teopemoit Pyue.

§ 17. BpluucineHue KOHTYPHBIX U onpeaeaeHHbIX
MHTErpaJioB ¢ MOMOUIbIO BbIYETOB

17.1. BplunciaeHHe KOHTYPHBIX UHTerpajoB. MHTerpasel 1o
KPUBOH Ha KOMILJIEKCHOH IJIOCKOCTH MOXKHO HAXOOUTb C MOMOILbBIO
OCHOBHOH TeOpeMbl TEOPHUH BHIYETOB.

IMpumep 17.1. Bouucaiumo unmeepan:

4% ez
a) J - 1alz; 6) J' dz.
|z|=2 |z|=2

PEIIEHUE. a) B o6/acTh, orpaHHYeHHYI0 KOHTYPOM, MOMAAAI0T 1Be
M30JIMPOBaHHBIE 0COOble TOYKU: 2 =% U 2z = —i. loTaa

J :—dz:2m' Briu 26 ;4| + Bbid ;—;—i =
z2+1 2+ 1 z2+1
|2

z|l=

el eTie .. )
=271 <2@ — 22> = 2misina ;

6) B oGsacTb, orpaHWYeHHYIO KOHTYPOM, MOMAaAaioT [BE H30JHPO-
BaHHble 0co0ble Touku: z =0 u z = 1.

1 1 1

“* 4z =27 | Boru Ze—Z;O + Bpru Zci;l =9 (l_e)_
1 -2z 1 - -2 2
|z|=2
3apgaua 17.2. Bowuuciume unmeepan J 723121 dz.
z

|z41|=0,5
OTser: —2m1t
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ez

(z —im)
|2[=2
PEMWEHUE. B obsacTh, orpaHuyeHHYI0 KOHTYPOM, IOMAAaeT OJHA

HU30JHMPOBaHHAaA ocobast ToOUKa z = T — IOJIOC N—HOTO rnopsaka:

Ipumep 17.3. Boiuucaume

e* . e* . e —27i
J de—QTfZBbI“I I:m,lﬂl _27{-1(’[’2,—1)' = (7’[,—1)'
|z|=2
3anaua 17.4. Boiuucaume unmeepan:
a) Z%sin ldz; 6) Z;dz.
z (2= 2)(z+3)
|z|=1 ' ' |z|=2,5
Orser: a) L 6) i

HNuorna yﬂogHee He HAXOMHUTb BBIUETH BO BCEX OCOOBIX TOYKaxX
BHYTPH KOHTYPa, a BOCIOJIb30BaTbCsl TEOPEMOH O paBeHCTBA HYJIO
CYMMBI BCEX BBIUETOB, BKJIOUasi OHECKOHEUHO yHAJEeHHYIO TOUKY.

22 4+3
5 dz.
2>+ 1

Ipumep 17.5. Boiuuciumo unmeepanr J

|z|=2
PEIIEHHUE.

5 5
J ZG—Jrgdz = —27iBbIu {%; oo] = 2mi.

22+ 1 2+
|2|=2
1
3anaua 17.6. Bowuucaume urnmeepan -7z
z—Z
|2|=2
Otser: 0.
17.2. 3agauu A8 caMOCTOSTENbHOTO pelleHus .
BoluncauTe uHTErpanbl (06X0x KOHTypa — B MOJIOXKHTEJbHOM
HarnpaBJeHUH):
X d 2
l. J SmSZ dz; 2. J 722; 3. J 267(12;
z (z—20) 25+ 2z
|z|=1 lz—2|=R |2]=1
-1 ! 1
4, J %dz; 5. J sin — dz; 6. J ——dz;
z z 25+ z
|2|= |z|=2 |2=2
1 1 1
7 5 3dz, 3 dz; 9. I dz;
2" +z 2241 2t +1
|2j=2 |2]=2
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1 .
zcos — dz; 12. zsin
z z—2
|2|=1 |z—2]=1

dz;

1
) zeztldz; 15. ctgz dz.
|z|=1 |z4+1|=1 |z|=1

BHa

17.3. BbiuncieHnue onpeneseHHbIX UHTerpaaoB. C MoOMOLIbIO
OCHOBHOH TeOpeMbl TEOPHUH BBIUETOB MOXKHO BBIYHCJSTb WHTErPaJibl

27

I =

J' R(cos z,sinx)dz,
0

rie R — pauuoHasnbHas (DyHKUHs CBOUX aprymeHToB. HMHTerpasel
TaKoTro THIIa MOTYT OBbITb CBE€IEHbl K UHTErpasiaM OT aHaJIUTUYECKOH
(PyHKLHMM KOMIIJIEKCHOH MepeMeHHOH MO 3aMKHYTOMY KOHTYpY.

Crnenaem 3ameHy

1
1dz z+ - : S
= drx=--=, cosx= Z  sinx = Z
iz 2i
Torna unTerpas npeobpasyercs K BULY
1 1\ dz
I=- R(z+—,z——)—,
1 z z z
|z|=1
rJie MHTerPUPOBaHHE BeNETCsl M0 KOHTYPY |z| = | Ha KoMM/IeKCHO#
MJI0CKOCTH.

Takoil vHTerpas MOXHO HalTH C MOMOLLbIO TEOPHUH BBIUETOB:

N
I =2m Z By [E(Z), Zk},
k=1

rne R(z)=--R(z+ -,z — —), a To4ku 2z, — ocobble TOUKU R(z),
z z z
Haxogsuipecsd BHYTPU €AUHUYHOTO Kpyra.
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2
d
Ipumep 17.7. Bowucaumo I = J 3733
5 1+ gcosx 1
iz ldz at 2z
Cnenaem 3ameny z = €', Torna dax = Fa cosx = . Torma
j J 1 dz 10 dz
3 3 N\ z 3 2, 10 '
2j=1 1+E<Z+Z) oot 2 Al
1
Oco0bble TOYKH 2] = —3 U 29 = —3 — moJiock 1-ro mopsinka,

npuyeM BHYTPb KpyTa MonajaeT ToJbKO nepBas u3 Hux. Cijenoa-
TeJIbHO,

I = 2miBera +;—% :20%#10 :5%.
2+ —z41 Q7 + — |
3 3 lo=mt
o2
dx
3anmaua 17.8. Boiuuciume J L
24 cosx
5 0
OtBer: —~.
V3

17.4. 3agauu s caMOCTOSITEJbHOTO pelleHus .
Briunciute onpeje/neHHble MHTerpaJibl, CBell UX K HHTerpajam
0 OKPYXKHOCTH |z| = 1 ¢ MOMOIIBIO 3aMeHbl TepeMeHHOH z = e'*:

2

dr
cosz — 5’

ro
3

dx )
10 — 6cosx’

o
3

dr
2 +sinz’

o
3

dr
J 5—sinz’
0
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2w

dx
sing —2°

0
Bomnpochel K 3K3aMeHy.

1. ChopmynupyiTe omnpenesieHHe BblueTa B KOHEUHOH H30JHPO-
BaHHOM 0CO00H TOYKe aHAJUTHUUECKOH (PYHKLHH.

2. ChopmynupyiiTe ompejesieHHe BblYeTa B OECKOHEUYHO YaAaJseH-
HOH M30JIMPOBAHHON 0COOOH TOUKEe aHAJUTHYECKON (DYHKIIHH.

3. 3anuwure GopMysy Ajst BbYHACAeHHs BbldeTa yHKUUU f(z) B
TMoJII0Ce 2o # 00 Mopsiaka m > 1.

4. ChopmyupyiTe OCHOBHYIO TEOPEMY TEOPHH BBIUETOB.

5. CchopmynupyiiTe TeopeMy O BblUeTax (YHKIHH, aHaJUTHUe-
CKOH Ha BCeH KOMIJIEKCHOH MJIOCKOCTH, 32 HUCKJIOUEHHEM KO-
HEYHOro yucsa 0COObIX TOUeK.

17.5. Teopernueckue 3agaud M 3aJa4¥l MOBBIIIEHHON CJIOK-
HOCTH.

. 1

1. Ha#inure cymmy BbiuetoB GyHKUuH f(2) = 57 n>2—
o

HaTypaJibHOE YMCJI0) BO BCEX M30JHUPOBAHHBIX 0COOBIX TOYKAX,

KpoMe GeCKOHEUHO YAaJeHHOH TOYKH.

2. Briuncaure HUHTerpaJibl (O6XO}1 KOHTYypa — B IOJIOXKUTEJIbHOM

HarnpaBJeHHH):
dz dz 24z
a) I 5 6) T o o6 B) — -
(*+1) (2 +22+45) (z°—1)
|z|=2 |z|=3 |z|=2
3. Beruucsure uHTerpassl (06X04 KOHTYpa — B MOJIOKUTEJBHOM
HarpaBJeHHH):
dz
a) J ctgzdz; 06) J tgzdz, B) J T
|z—1]|=3 |z—i|=2 |z—i+2|=5

§ 18. BpiuucieHnue HecoOCTBeHHbIX MHTerpaaoB I-ro pona
OT (PyHKLIUH JeHCTBUTENBHON NMepeMeHHO! C MOMOIIbIO
TEOpPUH BbIYETOB

[TycTp Ha KOMIJIEKCHOH MJIOCKOCTH JaHbl JBe 00JIaCTH g U §o,
umerolye o6y yacte. [lycth B obsacTv g 3agaHa OfHO3HAYHAas
aHanuTHyeckast QyHKuUs fi(z), a B 006JacTH gy — ONHO3HAYHAS
aHanuTH4eckast PyHKuusi fo(z), mpuyeM Ha o6iied dacTH oGsacTeit
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OHH TOXJECTBEHHO coBmajaimT. Torma quHKU,I/IH

_J fi(z), z€ g1,
F(z)_{f;(z% =

— aHaJMTHYecKas Ha 00J1acTH g| + go.

OTy (YHKLMIO Ha3plBAIOT AHAJMTUYECKHM IPOJOJIKEHHEM
pyukuun fi(z) (fo(z)) Ha obaactb g; + go.

CnpaBesiBo cienyoliee yTBepKIeHHe.

I[Tyctb Ha oTpeske [a;b] neHcTBUTEBHOM OCH = 3afaHa Herpe-
pbIBHA (YHKUHS HedcTBUTENbHON nepemenHod f(x). Torma B Heko-
TOpPOH 006/1aCTH KOMIJIEKCHOH IJIOCKOCTH, colepxKallell NaHHBIH OT-
pe3oK JeHCTBUTEJNbHOH OCH, MOXKET CYIIeCcTBOBaTb TOJBKO ONHA
aHajuTHYeckast PyHKUHst f(z) KOMIJIEKCHOH TMepeMeHHOH z, MPUHH-
Matomiasi 3Hauenusi f(xz) Ha [a;b]. B atom ciyyae dpynkums f(z)
Ha3bIBAETCH AHAJUTHYECKMM MPONOJIKEeHHeM [(I) B KOMILIEKC-
HYI0 00J1aCTh.

oo

18.1. BsluncieHNe WHTErpajaoB BHIA J f(x)dx .

— o0
Jlemma 18.1 [Tycmo ¢ynxuyus f(z) asasemes anarumuueckoi 8
sepxrell noaynaockocmu Imz > 0 3a uckaroueHuem KOHeEUHOEo
YUCAQ UB0AUPOBAMHBLX 0CODLLX moueK, U Cyuiecmsyrom makue
nosroxcumenvrole wucia M, Ry, §, umo 0as 8cex mouek sepxuell
noayniockocmu, yoosiemeopsarowux yciosurw |z| > Ry, evinoa-

Haemces ycaosue |f(z)| < ede § > 0. Toeda cyujecmsyem

| |1+5’

Rlim J f(&)dé =0, ede Cr — noayokpysmcrocmo |z| = R 8 obaa-
— 00

Cr
cmu Imz > 0.
JIOKA3ATEJIbCTBO. OTMETHM, YTO YCJOBHE PAaBHOMEPHOH OrpaHH-
ueHHOCTH |f(z)| OTHOCHTeJNbHO aprymeHTta mHpu |z| > Ry o3Hauaer,

4TO BCe 0COOBIE TOUKHU JieXKaT BHYTPH MOJNyKpyra paguyca Ry.
[Ipu R > Ry:

MnmR M~

S —0 mpu R — oc.

Jf(f)dﬁ < j| ()] dl <

Cr Cr

3ameuanue 18.1
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1. Ecau ycarosus semmot 18.1 soinosnenst 8 kakom-1ubo cexkmo-

pe p1 < argz < @9, mo lim | f(£)dé =0, ede Oy — dyea
R—o0
Cr

okpyxrcHocmu, rexcawas 6 cekmope {|z| = R; ¢ < argz <
< pa}.

2. Yenosus semmor 18.1 6ydym evinoanensl, ecau f(z) asasem-
CS AHAAUMUYECKOL 8 OKPeCMHOCMU MOUKU Z = 00, KOMopas

A6Asemcs HYAem He Huxce 8mopoco nopsdka ois f(z), mo
ecmov 8 okpecmHocmu z = 00 MOXHO Qynkyuio f(z) npeod-

cmasumo 6 gude f(z) = Kj) ede |(z)| < M.
z

Teopema 18.2 [lycmo ¢pynkuus f(x) 3adana Ha deticmsumenvHot

ocu —oo < x < 400, U Cyulecmayem aHAAUMUYECKAS PYHKUUS

f(z) 8 obaacmu Im z > 0, cosnadarouyas Ha OeticmsumervHoli ocu

¢ f(z), npu amom f(z) me umeem ocobvix mouexk Ha Oeticmsu-

meavHot ocu u yoosiemeopsem ycrosusm semmol 18.1. Toeda
o0

Hecobcmeer bl unmezpai J f(z)dx cxodumcs, u umeem mecmo

pasercmeo -
o0 N
J f(@)de =270’y Buaalf(2), 2],
o0 n=1

ede z, — ocobvie mouku pymukyuu f(z) 8 8epxHell NOAYNAOCKOCMU.
JIOKA3ATEJIbCTBO. PaccMOoTpuM 3aMKHYTBHIH KOHTYpP B BepXHeH
MOJIYTIJIOCKOCTH, COCTOSIIUE M3 ToayokpykHocTH Cr W nuUameTpa
—R <z < R, KoTopblll 0XBaTbiBaeT BCe 0COOble TOUKH (DYHKIUH
f(2). Ilo ocHOBHO# TeopeMe TeOPHH BbIUETOB

R N
J f(z)dz + J F(§)de = 2mi Y " Boru[f(2), 2n), (18.1)
R n=1

Cr

rae z, — 0coGble TOuKH (GDYHKUHH f(z) B BepXHEH MOJMYIIOCKOCTH.
[To nemme 18.1 Rlim Jf({)df = 0, a mpaBasi yacTb paBeHCTBA
—00

Cr
(18.1) He 3aBucHT oT R.
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[Tostomy, nepexons k npexenay B (18.1) npu R — oo, noaydnm

oo

N
J f(@)de = 2mi' S Buaalf(2), 2]
n=1

—0o0

3ameuanue 18.2

1. B amom cayuae ¢yukyus f(z) sasisemcs anasumuueckum
npodoasxcenuem f(x) HA BEPXHIOK NOAYNAOCKOCHD.
2. Ecau f(x) — uemnas qbymcuuﬂ U OHA ydoeﬂemeopﬂem ycao-

susm meopemot 18.2, mo J f(x)dz = mz Boru[f(2), zp).

3. [rs anarumuuecxoeo npodo/mfcenuﬂ f(z ) 8 HUMCHION NONY-
NAOCKOCMb MONHO CHOPMYAUPOBAMb AHANOCUUHYH meope-
My.
Ba)XHO MOMHHTD: JAHHYIO TEOPEMY MOXKHO MPUMEHSTb TOJbKO €CJH
Ha JEHCTBUTEJbHOH OCH HET 0COObIX Touek (yHKUuH f (2).

IIpumep 18.1. Bouucaiumos nHecobcmaertbie urmeeparol

—+o00 e’} 9
dx r“dx

a —_— 6 _

) J 1+2? )J1+x4
—00 0

PELIEHUE.
+oo

dx . 1 .

a =27 -Bpiu | ——,i| =7 uc. 35);
) J 1+ 2? [1+22 ] b )
—0oQ

Im 2z Im 2
Cr
)
—-R R Rez —R R Rez

Puc. 35. Puc. 36.
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T o T 2
z°dx 1 xodx . z 1+14
0 = — - = B — —
) J1+x4 QJ T m(mq o \@}
0 —00
22 -1+ 7r\/§
+ Boru [1 T == (puc. 36).
—+oo
dz
3agaua 18.2. Buiuuciume J 5 o -
(94 2%) (4+27)
0
i
OrTBer: 50
+00
IIpumep 18.3. Buiwuciumeo _dv
p p 18.3. T
0 1
PEWEHUE. Pacemorpum dyHkuuio f(z) = ——-, COBMALANLYIO

1+ 2™
¢ f(x) na nefictButesibHOM ocu. Torma HHTErpaj Mo 3aMKHYTOMY

KoHTypy I, cocrosiiiemy u3 L; — oTpe3ka aeHCcTBUTeNbHOH ocH oT O
27
no R, nyru oxpyxHoctd C, u Ly — painyca cekTopa Ajist ¢ = —
n
(puc. 37) paBen

Jf(z)dz:Qm'Bbm [%e_] S U URTY)
r ne'™ n ne n

(29 = €™ — nosioc 1-ro nopsiaxa).
C npyroiél CTOpOHHI,

Jf(z)dz: Jf(z)dz+ J f(€)de + Jf(z)dz:

r Ll Ch L2

R m0
:lﬂx)dw J F(€)de + ¢ if(rv)drv,

Cr

211

TaK Kak B TPeTbeM CjaraeMoM z = ze n , TO ecTb f(z) =
1

2mi
= f (l‘e n > = 71 n xne%i = 1 i 2" .
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Im z
HetpynHo BUmeTh, 4YTO mepBoe H C,

TpeTbe cJiaraeMnbie B CyMMe oarnT
R Ly 21

Jf(x)dx(l—eggi). 20 "
0

[Ipy R — oo BTOpOe cJaraemoe s
CTpeMHUTCs K HyJto (1o 3amevanuio 1 kK
nemme 18.1), nostomy us (18.2) nosy- L Rez
yaeM Puc. 37.
[e.e]
) 27i
- 27; = Jf(x)dx (1 —eT) =
ne- n
0
o0 .
= Jf(w)dwz— J._WQM = W —.
J (ne"n)(1—en) msinz
o0
dx
3anaua 18.4. Buiuuciume J —s.
242
| 0
OrBer: —52
25 3

o
IIpumep 18.5. Bowuuciums I = J ﬁdm, (0<a<).

—00

eaz
PEIWEHUE. Paccmorpum ¢yukumio f(z) = 1o SIBJISTIOLLYIOCST
€
aHAJTUTUYECKUM TPOAOJIKEHHEM TOABIHTErPaNbHON (PYHKLUHH HA KOM-
MJIEKCHYI0 MJI0CKOCTh. Bo3bMeM KOHTYp L B BHIe NpSIMOYroJbHHUKA
ABCD (puc. 38). Buytpu sToro koutypa y ¢gyHkuuu f(z) cyuie-
CTByeT ofHa ocobasi Touka z = 7%, HallleM B Hell BblUeT:

Bo(f (2), 7] = —— = = —¢¥™,

Tora J f(2)dz = 2mi - Bora [f (2), i) .
L
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Im 2
C 27 B
D A
-R 0] R Rez
Puc. 38.

OueHuM HHTerpasbl MO BepTHKaNbHbBIM cTopoHaMm AB u CD
npsiMoyrosibHUKa L:

f(2)dz| <
AB
. e e(Ftiy) e
< Z:R+Zy70<y<2ﬂ-’ 1+€z = 1+eR+iy eR_l <
2 R R
e 2mwe®
< dy = —0
= J eff —1 y e —1

f(Z)dZ < 1771% —0 pu R—> Q.
—e€
CD

Muterpan mno HUXKHEH CTOpPOHe MPSIMOYTOJIbHHKA paBeH

eal’

+e*

dx, a UHTerpaJ 1o BepXHeH CTOpOHe —

fu—

f(z)dz={z=x+2mi,—R <z < R}

|
%% :U%ZU

N ea(m+27ri)
= J 1+ex+27ridm
R

R

_ _ a2mi e*”

=—¢ J 1+exd:v. (18.3)
R
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[Tepexons k mpepeny npu R — oo B opmyie (18.3), monyyaem

2mie®™ T

elam _ | sin(ar)’

o0
eax
I = J dr = lim
1 + e” R—o00
—00

DJ%);U

3agaua 18.6. Buiuuciume
N 4T _ ebx
I= J ———dr (0<a<l, 0<b<).
1+e

—00

1 1
OtBeTt: 7 | — e :
sin(am)  sin(bm)
18.2. 3amauu gja caMOCTOSTEJNbHOTO pelleHus .
Beruncinte HecoOCTBEHHBIE UHTETPAJIBI:

+o0 +o0o +o0o
a)JLQ; 5) Jd—xQ; B) JLS
J (2 — 4z +13) (20 +2) (@)
(a2 1) d e 2)d o d
r) J M; 1) J (95+—)952dx; e) J .

18.3. Jlemma 2Koppana. Berumcienme uHTerpasoB Bua
oo

J el f (x) dx .

— 00

Jlemma 18.3 (XKopdana) ITycmo Qynkyus f(z) asisemca anaru-

muueckoil 8 8epxHeti NOAYNAOCKOCMU 3G UCKAHOUEHUEM KOHEeUHO20

UUCAQ UBOAUPOBAHHBLX 0COObLX mouek, u f(z) cmpemumcs K HYyAtO

pasromepro omrnocumervro argz (0 < argz < ) npu |z| — oc.
Toeda npu a > 0 sbinoansemcs coomuouleHue

R—o0
Cr

lim J e f(€)de = 0,

ede Cr — dyea noayokpyxcrocmu |z| = R 6 obaacmu Im z > 0.
JIOKA3ATEJILCTBO. [lo ycnoBuio mns qwboro € > 0 cylnecTByer
Takoe 3HadeHue Ry > 0, urto |f(z)| < € npu awboMm |z| = R > Ry.
3ametum, 4to € — 0 mpu R — oo.

6 B.T.Bouskos, [.B. Munaes, U. E. Morunesckuii, B. }0.Ilonos, H. E. [llankuna
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Cnenaem 3ameHy mepeMenHoil & = Re'® = R(cos¢p + isin ),
dé = Rie*dp.
[Ipu R > Ry > O BHINOJHSIOTCS HEPABEHCTBA:

Jeiaff(f)df _ Jeia(Rcosap—HRsincp)f(g) Riewdgo <

Cr Cr

a

n 2
< R J efaRsintp ‘f(é-)‘ dQO < €RJ€aRSin@dQP — 2€RJ€aRsin<pd(P.
Cr 0 0
Yy
_2
__1 y _7_T90
i Y=sinyY
l
I
T
0 z ¥
Puc. 39.
YuuTbiBasi, 4TO Sinp > ggp mpu 0 < ¢ < g (puc. 39) u a > 0,
noJiyyaem: T
. 2 _p G
QeRJe—aRSWahp < 2R J L Pl Ul it NN
0 0

npu R — oo (¢ — 0).
3ameuanne 18.3
1. Ecau ¢ynxuyus f(z) ydosremsopsem ycrosusm semmol XKop-

dana npu Imz < 0, mo npu a >0 P}im J e"E f(€)de = 0,
— 00

Cr
ede Cr — noayokpyscrocmo |z| = R 8 obaacmu Im z < 0.
2. Ecau ¢ynxyus f(z) ydosremeopsiem ycarosusm remmol XKop-
dana npu Rez >0, mo npu a >0 lim J e f(€)de = 0,
R—oo

Cr
ede Cr — noayokpyacrocmo |z| = R 6 obaacmu Rez > 0.
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3. Ecau ¢ynkyus f(z) yoosremeopsem ycrogusm semmol XKop-

dara npu Rez <0, mo npu a >0 P}im J e“gf(f)dg =0, ede
—00

Cr
Cr — noayokpymcrocmo |z| = R 6 obaacmu Rez < 0.

Teopema 18.4 [lycmov ¢ynkyus f(x) wa OdeticmsumenvHoli ocu
cosnadaem ¢ Qynkuueil f(z), anasumuueckot 8 8epxHeli NoAy-
naockocmu, Kpome, 6blmb MOHCEM, KOHEUHO2O YUCAA USOAUPOBAH-
HbLX 0cObbLX mouek, He umeem ocobbix mouex Ha OelicmaumenvHoul
ocu u ydosiemsopsem ycaosuam semmo. 2Kopoana 6 eepxrell
NOAYNAOCKOCMU.

o
Tocda npu a > 0 cywecmsyem unmeepan J e f (z)dx, u
—0o0

umeem mecmo paseHcmeo

o0

N
J e f (x) do = 2mi Z Bbiu [emzf (2) ,zn}, (18.4)
n=1

—0o0

ede z, — U30AUPOBAHHbLIE 0CcObble MOUYKU 8 8epXHeli NOAYNAOCKO-
cmu Imz > 0.

JIOKA3ATEJIBCTBO. Ilpu R > Ry pacCMOTPUM 3aMKHYTbIHl KOHTYp,
COCTOSIIIIMH M3 OTpe3Ka MeHCTBUTEJbHOH ocu —R < x < R u moay-
OKpY2KHOCTH |z| = R B BepxHedl mosymiockoctu (puc. 40).

Im 2z

Cr

-R R Rez
Puc. 40.

[To ocHOBHO# TeopeMe TeOpHUH BBIUETOB

R

N
J eiaxf(l')dlﬁ + J eiaéf(f)df = 2m Z BbI‘{[emzf(Z), Zn].
o Cn n=1

6%
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Ho, no nemme 2Kopnana Rlim J ei“ff(g)dg = 0, a mpaBasi yacTb He
—00

Cr
3aBUCUT OT R, cienoBaTesibHO,
o0 N
J e f () do = 2mi Z Bbru [emzf (2), 2n].
o0 n=1
o0
. cos(kz)dx
Ipumep 18.7. Boiuucaiumo Hecobcmaentblll urmezpar Paal
X a
0
ecau k>0, a>0.
PEIIEHUE.
oo 0 o
cos(kz)dz 1 cos(kz)dx 1 etk dy
2,2 9 5 5 —Re| g 2, 2|~
+a 2 ° +a 2 | 22+4a
0 —0o0 —o0
ikz —ka —ka
= Re | miBb1u %,ia = Re 7Ti6 . = 7T6 .
Z+a 2ia 2a
(o]
. cos’z dx
3anaua 18.8. Boiuuciume necobcmeenmblil unmezpai 79
xr° +

—0o0

Otger: ~ (1 + 6_6).

6
IMpumep 18.9. Bouucaiumos nHecobcmserHbie urMeepaLbl:
o0 o0
C— J SL‘2COS(a§C)de‘ - J’ :Egsin(a:c)dx (a>0).
- —2x+ 10 x—2x+ 10
—0o0 —0o
PEIIEHUE.

00 ) )
C+iS = J I B | 143 =
x* =2z + 10 z°—=224+10
—00
= ge*‘g“(l + 3i) - (cosa + isina).

Orcrona:

_ T _—3a : - _ T _—3a _ 2 .
C =Re 3¢ (1 +3i)(cosa+isina )| = 3¢ (cosa — 3sina);

™

S:Im(3

e3%(1 + 3i)(cos a + isin a)) = %673“(sina + 3cosa).
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IMpumep 18.10. Boiuucaumo nHecobcmeermble unmezpasol
o0

[oe)
rsinz dx 2sinz dz
a - 6 liinshelihssell
) J > +4 ) J zt+4
0 0
PELIEHUE.
[ee] o0 .
2) J rsine dr lIm J re'dr
0 —00
iz . —2 -2
= Im ( 27iBbiu ;e—, 21 =TIm ( 7 216_ = Ie ;
z°+4 2i 2
o oo o

3 . 3 . 3 ix
5) J:Esmxdx_l J xsm:zcdx_ll Jxe dz

- = = = — m —_—
2t +4 2 zt+4 2 zt+4
0 —00 —00
=Im (7w | Beru 2Pt 1+ 4| + Bbiu 2Pt -1+ — " cos
N A4 4 A4 4 2 '
3anaua 18.11. Buiuuciume HecobcmaerHolll urmezpan
o0
J x sin 2zdx
249
— 0
Otger: e ©.

(e ¢}
IIpumep 18.12. Joxasame, umo J Smxaxdx = gsgna (unmeepan
0

Hupuxare).
JIOKA3ATEJIbCTBO. Paccmorpum unTerpas npu a > O:
00 00 [
sin ax 1 sin ax 1 e
dr = = der=-Im | —dx .
x 2 x 2 x
0 —00 —00

B nanHOM ciydae momblHTEerpajdbHas (DYHKLUHS HMeeT 0cobyto
TOUKY Ha JIeHCTBUTENBHOH OCH, TI0O3TOMY HANpsMYIO HeJb3s MpHUMe-
HUTb TeopeMy 18.4. Bribepem 3aMKHYTbIH KOHTYp I, H300pakeHHbIH

waz
e
Ha (puc. 41). ®yukuus f(z) = —, ABIALLAACS AHATUTHIECKUM
. z
waxr

NPONOJI)KeHHeM (YHKLHH —— Ha BEPXHIOI0 MOJYIMJI0CKOCTb, B 06Ja-
T
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Im z

Cr

CE
N

-R R Rez
Puc. 41.

CTH, OFpaHH‘{EHHOfI KOHTYpPOM F, 0COOBIX TOYEK He UMeeT. 3HAUHUT
no Teopeme Komu

—€ R
eiaz eiaw eia£ eia§
r R € cr ct

[Tocnennuii unterpan no jemme 2Kopmana crtpemutcs K O mpu
R — oo. Cymma nepBbIX ABYX HHTerpasos npu R — oo u ¢ — 0
¢ eiam
CTPEMHUTCS K J Tdaz (B cMBIC/Ie TVIABHOTO 3HAUEHHS).
o '
Paccmortpum tpetu#t unrerpas. Tak kak £ = ce'¥ Ha KoHType (Y,

To ia ia
e
lim —d = — lim —df = —mi
e—+0 J 5 e—+0 J i §
c: cF
00 oo
sin ax 1 e 1 . T
3Hauwr, J - dx = §Im J Td:v = §Im(m) =g mpH a > 0.
0 —00

AnanornyHo paccmatpuBaetcst UHTerpasn npu a < 0.

18.4. BbruucieHne HeCOOCTBEHHBIX WHTETPAJOB C OCOOEH-
HOCTSAIMM Ha JE€HCTBUTEJbHON OCH.
YrBepxpuenune 18.5 [Tycmov ¢ynxuus f(z) yoosremesopsem ycio-
suam meopemol 18.4 u umeem Koweuroe 4uUCAO NPOCMbIX NOAIOCOB
Ha Odelicmeumenvroli ocu. Toeda 8epHo paseHcmso

—+00

J f(x)de = QWZZBbIL{ )s Zn +7TZZBqu 2), 2k,

—00
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2de z, — ocobvle mouku gynkyuu f(z) 6 sepxretl noayniockocmu,
2|, — npocmole noArCuL Ha OelicmeumenbHot ocu.

Jlns noxasaTesnbCTBa 3TOrO YTBEPXKIAEeHHS OyldeT HCIOJb30BaHa Clle-
Ayollas JeMma.

Jlemma 18.6 Ecau z = zg — noaroc nepsoco nopadka QyHkuuu
f(z), mo unmeepan

J f(z)dz = mi - Bora[f(2); 20],
Cp

ede C, — noayokpyxcrocmo, npedcmasiennas Ha puc. 42.

JOKA3ATEJNILCTBO. IlycTh ToOuka

z = zg — nogoc l-ro mopsigka Im 2
f(z). Torma B OKpeCTHOCTH TOUYKH
20 (DYHKLHIO MOXHO TPEACTABUTH B G
c/IeflylolleM BHe: /70\
a &
f) = 2 (o) S Res
Prc. 42,
rae g(z) — aHaauTHUYecKas (YHKLMS B OKPECTHOCTH TOUKH 20, &
3HaueHue a = Boru [f(z); zg]. Torna
adz
J f(z)dz = Jg(z)dz—l— J ,
Z— 20
2 Cp Cp
rie, nosarasi z = zg + pe'?, noaydaem
0
adz ape'¥id .
J :J P - (p:—ﬂ'l(l:—ﬂ"BbI“I{f(Z),ZQ]
zZ—2p pe*¥
C, m

[lycts M = max|g(z)| B paccMaTpiBaeMoil OKPECTHOCTH TOYKH Zp,
TOra

Jg(z)dz <mpM — 0.
p—0
Cp

OTCIO,H,a foJqydaem

Jf(z)dz s —rBora [f(2), 7).

p—0
Cp
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BunHo, 4To BKJIaA B MHTerpas B Ba pa3a MeHbllle, UeM OT I0Ji0Ca,
TMONAaBILUEro BHYTPb 3aMKHYTOTO KOHTypa. [loaTomMy uHOrma ucmosb-
3yeTcsl TEPMUH «IIOJYBBIYET».

Tenepp nokaxem yTBepxkneHue 18.5.
JIOKA3ATEJIbCTBO. Paccmorpum koHTyp I, mpencraB/ieHHBIH Ha

[ L.

1,
NI
—R Z] Z9 2, R Rez

Puc. 43.

puc. 43, cocrosiuui u3 nosayokpyxHoctd C'r paguyca R B BepxHeH
MOJIYTIIOCKOCTH, TOJYOKpyKHOCTeH 'y, pamuMyca r ¢ LEHTpaMH B
noJirocax AelCTBUTENbHOH OCH U OTPEe3KOB AeHCTBUTeNbHOM ocH ['g,
COeAMHSIOUINX MOJYOKPYKHOCTH. Torna no tTeopeme Koiiu o BeigeTax
nMeeM

iﬂz)dz:é {f(z)dw[;i:if(z)clw Lf(z)dz:
N

= 2mi Z Boru [f (2), zn] .

[Tepexons k npeneny npu R — oo, r — 0 ¥ npuHHMas BO BHHUMaHHe
COOTHOLIEHHSI

R—oo
Cr | Ry

lim Jf(z)dzzo  lim J J(z)dz = —2Bu[f (). 2]

nojgydaeM Tpebyemyto Gopmyay.
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IIpumep 18.13. Boiuucaumo

+00
J sinz dz
22 =5 +6
—00
PELIEHUE.
+o00 +o00 .
sinx dx edx
S s Im S s
z° -5z +6 z° -5z +6
—00 —00

=Im <7Ti (B%Iq {mﬂ} + Bbru [m, 3])) =

24 3¢
=Im <7ri <i—1 + %)) = Im (73 (—cos2 — isin2 + cos 3 + isin 3)) =

=7 (cos3 —cos2).
OTMeTHM, 4TO Y MOAbIHTErPANbHOM (PYHKLHMH HET APYTHX 0COOBIX
TOYEK, KPOMe TOUEK Ha HEHCTBHTENBHOH OCH.

“+o0
rcosx dx

3apaua 18.14. Buiuucaume J .
z°—bx+6

Orser: 7 (28in2 — 3sin 3).
IMpumep 18.15. Boiuucrumos nHecobcmaennole unmeeparol:

o0
- 2 42
J sinz dr 5 I J:p b” sinax d:v.

a) I=|———; ——
) z(z? + 1) 2?2+
0 0
oo 00 )
inx d 1 d
PEWEHUE. a) [ = w = -Im 62733.
r(z®+1) 2 x(z”+1)
0 —00 )
r
AnanuTHyeckum [IpoaO0J/I2ZKEHHUEM (Zt)YHKLLI/II/I — Ha KOM-
x(zm+1)
1z
NJIEKCHYIO MJIOCKOCTDb SIBJISETCS (PYHKLHA ﬁ, HMMelolast OLUH
z(z° +

noJioc z = 0 Ha HeHCTBUTENBHON OCH M OAMH MOJIIOC 2z = I B BEPXHEH
nosymaockocTH (puc. 44). Torna

J@de = miBbru ;37;0 + 27iBbIu (;7;2' =
z(z 4+ 1) z(z+ 1) z(z+ 1)
C

= i — mie L.
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Im z

A
R O R Rez
Puc. 44.
|
Otcrona ncxonHeldl uHTerpan I = g ( — E)'

7 2 2 : T 2 2 i
o) [ = | L Ty gy | 20 gy
22+ v? T 2

AnanutnyeckuM mnpopo/keHueM (yHKuuM f(r) = —— - — Ha
xz

KOMIJIEKCHYIO TJIOCKOCTb siBasieTcsi (yHKuus f(z) = e
z5 4+

z
uMeromiasi onuH noJioc z = 0 Ha OelCTBUTENBHOH OCH U OIUH MOJIOC
z = ib B BepxHel mosynjockoctd. Torna

1 . 22— e . 21 eF
I = §Im (mem |:22—‘|-b2 . 7; O] + 27iBb1u |:22—‘|-b2 . 7; | | =
™ —ab
=—= e .
5 +7
18.5. 3agauu g caMOCTOSATENBHOTO pelleHus .
Beluncnnte HecoOGCTBEHHBIE UHTETPAJIbI:
—+00 —+00 —+00
cos 2zdx coszdr coszdr
O B T e R
J x+1 (x* 4+ 1) 4 ax+1
—00 —00
+oo +0o0 +oo
T sin xdx x sin 3zdx T cos xdx
D | = N | 355 ¢ S o )
J +1 x°+2x+ 2 - —2x+ 10
0 —00 —00
—+00
[ cosz dx
}K) 27-
J z©—5x+6

—00
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§ 19. BbluucneHue MHTErpaJoB OT HEOLHO3HAYHbBIX
pyHKIMT

19.1. UHurerpasnl Buga J z? 1 f(x)dx, 0 <a<1.
0

IIpumep 19.1. Joxkazams, umo

0 . n
J:E“_lf(m)dx = %ZBH‘{ [za_lf(z), zk], O<a<l,
0 k=1

ecau f(x) moomcem 6voimv aHaiumuuecKku npoOOANEHA HA BCIO
KOMNACKCHYIO NAOCKOCHb.

[lycte aHanuTHYecKoe mpomoskeHue f(x) siBasieTcss OfHO3HAY-
HOW aHaJUTHUYECKOH (pyHKUHEH, 3a HUCKJKUYeHUeM KOHEeUHOrO 4Mca
U30JIMPOBAHHBIX OCOOBIX TOUEK, He JeXKallluX Ha MO0JO0XHUTeJbHOH
4acTH JeHCTBUTEJbHOH OCH, 2 = OO SBJ/SEeTCS HyJeM He HHXe Mep-
BOTO MOPSAKa, a Touka 2z = 0 sABJsieTcs YCTPaHUMOH 0COO0H TOYKOH

pyukumu f(z).

Puc. 45.

Paccmotpum dynkmuio ¢(z) = 2%~ f(z). Buyrpu kourypa I,
MPEeACTaBJEHHOTO Ha pHC. 45 OBYyMSl OKPYXKHOCTSIMH paguycoB R
M € U IByMsl OTPe3KaMH MPSIMbIX, 1)(z) SIBJISETCS aHATHUTHYECKUM
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npogo/keHneM f(x), mpHYeM OHa OHO3HAYHA, U ee 0COOble TOUKH
COBMAfAT ¢ 0COOBIMU TOUKaMH f(z)

€

Jw(ﬁ)d£=1fma‘1f(w)dm+ J 11 (€) d€+J£“ f(€)de+

T C+ R

J ¢l f(&)de = QWZZBbI‘{ “Uf(2), 2]
o
PaCCMOTpHM Ka}K,ZLbII/I W3 MHTerpaJioB B OTAEJbHOCTH!

R 00

Jx“_lf(m)dx — Jx“_lf(x)da: npy R — 00, € —0,
e 0
OTKyJIa
a—1
J' ¢ F(€)de| < M]; 2R —0 mpu R — cc.
Cr
£ ) o
67 ey = 2= [0 oy —eeem) [ 0o pa)da
R R 0
npu R — oo, € — 0, orcrozna
J ¢ F(©)de| < Mie®'2me — 0
Ce
npu € — 0, a > 0.
[Tepexonst K mpejesiaM, OKOHYATENbHO M0JyYaeM:
o0
J 27! f(x)dx = 27?227”& Z Boru 2971 f (2), 2]
0

IMpumep 19.2. Boiuuciumo necobcmserHbill unmeepan

Pdx

I= * , 20e pe(—L:1), A€ (—mm).
JxQ—QxcosA+1 pel ) (=)
0
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PELIEHUE.
o0
7= ! 2Pdx _
r° —2xcos A+ 1
0

_ 2mi Bir 2P el B
1 — emip 2 2zcosA+ 1 €

i eip/\ eip(?w—)\)
T = ¢2mip <2isin>\ ~ 2isin\ > -

o 67rip (eip()\—'fr) _ e—iP(A—ﬂ'))
(e — em‘p) TP 2isin A
—7m sinp(m—A) _ m sinp(A—m)

sin p sin \ sinm  sinwp

3anaua 19.3. Boiuucaume HecobcmeeHHbLl uHmeepas

dx dz
I=| ————— 6) [=| ———.
X J%(ax?%) ) Jﬁ(w“l)
0 0
OtBer: a . 65—,
) 23v/3 )\/§
1
19.2. Unrerpaasl Buga I = Jx“_l(l —x) f(x)dx

0
npu 0 <a<1.

IMpumep 19.4. Jlokazams, umo

1

Jma_l(l —x) *f(x)dx =

0

n

_ Tag 2mi a—l/y _ \—a

~ sinma + | — ¢2mia ;Bbm ['Z (1=2)""f(2) ,Zk],

ede ag = lim f(z), 0<a< 1, ecau f(x), 3a0annas Ha ompeske
Z—00

deiicmeumenvrou ocu [0, 1)), moxem Goimo npodoascera Ha 8CHO
KOMNACKCHYIO NAOCKOCMb, NPULEM ee AHAAUMULecKoe npoodosdce-
Hue f(z) seasemcs 00HO3HAUHOU AHAAUMUYECKOL GyHKUuel, 3a
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Im 2z

Chr

Puc. 46.

UCKAIOUeHUEM KOHEeUHO20 YUCAA USOAUPOBAHHbBLX 0CObbLX MOUEK, a
MOUKQ 2z = 00 — YCMPaHumor ocoboli mouxoLl.
JIOKA3ATEJIBCTBO.

Boibepem koutyp I' (puc. 46), cocrosuuii u3 oboux Oepe-
ros paspesa [0,1], sambikaiomux ux oxpyxHocteii C. : |z| = ¢ wu
C. : |z — 1| = &, okpyxHOCTH Gosibuioro paauyca Cp H IBaXKIbl
MPOXOAMMOTO (B MPOTHBOMOJIOXKHBIX HAMPABJIEHHUSIX) OTPe3Ka, COeqH-
HsIollero OOJbIIYI0 U MaJjble OKPY:KHOCTH. Tak Kak (DyHKUHS Ha
BbIOpPAHHOM OTpPe3Ke aHaJUTHUeCKasi, TO CyMMa HHTErpaJjoB Mo Mpo-
THUBOIIOJIOXKHO HAaNpaBJ/eHHbIM OLWUHAKOBBIM OTPe3KaM paBHA HY.JIIO.
C/ienmoBarte/ibHO, MO0 OCHOBHOH TeOopeMe TeOPUH BBIUETOB!

Jw(ﬁ)déz Twa_l(l — ) " f(z)dr + J P(&)dE + T P(§)de+

r

/! 1

C: ™

N
+ J P(€)dE + J Y(€)dE = 2mi Yy " Buoru [27 (1= 2) 7 f(2), 2]
k=1

cL- Ctr

&

Paccmotpum kaxnoe ciaraemoe. [lo ycnoBuio 2 = oo siBasieTcs
yCTpaHHMOH 0c000# TOYKOM f(z). B oKpecTHOCTH TOYKH z = 00O
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BBITIOJIHAIOTCA COOTHOIIEHHA:

Z—00

f(z):ao—l—zcz_—n", ag = lim f(z),
n=1

—1 _ 1 z \¢ €™ oz
24 (l—z)“:—( > =—+ (2),
z\1—=z z 2
rae o(z) — orpaHudeHHasi aHajauTHdeckas ¢pyHkuus. Torma pasio-
xenne B psp JlopaHa QyHKUMH 1)(z) B OKPEeCTHOCTH GECKOHEYHO
YVAAJIEHHOH TOUKHU MMEeET BUJL

eiwa 901(2,)
¢(z):ao—+ 9
z z
rae ¢i(z) — orpaHHueHHass aHajuTHYeckas (yHKuus. I[lostomy
Boru [1)(2), 0o] = —age'™. CiienoBaTeJibHo,

Y (€)dE = 2miage™,
Ctpg

TaK KaK HHTerpas paBeH BHIUETY B TOUYKE 2 = OO.
AprymeHT Ha HHxXKHeM Oepery paspesa 0oJjblle apryMmeHTa Ha
BepxHeM Oepery paspesa Ha 2ma. Torna

l—¢

I P(€)dg = e J 247N — 2) 7 f () d.

l—e

Yerpemum € — 0, Torma MHTerpasbl 10 MajblM OKPYXKHOCTSIM
crpemsites K 0. B utore nonyyaem

N
(1- ei2m) I +i2me™ag = 2mi Z Borg [z“_l(l —2)7f(2), 2]
k=1

H, OKOHYaTeJIbHO,

sina

[=T% 4 1 _27;7”.& Zqu [z“fl(l —2)7f(2), 2],
k=1

rae ag = Zli_g)lof (2).
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3angaua 19.5. Bowuucaume snauenue bema-@yHKyuL:

1
B(a,1 —a)= Jma_l(l —x) %z, 0<a<]l.
0

OrTBerT:

sinTa’
19.3. HUurerpaas Buga J f () Inxzdx.
0

Ipumep 19.6. Joxaszamo, umo

[e.e]

J f (@) nads =iy Boralf (2) (Inz — in/2), 2],

0 k=1

ecau f(x) aeasemcs wemnoli ¢yukyueil, moxem Goimb NPooOA-
HEHA HA BEPXHIO NOAYNAOCKOCMb KOMNAEKCHOU NAOCKOCMU,
U ee anaiumuueckoe npodosxceHue yo0B8AemBoOpsem YCAOBUIM
semmol 18.1.

JIOKA3ATEJIBCTBO. AHanuTnueckoe TIPONOJIKEHHe  (YHKIHH
Im 2
Cr
Ce
N
—R R Rez
Puc. 47.
Y(z) = f(x)lnx — BeTBb TMOJHOH aHANUTHUECKOH (YHKLHH
¢pyukuuo  f(z)lnz, cosmamamumasi ¢ f(z)lnz mpu x > 0. Ha
OTPULIATEJbHOA YacTH [EHCTBUTENbHOH ocu z = —z, (z > 0)

BBITMTOJIHAOTCSA PaBEHCTBA

¥(z) = f(z)In (xei”) = f(z) [Inz +in].
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Paccemorpum koutyp I': [—R; —¢] U C: U [e; R| U CR (puc. 47):

R R
J £)d¢ = Jef lnxd$+J¢(§)d£+Jf(x)[lnx+i7r]d:r+

Cr

Jl/)(ﬁ d¢ = QWZZBLILI 2)nz, zg], Imz;, >0. (19.1)
C. k=1

Torna nas BToporo caaraemoro B (19.1):

M M )
J P(€)dE| < 2T J|ln§|dl = o J|lnR +darg | dl <

Cr
M2nR |
Rl—j:(; 1n2R+7T2 —>0,

npu R — oo. Ilocnentee cnaraemoe B (19.1) J@b(ﬁ)df — 0 mpu
Ce

N

e — 0.
Hakonen, Tak kKak (yHkuns f(x) dyeTHas, To

o0

J l‘—ﬂ'ZZBbI‘l , Im 2z, > 0.
0

[Tepexonst kK mpeneJy, nojaydaem:

o0 N

Jf(x)lnx dz = m’ZBblq {f(z) (1nz - %) ,zk], Imz > 0.

0 k=1

Ipumep 19.7. Boiuuciumo necobcmBerHbill UHMeEEPAL
o0
J In 2xdx

162 +1°
0
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178
PELIEHUE.
[o¢] [o¢]
In 2xdx 1 In tdt . 1 T in
= — =mi (B { <lnz ——>,e }—I—
Jl6x4+1 2Jt4+1 < R P 2
0 0
i 3im
—I—Bbl‘{[4 <lnz—7 ,64}):
i lneT—%7T 111631%—%
:E im\ 3 + 3im 3 -
4(67) 4<e 4)
17 1T
_mi 1 N 1 _ V2
2 4 V2 V2 V2 V2 32
g Tig ) Aoty

IIpumep 19.8. Boiuuciume necobcmeentolli unmezpai

“+o00
J— 2P nz dx
N x+1
0
PEUIEHHUE.
0 R 1
2P 'Inx de  dI P~ dx 2mi 2P~
J = _— = —, e I - = ; B ’
J T+ 1 dp A J Tz +1 1_627"17< blq{z+1
0 0
‘ 2
_ 27r22 _im(o—1) . m o J= _7T.COQS7Tp'
1 — e%7mip sinmp s p
o
. In xdx
3agaua 19.9. Boiuuciume necobcmsermbili uHmeepaL T g
Xz
0

OrTBer: g In 3.

19.4. 3agauu oy CaMOCTOSITEbHOrO pemeHus. Brrauciaute
HecoOCTBEHHbIE UHTErPaJIbl:



20. Ilpeobpasosarue Jlanaaca. 179

+00 +o0o +o0o

Vzdr \S/de, dr .
2) ix2+4’ 6) i b I 5) i(m+3)\/§’
+0o0 +o00 +0o0
dx ] dz ] dx )
") lm g lu—m)-%’ X lmn%’
OO]andx
)K)J R
0

Bomnpocs! k 3k3ameny.

1. Chopmynupyiite nemmy 2KopnaHa pajsi BepXHEH MOJYIIJIOCKO-
CTH.

2. Chopmynupyiite jsemmy 2KopraHa 1715 HHMXKHeH MOJYIJIOCKO-
CTH.

3. Chopmynupyiite semmy 2KopraHa assi mpaBod MOMyMI0CKOCTH.

4. Chopmynupyiite semmy 2KopaaHa asis JieBo# MOJYIJIOCKOCTH.

5. CchopmynupyiiTe TeopeMy O BBIUHCJIEHHH CXOASILIErOCs MHTe-

+oo

rpaina | f(x) dr npu moMoud BeYETOB.

J

00
6. C(i)OpMyJII/Ipyf/JITe TEeOopeMY O BBIYHCJ/IEHUH CXOAALIETroCsd HHTE-
+00

rpana | €“*f(z) dz (a > 0) Npu NOMOUIHM BHIYETOB.

J
—00

§ 20. IIpeo6pa3oBanue Jlanjaca

20.1. Tlonsartue nmpeoOpa3oBanmsa Jlanmaca. Ilycte ¢yHK-
uusi f(t) onpenenena Ha —o0 < t < 400, IPU ITOM

1. f(t)=0, t<0;

2. f(t) — xycouHo-HempepbiBHA Tpd t > 0, TO ecThb Ha J110OOM
KOHEYHOM cermeHre [a, b] pyHKUHs f(t) HMeeT JMHIIb KOHEUHOE
YHCJIO TOUEK pa3pbiBa MEPBOTO PO.A;

3. ¢yHkuus f(t) UMeeT OepaAHUYEHHYIO cmeneHb pocma: Cylile-
crByloT Takue M >0 u o > 0, uto |f (t)| < Me™, t > 0.

Omnpenenenne 20.1 Beauuuna inf{a} = a Hasvieaemcs noka3a-
menem cmeneHu pocma, a MHONCECMBO QPYHKUUL 0epaHUUEeHHOU
cmenenu pocma ¢ nokasamerem a — Kaiaccom pyrkyuii A(a) .

[Tpumepsr.
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1. @yukuus f(t) =" € A(0), a =0, tak kak t" < Me® pas
moboro a > 0.
2. He cymectByer Takoro mokasaressi CTENEHH poOCTa @, 4TO
byukuns f(t) = exp (2752) € Aa).
Onpenenenne 20.2 ITpeobpasosanuem Jlannaca ¢yuxuuu f(t)
kaacca A(a) wasvieaemes ¢ynkyus F(p) komniekcroil nepemen-
HOUl p, onpedessiemas cOOMHOULeHUeM

—+00

Fo)= | e

0

Ecnmu cyuwectsyer F(p), 1o cBssb ¢yuxkuui f(t) u F(p)
ob6osHauaercsif(t) = F(p), rme f(t) HasbiBaeTcs opueunanom, a
F(p) — usobpaxcenuen.

Teopema 20.1 Ecau ¢ynxyus f(t) € A(a), mo ¢yukyus F(p)
cywecmsyem npu Rep > a, npu amom 6 obracmu Rep > xg > a
urmeepan cxo0Umcs pasHoMepHo.

JIOKA3ZATEJBCTBO. Ilycts Rep =z u x > a, 1o ects | f(t)] < Me™.

00 00
F(p)| = Je—pffos)dt <M J ortgatgy — M
0 0

Tr—a

3Hauut, npu Rep = = > a cyulectByer uzobpaxenue F(p). s
JI0Ka3aTe/bCTBA PaBHOMEPHOH CXOAMMOCTH MHTErpaJa 1o napaMerpy
p B obact Rep > xp > a MOXKHO BOCIOJIb30BATHCSI MAXKOPAHTHBIM
npusHakoMm Bedeputpacca. Tak kak

M
To— a

P (8)] < Mem om0l =

Bciony B oOsactd Rep > zp > a, To oTciofa cjenyeT paBHOMepHas
CXOIMMOCTb MHTerpaJsa B 3ToH obsacTy mo npusHaky Befiepuirpacca:

Je—pt f)ydt| <M J e~ ol f () dt = M
o — &
0 0

Teopema 20.2 [lan ¢yuxyui f(t) € A(a) wusobpascenue F(p)
seasemces aHarumuueckoll gyukyueii 8 obaacmu Rep > a.
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o0
3ameuanne 20.1 Taxk xak Zuff)(p) pasHomepHo cxodumcs K

n=0
o

ﬂ“@%wu&w>xo>&nwF@Wﬁ:tAﬁJeﬂV@ﬁWt

0

20.2. Hexotopsle Ba)KHbIe U300paxKeHUs U CBOMCTBA M300pa-
KeHUH.
1. Tyers f(t) = o(t) — dynkuus XeBucaiiaa:

0,¢t<0,
d”:{Lt>Q

o(t) € A(0), torna F (p) € C* (Rep > 0):

1
F = e_ptdt = —,
(p) 5

o9

T0 ectb o (t) = %, npu Rep > 0.
2. Tlyers f(t) = et

o0
F(p) = J ee Pt = L; Rep > Rea.
p—«
0

3. Myers f(t) =t"; v>—1;t € A(0); F(p) € C>*(Rep > 0).
Torna

00
F(p) = Jt”e_ptdt. (20.1)
0
PaccMoTpuM (hyHKIHMIO OT JI€HCTBUTENbHOU MepeMeHHOU
00
F(z) = Jt”e_‘”tdt (20.2)
0
B obnactu x > 0. Torna, cnenas 3ameny at = s, MOJYYUM

o0 [e.e]

J e tdt = J s"e"%ds = Lw+1) 1).

Iu—i—l xl/-l—]
0 0
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Tax kak ¢yukuus F(p), 3anannas dopmysoit (20.1), sBasiercs
aHaJUTHYEeCKOH B oOsacTu p > 0, a ee 3HaueHHe Ha HEeHCTBHU-
TesIbHOU ocH 3anano (20.2), To B CHJy €IHHCTBEHHOCTH aHaJIH-
THYECKOTO MPONOJIKEeHHs nMeeM, uTo F(p) — aHalUTHUYECKOe
npoposmkerne F(x) B mpaByto nojaymiaockocts Rep > 0:

I+l
F(p) '_ pVJrl
Eciu v — pnpoGHoe, To OepeTcsi Ta BeTBb KOpHS, KOTOpas
SIBJISIETCS] HEMOCPENCTBEHHBIM aHaJUTHUECKUM MPOIOJKEHHEM

2/t > 0.
PaccMOTpUM J1Ba BaXKHBIX YaCTHBIX ciydas: ecau v = 0, Toraa

ft)y=o0(t) = %, Rep > 0; ecin v =n € Z, torpa t" =

pn+1 :

JIu"eitHOCTD M300paKeHU.
Mycrs f(t) = F(p), g(t) =G (p), Torna
af(t) + Pg(t) = aF(p) + BG(p).

IIpumep 20.1.
a) Hatimu usobpaxcenue noruroma cmenenu He sviuie N;
6) Haimu usobpascenue QYHKYUL Sin wt.

PEIEHHUE.
N |
n
a) f(t)= E ant" = E an
n=0 n=0

: _ i wt _ —iwt) _- i{ _ —
6) sinwt = 5 (e et = P =
npu Rep > [Imw|.

3angaua 20.2. Haidume usobpascerue coswt.

OtBer: ———— npu Rep > |Imw]|.
T ™ [Tm w)|

Teopema 3anasasiBanus. [lycts f(t) € A(a) u f(t) = F(p), u
3afaHa (yHKLHA

0, t , 0,
f-(t) = { flt—7), t;: T
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OuesuaHo, uto f-(t) € A(a). Torna

fr(t).ZJepr( dr=[t—7=¢ =
0

o0

=eﬁja¢ﬂ®%=eﬂﬂm.
0

IIpumep 20.3. Haiimu uzobpancerue cmynenuamot GyHKYuL

0, t<T, _
f(t)_{nfo, n7<t<(n+1)7,n_1’2""’

ede fo — 3a0anHas NOCMOAHHAA BEAUHUHA.
PEIWEHME. [Ipencrasum pyHkuuo f(t) ¢ nomouibio GyHKIHH XeBH-
caipa:

ft)=folot—71)+ 0ot —27)+0o(t—37) +...].

Bocnosb3yemca TeopeMol 3anasabplBaHMsl U CBOMCTBOM JIMHEHHOCTH,
a Takxke (QopMy/a0oH CyMMBl 0€CKOHEYHOH reOMeTPUYECKOH Nporpec-
CHUHU:

ﬂﬂ#ﬂ@zhéwé+h5m; L=fot

3agaua 20.4. Haiidume usobpascenue npamoyeorviHo20 UMNYLbCa

0,t<m,
ft)=¢ L, <t<m,

—pT

p 1—e P

0,t> .

Orser: F(p) = % (e7PT —e7P™).

H3o6pamxenne mpoussomnoit. Ilycte f(t) € C[0;00) u umeer
KOHeuHyt0 npousBoguyio f'(t), mpuuem u f(t), u f'(t) npuHamsexar
kaaccy A(a). Ilyers f(t) = F(p). Torna, uHTErpupys 1o 4acTsm,
noJiy4aeMm

r(t) = Oj eV f (£ dt = —f (0) + p i ePf (t)dt = [Rep > o] =

= PF (p) — £ (0) = (F(p)—&).
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Ecu  f=U(t) € C[0;00), f™(t) — kycouHo-HempepbiBHa W
f®)(t) € A(a), k=0,1,...,n, TO HHTErPUPYs HEOGXOLMMOE YHCJIO
pa3 1o 4acTsiM, NosyyaeMm
n o 0 !/ 0 (n—l) O
£ ) =p [F(p) _ % _ fp_g> - fT()] (203)

H3o6pakenne mnrerpana. Ilycte f(t) € A(a), f(t) = F(p).
¢

Pacemotpum dyukunio ¢(t) = Jf(T)dT € A(a). Torna
0

cp(t).Z'Te_ th )drdt =
0 0

0%8

o)
J e P f(1)dtdr,

npu Rep > a.
[IpeoGpasyem 1o TeopeMme 3anasiblBaHUs U MOJydYaeM
(o oNo ] (0.0]
J J e f(7)dtdr = 113 J e f(r)dr = %.
0T 0

MoXHO 0606LIUTL 3TOT Pe3yNbTaT Ha CJAydail nm-KpaTHOro MHTe-
rpana:
Tn—1
1
. J £ () da .. dn = L F(p).

0

“n (t) =

o
o3

HN3o6paxenue ceeptku. [lycts fi(t) € Aay), fot) € A(ag).
Paccmotpum QyHKIHIO
t t

o(0) = [ KD alt = rr = [ At = D(rdr, plt) € Ala)
0 0
rae a = max(aj, ag). Torna B o6sactd Rep > a

o

o(t) = Te‘ptffl(r)fg(t — 7)drdt = Tfl (1) J e Pl fo(t — 7)dtdr =
0 0 0

T

=ﬁ—7:ﬂ=jﬁwijaﬁmwwm=ﬂ@&@»
0 0
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Ta6.1mua H300paKeHu.
1. 1=~ Rep>0;
p’

|
2. "= "1, neN, Rep>0;

II?‘(V—i-l)

14
v+1 ’
p

1
4. e = —— Rep > Req;
p—a
5. sinwt =

3.tV = > —1, Rep > 0;

w
——, Rep > |Imw|;
o Rep Im w|

6. coswt = 2p
Pt w

7. shAt = A 5, Rep > Re\;
p

8. ch A\t = 5, Rep > Re A;
p

n!
(p—a)™t
10 t sin wt = ﬂiw”,
pi
(P’ +w

w

?)?
12. teMsinwt =

9. tne™ = n € N, Rep > a;

Rep > |Imw];

11. tcoswt =

((p -2 —|—w2)2,
_p=A

((p — A)Q —|—w2)2,
sinwt | m

—T_ P
14. =5 arctgw,Rep>|Imw|.

13. teM coswt =

3amMeTHM, UTO MCMOJb3Ysl NPHUBENEHHYIO TabJHIly, MOXKHO HaHTH
OpUTHHAJ MO0 M3BECTHOMY H300pakeHHIo.
pa
2 2
(v +a)
PEWIEHUE. Bocnosab3dyemcss Tabauuell H300pakeHWiH: TaK Kak

5 3 =sinat u 3 3 = cosat, TO 10 TeopeMe 3alnasiblBaHUsA
P +a P°+a

Ipumep 20.5. Haiimu opueunan ors ¢pyuryuu F (p) =

¢
Fip=— 0 -2 7P :JSinaT'COSGJ(t—T)dT:
0+ a2>2 PR R )
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¢
J é (sinat +sina(27 —t))dr = %sin at.
0

3agaua 20.6. Hatdume opueunar Oasn  Qyukyuu F(p) =
1

(pz T 1) e
OrBeT: ¢t — sint.

3amaua 20.7. Haiidume opueunar O Qyukyuu F(p) =

ap2

0+ )"
Orser: 3 (sinat + at cos at).

20.3. ®opmyna Meaauna. PaccmoTpum 00IWKMH MeTOn
MOCTPOEHUS] OPUTHHAMA T10 H300PaKEHHUIO.
Teopema 20.3 (Meaauna). [Mycmo F (p) € C*° (Rep > a), u 8ot
nOAHeHbl caedyroujue YCA0BUS:
1. |F(p)] = 0 npu |p| = oo, Rep > a;
x+1i00

2. npu x > a BbLNOAHAEMCS HEePaBeHCm8o J |F(p)|dp < M.

T—100
Toeda cywecmsyem makas @ynkuyus  f(t) € A(a), umo
f(t) = F(p), npuuen

T+1i00
ft) = ﬁ J eP' F(p)dp oas at06020 T > a. (20.4)
4100
3ameuanue 20.2 Hecobcmeenoiil unmeepan QLm J eP' F(p)dp
T—100

svluucrsemcs 8004b rzp;moﬂ Rep = > a U NOHUMaemcs 8 cmvicie
2NAAB8HOCO BHAUEHUA:

4100 z+iR
J eP'F(p)dp = lim J eP' F(p)dp.
R—o0
T—100 z—iR

st toro, utoObl BblUMCAUTbL HHTerpasa (20.4), paccmaTpu-
BaeTCsl KOHTYP, COCTOSILIMH K3 BEPTHKAJBHOTO OTpPe3Ka MNpsMOH
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Imp
iR r+iR
Cr
[ ]
[ ]
o Rep
= T —iR
Puc. 48.

[z —iR;x + iR|, IByX TOpPH30HTAJbHBIX OTpe3KoB [z + iR,iR| u
[—iR,x — iR| v 3aMblKaioOlLledl ero Qyrd MOJYyOKPYKHOCTH pajiuyca
R (puc. 48), npu 3TOM KOHTYp OepeTcsi TaKUM, YTOOBl MOKHO OBLIO
npuMeHHUTh JeMMy 2KopaaHa (4ToObI HHTErpaJ Mo MOJYOKPYKHOCTH
CTPEMHJICS K HYJIIO NPHU CTPEMJIEHHH pajuyca K GeCKOHeYHOCTH). B
JIaHHOM cJiyyae 3aMblKaeM 4Yepe3 JIeBYIO MOJYIJIOCKOCTb, TaK Kak
t > 0. Tlpu atom KoHTYyp OepeTcsi TaKUM, UYTOOBl BKJIOUHUTb BCe
ocobeie Touku F'(p). MHTerpam mo 3aMKHYTOMY KOHTYpY BBbIYHC-
JISieTCsl C TIOMOIILbI0 TEOPHUH BBIUETOB, a Jajee R yCTPeMJSIOT K
0€CKOHEeUHOCTH.

IIpumep 20.8. Haimu opueurnar Qynkyuu

1
p (P’ —d®)

| o1 ot dp ept
PP =) 2 | T ppE-al) L)(pQ—aQ) ]+

pt
+ Brbiu v ;a] + Brpiu {—e ;—a} =
L) (»* - a*) p(p* —a?)

1 eat e—at 1

a 242

3anaua 20.9. Haddume opueuran HKUUY —————.
P Pynry p° +3p> + 2p

B PR |
OrBer: 56 e +§.
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Ipumep 20.10. Hatimu opuecunar Qynkyuu 3

(p—a)f’ +1
xr+100 ’
p
%;f eptd—l)Q:Bbm{%;a-f-i +
(p—a)y+1 2m ) (p—a) +1 (p—a)’ +1
Tr—100
pt (a+i)t (a—1)t
+ Bpriu [%;a—i] =° — — € = e™gint .
(p — a) + 1 27/ 27/
3agaua 20.11. Hatidume opucunar @yrxuuu 21);1
p-—2p+5

Orser: e’ cos 2t.

20.4. 3apaum A9 CaMOCTOSITEJbHOTO pelleHHs.
1. Ha#inute usoGpaxenue mo Jlamnacy ¢yukuuu f(t) nedctsu-
TesbHOH mepementol ¢ (f(t) =0 npu t < 0), ecaut npu t > 0:
a) f()=1 06) f(t)=t; ) f(t)=e"
r) f(t) =t" (n— HarypasbHOE YHCJIO);
n) f(t)=sin3t; e) f(t) =cost; k) f(t) =sht;
3) f(t) =chdat; wu) f(t) = ted.
2. Hatinure opuruuan f(t), eciu 3agaHo ero H3o0pakeHHe IO
Jlanacy F(p):
2) F(p)= — 3 Rep> 1,
(p *1 1)
6) F(p) = ——
) Flp) =07 7]
D
B) F(p)= ————, Rep > 2.
) F(p) o2 Rer
3. Boluucaute unterpassi:
| Hee elt

ori p+2

, Rep > 0;

dp, t > 0;

1 [ ept

o p+2

dp, t < 0;

_— _— t .
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14i-00 .
1 peP
r) o J p2+9dp,t>0,
1—i-0c0
14i-00
1 p >0
H) % - pa > )
1—i-00
1+i-00
! @ p >0
e) % J F D, t > U;
1—i-00
1+i-00
1 " g >0
X) — , 1 >0
) o p+2) 7
1—i-00
14i-00
) Tt <0
3) — ,t <
omi p(p+ 3) p
—17-:00

Bomnpocs! k 3k3ameny.

l.
2.

LXN O

10.

anumute popmyny npeobpaszoBaHus Jlamnaca pyHKUUM Ael-
CTBUTEJILHOU TepeMeHHOH.

CoopmynnpyiiTe 10CTaTOYHbIE YCJIOBHUS, NPH KOTOPHIX ONpese-
JeHo npeobpazoBaHue Jlamaaca.

Chopmynupyiite TeopeMy 06 aHATUTUYHOCTH H300paXKEHHS MO
Jlannacy ¢pyHKUMU NEHCTBUTEJNBHON MEpeMeHHOH.
CoopmynnpyiiTe TeopeMy 3anasjblBaHHUS.

3anuwuTte HopMyay M300pakKeHHsl CBEPTKH.

3anumute hopmyny u300pakeHHs] MPOU3BOIHOM.

3anuuuTte popMmys1y M300paxKeHHs UHTerpaJa.

3anumute dhopmyny MennnHa.

CoopmynnpyiiTe TeopeMy O IOCTATOUHBIX YCJOBHSX CYIILECTBO-
BaHUSl OpUrHHaJ/la (PYHKLHMH KOMILJIEKCHOH NepeMeHHOH.
3anumute uHTerpaa Hworamesns.

TeopeTnueckue 3aJa4yy U 3aa4YMl MOBBIIMIEHHOU CJIOKHOCTH.

1.

[lycte F(p) — wusobpaxkenue no Jlamnacy dyuxkunu f(t).
Kakasi ¢yHKUMs mepeMeHHOH t MMeeT CBOUM H300paKeHHEM
n-10 mpoussognyio F(™ (p) dyuxuun F(p) (n > 1)?

[lycts F(p) — usoGpaxenue no Jlamiacy yHKLLI/II/I f(t). Cuu-
Tasi, 4To H30GpasKeHue n-i npoussoaHoi f(™(t) dyukuuu f(t)
(n > 1) cywectsyer, Bbipasute ero yepes F'( p
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§ 21. IlpumeHenue npeodpa3oBanusa Jlanaaca

21.1. Pemenue nu¢gepeHuMaNbHbIX U HHTErpajbHbIX
ypaBHeHui. Paccmorpum 3amauy Kowwm misi nuddepenuuanbuoro
ypaBHEHHS n-HOTO MOpPSAKA:

any™ () 4+ .. 4 agy(t) = f(t), t > 0;

y(0) = ... =y (0) = 0.

Iyers y(t) =Y (p) u f(t) = F (p). Ilpumenus npeoGpasoBaHue
Jlannaca x (yHKUMAM M NPOM3BOAHBIM, BXOASILIMM B YpaBHEHHE,
MoJIyuuM asireGpandeckoe ypaBHeHue 1Jisi u3o0paxenus Y (p):

Pu(p)Y (p) = F(p), otkyna Y (p) = Ifn ((pp)),

rae P,(p) — MHOrousieH CcTemneHu n.

Perennem ucxonHoro augepeHnasbHOr0 ypaBHeHHs BJseTCS
opurutan y (t) = Y (p).
Ipumep 21.1. Haiimu peuienue 3adauu Kowu

y'O) +y't)=1 y(0)=0;, ¢ (0)=1.

Ilycts y(t) = Y (p). Bocrosnbayemes mosydeHHbIMU Bbile GopMy-

JIaMU:
y" (t) = p*Y (p) — py(0) — 4/ (0) = p’Y (p) — L

Y (t) =pY (p) —y(0) =pY(p); 1= o

Orciona, ¢ y4eToM TpaHUYHBIX YCJOBHH, MoJydaeMm ajnrebpauue-
CKOe ypaBHeHHe 1Jisi H3o0pakeHusi Y (P)

1
p*Y (p) — 1 +pY(p) = o

caeoBatesibHo Y (p) = LQ =t=y(t).
p

3apgaua 21.2. Haidume peuierue 3adauu Kowiu
y" (t)+3y' (t) =€ y(0)=0, ¥ (0)=—1.

t

OtBer: y = % + %6_3’5 —

[ )
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Ipumep 21.3. Pewumo unmeeparvroe ypasrerue
t
F(t) = cost + J'sin(t — o) f(2)da.
0

[IpruMeHUM K JIeBOW W TIPAaBOHM YacTsM ypaBHeHHs npeobpas3oBa-
Hue Jlamjaca ¥, UCMoJb3yst U300pakeHHe CBEPTKHU, MOJYYUM

FO)= "4 FO) ey = F) = = 1= 1),

3angaua 21.4. Peuwiume unmezpasvroe YpasHeHUe:
t t

Q) f () :et—f—Jet_Sf(s)ds; 6) f (1) :t+Jet_Sf(s) ds.
0
1
i
21.2. Uurerpan Mioramensi. PaccMOTpuM cienymoulyo 3afady:

0
Orser: a) e?t;  6) %e% + %t —

ang™ (1) + an19""V(t) + ... + agg(t) = 0, t > 0;
9(0) = ... =g™=2(0) =0; g("~D(0) = 1.

[Tycrs g(t) = G(p). Torna
gP () =p*Gp), k=0,1,..n—1;
(n=1) (o
gw@#ﬁ«ﬂm—i7L§=wmm—n

p
Orcrona
PAp)G(p) = a0 = G(p) = 5t () = 500 = GOIF(p)

cJjenoBaTeJibHO,

y(t) = L Gp)F@p) = j gt — 1) f(r)dr
0

Qn an

— unmeepan Qqrozamena. Pyukuuio g(t) yacto Ha3bBalOT PYHKIHU-
ell eIMHHUYHOr0 TOYEYHOTO HCTOYHHKA.
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21.3. Pemenue gudgepeHIINATbHBIX YPaBHEHUN C MCIOJb-
3oBaHuneM ¢opmynsl MeJinHa.
IIpumep 21.5. Pewums 3adauy Kouiu:

y(IV) + y/// —0;
y(0) =¢'(0) = 4"(0) = 0; y"(0) = 1.

[IpruMeHuM K JIeBOW M TIpaBOHM 4acTsM ypaBHeHHs npeobpas3ona-
nue Jlansaca, ucrnosbdyst popmyay (20.3) nns u3o6pakeHHst NPOU3-
BOJHOMU, U TONYUUM:

1

4
p+p

p4<F(p)—]%>+p3F(p)=0 = F(p) = 5

Bocnonbayemest popmysnont Mennnna:

4100 ’
1 o1 ;. dp e’ .

T8 om J epH:Bblq{H’O +
pt4p , pt4p pt4p

T—100

pt
+ Boiy 4673;—1 :l(t2—2t+2)—e*t.
pt+p 2

Takum o6pasom, pelenreM 3anaun Kowu gBisiercs

y(t) = % (B —2t+2)—e .

3amaua 21.6. Pewume s3adauy Kowwu:
y" (t) +y =2cost, y(0)=0, v (0)=-1.

Orsert: (t — 1)sint.

21.4. 3apaum A caMOCTOSITeIbHOrO pemeHud. [IpumeHss
npeob6paszosanue Jlamnaca, peuure 3anauy Kouru:

2) y" +y =tsint, t >0, 5) y"+y=tsint, t >0,
y(0) =1, y'(0) =0; y(0)=0, y'(0)=1;

y" +y=tel, t >0, y" +y=te, t >0,
B) 21 ~ r) 1
y(0) = =0; (0 =

’

(0) =0, ¥'(0)
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1) Y —y=te?, t>0, ) Y —y=te?, t>0,
y(0) =1, y'(0) =0; y(0)=0, y'(0)=1;

%) y' —y=te 2 t>0, 3) y'+y=te ? t>0,
y(0) =0, y'(0) = I; y(0) =0, y'(0) = I;

7 B.T.Bouxkos, [I. B. Munaes, U. E. Morunesckuii, B. IO. ITonos, H. E. lllankuna
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OtBeThl

OTBeThl K 3ajayaM AJd CaMOCTOSTeJdbHOro pemenus 1.3.

1. a) i 6)—i; B)g(l—i); n) 14 —53;e) 10 — 117; xk)
5,25+ 0, 25i; 3) —i.

a®> —bv* . 2ab .

2. a) 5——+is——7; 6)ava®+b? +ibva®+b%; B) 2a; 1)

] a’+b a“+b
4abi. 3 .
3. a) l;g; 0) 1;;; B)l;f; F)l;%; n)v221; 21 —
14 5 10

— arccos = 21 — arctg —; e) V221; 27 — arccos =
V221 ®14 ) V221

= 2w — arct 11 X) viadz. arccos 21 = arct L'3) 1'3—7T

N & 10’ 4 NZvoR &or T2

OTBeThI K 3aJa4aM AJI CaMOCTOAATeNbHOro pemenus 1.6.
. ™ .. ™ i T . ™
1. a) ¢ = cos (5) + 1sIn (5) =¢€'2; 6) —i = cos (_§> +

+isin —3> =7,

B) S A cos (—i) + isin (——) = e_’%;
NS 4 4

r) € + L = cos (z) + isin (f) it
V2 V2 4 4

n) —2'% =21 (cos () + isin (7)) = 2%,
e) —2° = 25 (cos () + dsin (7)) = 2%¢™;

= 210 (cos () + isin (7)) = 210%™,
3) i2° = 2° (cos (5) + isin (g)) — 95¢1%
2.2a)|z| =1, Argz = —g + 27k, k€ Z;
0) |[z2| =1, Argz =27k, k € Z;
B) |z] = 2°. Argz = —g + 27k, k € Z;

r) |z| = 219 Argz=—mw+ 27k, ke Z.

3

3

11 V2 3 11 V2 r 4
3.a)—§+z§—764, 6)§+z§—764, B)—g+
.3 iarccos(—é). . . . .
+ig = 5, 1) 10; n L e 2vV2,  x) 8

3) 26. H) —2-6
4. a) —4+ 7i; 6) 9 + 8i; B) —4 + 71; r) 7 o) 5 — 153,
5.2) 2z =2 = 2" =2(cos0 +isin0),

2m .
2o =—1414V3 :26T1:2<cos4%+isin2§>,
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z3=—1 —iV32 (COS——f—’LSln4—7T)

3
6) z1=1=1-e0"=1. cosO—l—zsmO)

E.
zgzizl-eﬂ:l os—+zsm >

z3=—1=1-€"= cos7r—|—zsm7r
. 3 3T 3T
24 ) e . CcoS 5 + 2sin 5
2 ;T T .. T
B) 21 = — + — = ¢'4 = cos— +isin—,
V2 V2 4 4
z ! + ! ei%r cos 37r+isin 37
2——— _— = = —_— —,
V2 P) 4 4
z ! ! ei%ﬂ cos 57T+isin om
3_—7—7: = —_— —_,
Vi e 4 1
z4 L—L:ei%r:(:087—7T—i-isin7—7r'
9 V2 4 4°
r) z ——l+i£—e%ﬂi—cosQ—w%—z‘simQ—7T
=73 \/,2 - RS 3
1 V3 dm 47 . . 4m
= - — 7 —- = 3 = _ _
29 5 ) 5 e CcoSs 3 + 2sin —;

3,
1) 2z =2+ 3i =132 = /13 (cos (arctgg +¢sin (arctgg)),

20 =2—3i =113 ¥°8 2 V13 (cos (— arctg 5) + isin (— arctg ;)),

04

e) 21 = —1 =¢™ =cosm+isinm, 29 =1=¢€% =cos0+isin0,

OTBeThI K 3a7ayaM AJ8 CaMOCTOSITeJbHOro pemenus 2.1.

1. a) cos2-chl —isin2 -shl; 6) ¢sh2; B) chm; r)

sin4 —ish2 _ sm4—zsh2; 1) In2 + 27k, k € Z;
2<COSQQ+Sh21) cos4 +ch2

e) In2 ; x) z——l—zkakEZ 3)

ln13 - zarctg— +

2

+ionk, k € Z; u) *%’f, k e Z; ¥) (”’“) -
= cos <7r2 (%—I—Qk)) + zsm +2k‘2 k € Z; J)
e~?™ (coslnm +isinlnz ), k € Z; m) 272k ke

2.a)—i1n(21—x/§)+g+2wk,k62 6) zl——iln(\/§—|—1) +
+ T b omhs = —in(VE 1) + 2 b 2wk, k€ B) =
= ‘2 +3§+wk k€ Z; —zln(\/_j: )+ 7+ 2nk, ke
€ 7; ) —i1n<3j\:/§\/_>+—+2k k € Z; e) =

7
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:ln<m2_ 1> + ok, 2 :1n<¢r32+1> +in + 2k, k € 7

) —ZE—{—ZQTFk’ k€Z 3) z1=In(V2+1) +ig+i27rk, 2y =
ln(\/§—1) —lf—I-ZQ’]Tk k € Z, W) i2nk, k € Z; x) —
—In?2 +ig+z2wk,kez.

1 4 il 4 7 _Larctg
3. a) \/gezfarctgf; 6) \/36 22arctg3; \/_€<2 3 g3>;
; T, L 2
F) \/B(f( 5 +3 arctg3>.
OTBeTHI K 3aJa4aM [AJis CAMOCTOSITEJbHOr0o pemenus 3.3.
1. Henb3sl. 2. a) HempepbiBHa; ©6) paBHOMEPHO HEMpephIBHA;

3. a) HenpepeiBHa; ©) He sBJsETCS PAaBHOMEPHO HENpPEPbIBHOH;
4. a) HempepblBHa, 0) paBHOMEPHO HeNpephIBHA.

OTBeThI K 3a7aYaM AJs CaMOCTOfITeJbHOro pemenus 4.3.
1. a) He nudd.; 6) He nudd.; B) He nudd.; ) He nudd.; mx)
mudpd. B 1. (0,0); e) mudd. B 1. (0,0); x) nudd. B 1. (0,0).
2. a) He aHaauT.; 0) He aHAJWT., B) He aHAJUT., TI) He aHa-
JIUT.; 1) He aHaJWT.; €) He aHaJuT.; 2K) He aHaJuT.; 3) He
aHaJIMT.; M) He aHAJMT. K) aHaJuT. npu z # 0; /) aHamuT.; M)
aHaAJUT.; H) AHAJIUT.; 0) aHaJuT.; 1) BBIMNOJHSIOTCS MPH
z7#0; p) BLINOJHAIOTCA; C) BHINOJHSAIOTCS pu 2 #0; T) He
aHaJUT.; y)  He aHaJHT.
3. a)x v(x,y) =32%y -1y —y+C; 6) v(z,y)=2zy+5y—2—

— +C.
$2+y2

4.2) u=23-3y’r —x+C; 6) v(x,y):%-l-c;
Tty

B) 2arctg§ — 2z — 3%y + C.

OTBeTHI K 3aJa4aM [Ji CAMOCTOSITEJbHOrO peumeHus 5.6.

w 1-3c  z+1 1 ., ozt =i
1. a) w—2i 1—@'_,21—21*@4-2 6)1w_2+z—i.*i+2’
B) w=1+ ;r)wf.* H:Z*.*i;ﬂ)wzg; w| <
| z+1 w—1 2 z—1 1 —iz
< 1.
2. a) G:|w >1,Rew < 0; 6) G:|w <1, 5‘>

™

G.‘w—§‘>§,—§<argw < 0;
r) G:|lwl < L, Imw <0; n) ’w— ’ Rew < 1; e)
G:‘w—§‘<§,’w—z’>1,
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x) G:|w| <1, ‘> 3)G|w—1—z|<\/,lmw > 0; u)
G:lw| <1, Imw <0
K) G |w| > 2.
- _z—i ia? —
3 8) J(2) = =26 S = S5 9 ) =t I
2= 20
f(Z)_ZZﬁ%’ + 2i 4242,
— 2 Z 8 z
0 1) = 550 ) =~ 0 ) =50 ) =
.
T4 oy 5. ,
zZ—1
n) f(z) = 22 P LK) f(2) =i—— P ;o) f(z) = m
4. a) O<argw < T 6) 0<argw < T, B) argw :%; r)
|lw|=e, 0 <argw < 2;
) Jw| =1, 0 <argw Sg; e) lw| >4, — 2 < argw <2

OTBeThI K 3alayaM AJIs1 CAMOCTOSITEIbHOTO pemeHns 6.2.

16 . . 16 . .
1. 2a) 3 b 6) 16:5; 2. a) 31 0) 30 3. a) i
6) i B) i; 4. a) 1, 0©) 1+% B) 144, 5. 2m;
6. O.

OTBeTHI K 3aJauaM IJisl CAMOCTOSITEJbHOro pemenus 8.4.

. . . . N3

1. 2mi. 2. a) mwie™!; 6) 2mi(cosl —sinl); B) 5

3. [lycts C' orpaHuWYMBaeT HEKOTOPYH 06JacTh ¢, U MyCThb 2] =

=0, 29 =1, 23 = —1. O6oznauum uckombii uHTerpan I. Torna,

ecau 2y,29,23 ¢ g, 70 I =0. Ecu z1, 20 ¢ g; 23 € g, T0 [ = 7i:

21, 23 ¢ g, z1 €g, 10 I =mi; z9, 23¢ ¢g; 21 €9, T0 [ = —=270;

ecin 29 ¢ ¢g; 21,23 €9, 70 [ = —mi; ecnu z3 ¢ g; 21, 29 € ¢,
to [ = —mi; ecin 2y, 29, 23 € g, T0 [ = 0.

OtBeThI K 3aJa4aM AJI CaMOCTOAATENBHOro pemeHus 9.3.
1. 1. 2. He cyuecrsyer.

OTBeTHI K 3a1a4aM AJsl CAMOCTOSATENbHOro pemenus 11.4.
1. a) 2] < V2; 06 z—2] < 1, B) |24+1] < 1, 1)
lz—il <1; n) [z+1—i/<1; e |z24+i <1, %) z2=0;

) <o lEl<L
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2. a) f(z) =

o n=2
—Z(z—l—l)n R=1

n=2

N f(z) = 1+ i(—l) o B =
T ) O e

0 fj<z>=7§<— P (G et R =

1= 3o B O (e

) f(2) = - gs" A R=5 50 = 2 (3)"", R = g;

—sinl }, R = o0;

1 .

n=0
&, LE-vree-n) |
0= iy S ) g =222
5 JG) = Sy R ) = im —
n=1
_i(wnl)" L
n=1
W f(z)=m2 -y 2 R=2, f(z):—z(z_nl)n,Rzl
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3.0) f(2) = 142224 5 0) f(2)

2 " fo
_ ZL 45 : —_Z _Z
f(z)=z+ 7 t1ge e r) f(2) 5~ 13+ T80
OtBeThI K 3aJa4yaM JAJi caMOCTOfAATeNbHOro pemenus 13.3.
0 )27171 X n—1

n ZQn_l - n— 2z . d .
L.a)) (-1 ETEyE 6) Z(_U 1((%)! . ) ZT’

=1-
2

2. a) —Z(;ﬁ-l-;—il); Z (—1)"“(2—3)"; Z(%)

n=0 n=—1 n=0
6) Z (=1)"
750

[o.9]

I M D I N

m™—Z
OTBeThI K 3agaYyaM AJI9 CaMOCTOSITeJbHOro pewenuns 14.4.
1. a) 2=0 — ycrp.oc.T,; 2 = 0 — cyu.oc.T.; 0) z=0 —

nojioc 1-ro mopsinka; z = oo — cym.oc.t.; B) z =0 — mnoJjioc
2-ro mopsiika, z = oo — cym.oc.T., r) z =0 — mnoaioc 1-ro
nopsiika; z = 1 — mosoc 2-ro mopsiika; z = 00 — YCTP.OC.T.; [)
z =0 — mosoc 5-ro MOPSifiKA; 2 = 0O — MOJIOC 2-TO TOPSIKA;

e) z = (4/—_1,k =0,1,2,3 — nostocel 1-ro mopsinka;, 2z = o0
— yerp.oc.T; k) 2z = In(—1) =i(r+27k),k =0,£1,£2, ...
— mnojiockl 1-ro mopsiika; z = oo — Heusoga.oc.T.; 3) z =0
— yerp.oc.T; 2z = In(1) = 2wk, k = £1,4+2,... — mogiocsl 1-ro
Mopsiika; 2z = 00 — HEeM30J.0C.T.; H) 2 = 27wk, k =0,£1,£2, ...
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— yerp.oc.t; z =720+ 1), =0,+1,£2,... — noatocsl 1-ro
nopsiika, 2z = oo — Heusos.oc.T.; K) z = 0 — ycTp.oc.T;
2z = wk,k = £1,+2,... — nomiocel 1-ro mnopsaka; z = co —
HEU30/1.0C.T.; J) 2 = g + 7wk, k = 0,£1,£2,... — mnoJIOCH
l-ro mopsimka, z = oo — Heus3oJ.oc.T.; M) z = 0 — moJtoc
2-ro mopsinKka; zp = g + 7k, k = 0,+£1,£+2,... — nouawocsl 1-ro
MOpsiika; 2z = 00 — HeH30J1.0C.T.; H) z =0 — Cyl.oc.T.; 2z = 00
— yerp.oc.T.; 0) z =0 — cym.ocT.; 2z =00 — YCTP.OC.T.
n) z=0 — cyu.ocrt;z =00 — ycrp.oc.T.; p) 2z =0 —
Heusos.o0c.T.; 2z = —,k = +£1,+2,... — noJstocel 1-ro mnopsika;
z = 00 — moJoc 2-ro nopsinka;, c¢) z =0 — mosic 3-ro NopsaKa;
2z, = wk,k = £1,+2,... — nomiocel 1-ro mopsaka; z = co —
Heusos.oc.T.; T) z =0 — ycrp.oc.T.; 2z = wk,k = £1,42, ...
— mnojtockl 1-ro mopsiaka; z = 0o — Heusoga.oc.T.; y) z =0
— ycerp.oc.T.; zx = wk,k = +1,4£2,... — nojtooch 1-ro nopsaka;
Z = 00 — HEHW30J.0C.T.; () z = 00 — CYIL.OC.T.; X) z2=00 —
CYII.0C.T.

2. HerT.

OTBeThbI K 3alauyaM AJI1 CAMOCTOSITeJbHOTO pemeHus 15.4.

L Bualf(:):0] = I Bua[f(2);] = 5 B [f(2); -] =
= 62—_;; Boiu [f(2);00] = sinl — 1; 2.  Beuu[f(z);—-1] =
_ %QBM (22 = — 5 Busa[/(2)ioc] =0 3. Bora [/(2); =2
= 63 ;Bbm[f(z);—l]:—62 . Botu [f(z);l]:%; Bbm[f(z);oo]:
e”t eTh ¢ 2 V3
=5 "3 T 4. Bblq[f(z);—l]:—g; Boru {f( 2); = +i— 3 ]:
— 5+é\/§; B {f(z),é 2@] = 5 g\/§ ,. Boru [f(z); 00] = —1
5. Boiu[f(2);2] = 51“22 . Bt [f(2); o] —51“22
6. Boiu[f(2);0] = 1; Beru[f(z);00] = —1; 17 Bou [f(2);0] =
= 0; Bou[f(z);00] =0; 8. Beru[f(2);0] = ik Bbru [f(z); 00] =
= —i'; 9 Boiu[f(2);0] = %; Bbu [f(z); 00] = —%; 10.
BbI“Iﬁf(Z);l] = 0; Bblé{[f(z);oo] = 0; 11. Beru[f(z);1] = —
: [f =
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12. Bou [f(2);7k] = (=1)* k=0, +1,42,...; 13. Buwu[f(2);0] =
= 0; Bo [f(2);7k] = (=1)frk, k==+1,+2,...; 14. Bera[f(2);0] =

= 0; Boa [f(2); 5 + k| = bk — 041,42, I5.
2 T 3
§+7T]<1
Boa[f(z);7k] = 1,k = 0,+1,£2, .. 16. Boiu[f(z);7k] =
=0,k=0,%£1,£2,...;

OTBeThI K 3alayaM AJIs1 CAMOCTOSITENIbHOrO pemenuns 16.5.
1. a)l; 6)3; B) 2, r) 1; 2. a) 4,6) n B) 0; 1) 3; n) 0; e) 5
X®) 0; 3) 3; u)6.

OtBeThI K 3aga4yaM AJI CaMOCTOSITeJbHOrO pemenus 17.2.
1. 0. 2. 0. 3. mi. 4. —mi. 5. 2mi. 6. 0. 7. —2mi. 8. O.

™

9. 0. 10. T 11. —mi. 12, 47, 13, 2me. 14, —mi. 15, 2mi.
OtBeTHI K 3ajayam OJid CaMOCTOATEJbHOIO pelmeHud 17.4.
[ _ T o T g 2T, T g 27
R A Ty T Y S e

OTBeTHI K TEOPETUUECKHUM 3aJadyaM U 3aJadyaM MOBbIIIEHHOM
caoxHoctu 17.5.
1. 0. 2. a) 0; 6) 0; B) 0. 3. a) 4mi; 6) —4mwi; B) 2mi.

OTBeThI K 3aga4yaM AJIA CaMOCTOSITeJbHOrO pemenns 18.2.

T T T 1T T
a) —; 06) —; B) —; 1) O; —: e) —.

OTBeThI K 3aga4yaM AJIA CaMOCTOSITeJbHOro pemenus 18.5.

—1 1
e

V3
2me” 2 1 me~
—2. ) A .
a) me -, 0) 5 B) 7 COS(2> ;T) 5 1)

me 3 (cos3 +sin3); e) %6*3 (cos1 —3sinl); k) 7(sin2 — sin 3).

OTBeThI K 3aJauyaM [AJi CaMOCTOSAITEeNbHOro pemenus 19.4.

Y ™ ™ Y Y
a) =; 0) m B) ——; I) —; 1) ——; €) V2w %) =In2.
) O TR o) ) T o )
OTBeTHI K 3aJa4aM JJisi CAMOCTOSITEJbHOro pemenus 20.4.
l-a)l; 0) L; B) , T) nll; 1) Do) o
p p? p—2 f”* p*+9 P+

®) 3 P )

p2_1 p2_16’ (p_g)?
2.2) te!; 6) e 'sht= % - %e*%; B) e*(sint + cost ).

3.a) e ?; 6) 0; B) %sin? t; 1) cosdt; m) 1;e) t;

1 1
x) e tsht = 3~ 56_%; 3) 0.
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OTBeTm K 3818aM JJISl CAMOCTOSITELHOTO PenleHus 21.4.
((4 +t)sint + (4 —t*)cost ); 6) ((4 +t)sint — t3cost );

(3cost + (t—1)el); 1) = : (2511115 —I—Cost + (t—1)eY);
(9e! 4+ 4e™ + (3t — 4)e Qt) e) - (96 5e~t + (3t — 4)e? ;
(5et — 9et + (3t + 4)e~2); 3) 215 (28sint — 4cost + (5t + 4)e21);

—e ! <§—|—t+1>; K) 2 —e! < —l—t—l—2>

)
~—"

[\ ©|»—‘©I>—ol\f>|'—‘»-l>\

~"

)51
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