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Koncyabrtauusa 10

IMMPUJIO2ZKEHHUA TEOPEMBbI
KPOHEKEPA-KAIIEJIJIN

SAJTAYA 1. B repMuHax paHroB MaTpPHIL U3yUHUTb B3aHMHOE pacro-
JIOXKEHHe BYX MPSIMbIX Ha MJIOCKOCTH.

Pemenue. Ilycts Ham 3amaHa oOliast 1eKapToBa CHCTEMA KOOPIAKUHAT
{O, e, ey}, B KOTOpOU [Be MpsiMble 3a[aHbl IBE MPSIMble CBOMMH OOLIMMU
ypaBHEHHUSIMH

ly: A+ By=0C1, ly: A+ By = Cy,
rie A? 4+ B >0, A2 + B2 > 0. Urak, Ham 3a1aHa cucTeMa ypaBHeHHil
Az + By =C, Agx+ Boy = Cs. (0.1)
PaccmoTpum nBe MaTpHlibl
() (R ERE)
Cayuati 1. Ilpameie nepecekaromes. DTo 03HAUAET, UTO CHCTEMA ABYX
ypaBHenu#l (0.1) OoTHOCHTEJBHO ABYX HEM3BECTHBIX — KOOPAMHAT 0OIiel

touku M (z,y) — nmeet enuHcTBeHHOE peleHue. C TOUKH 3PEHHST TEOPEMbI
Kponekepa—Kanesnnu sato o3nauaet, uto

rang (A) = rang(A) = 2. 0.2)

Cayuaii 2. [Ipamoie napanrsesvrol. ITo 03HAUYaeT, YTO CUCTEMA ypaBHe-
Huit (0.1) He umMeeT perieHuit Bosce. Cjien0BaTebHO,

rang (A) < rang (A).
Mockonbky no yenosuio Af + Bf >0 u A3 + Bf > 0, 1o rang (4) = 1.
[Toaromy rang (A) = 2.

Cayuati 3. Ilpameie cosnadarom. DTO 03HAYaeT, UTO B YPaBHEHHSIX
TPSIMBIX

Al =My, By =ABy, C) =M.

npu HekoTopoM A # 0. DTo 03Ha4aeT, 4To

rang (A) = rang (4) = 1.

SAAYA 2. B repmuHax paHroB MAaTpHll M3yYHTh B3aUMHOE PacIio-
JIOXKEHHE TPEX MPSIMBIX Ha TJIOCKOCTH.
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Pewmenwue. Ilycts npsmbie i, lo ¥ I3 3a1aHbl CBOMMH OOLIMMH ypaB-
HEHUSIMH B HEKOTOPO# 00lieil nekapToBoi cucreme koopauuat {0, ey, eq}

ly: A+ By=0C1, ly: A+ By = Cy,
I3 : A3:13—|—Bgy203.

Cayuadi 1. Ilpsamoie nepecekaromcs 8 eOUHCMBEHHOL MOUKe.

l3
ly

Puc. 1. Cnyuait 1 peuenus 3agauu 2.

C onHOH CTOPOHBI, 3TO O3HAUYAET, UTO KaXK/ble JIBe MPsIMBIE U3 TPEX
nepecekarTcsl B €IUHCTBEHHOH TOUKe, T. €.

A B Ay B As B
rang(A; B;)—rang<A§ Bi)—rang(A? B‘:’)—Q.

U npu aToMm, ¢ 1pyro#l CTOPOHBI, CHCTEMa BCeX TpeX ypaBHEHHH COBMECTHa,

e A B C A B
rang AQ BQ CQ = AQ BQ =2.
Az Bz C3 Az B

I3

>

Puc. 2. Cnyuaii 2 peuenus 3agauu 2.

ly
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Cayuaii 2. [Ipambie nONAPHO nepecekaromcs, HO 6ce Mpu npamvie He
umerom obujux mouex. C oqHOH CTOPOHBI, JI0Oble Ba YPaBHEHUS U3 TPEX
UMeEIOT eJMHCTBEHHOE pelleHHe, UTO 03HauaeT PaBeHCTBO

A] B, - A2 By o As Bs _
rang<A2 By ) —rang(A3 Bs ) —mng(A1 B ) = 2.

C npyroil cTOpoHbl, BCe TPU ypaBHEHUS He MUMEIOT pelleHUH, T.e.

Al Bl Cl Al Bl
rang [ Ay By Cy | =3, Ay By | =2.
A3 Bg 03 A3 BS

Cayuaii 3. [lse npamoie u3 mpéx napainieivrol, a OCMABULAACS NPA-
Mas ux nepecexaem.

l
I3
Puc. 3. Cnyuait 3 peuenus 3agauu 2.

Bes orpanuuenns OOLIHOCTH MOXKHO CUMTaTb, 4TO NpsiMble lo U I3
napasJesbHbl, a npsamas [ ux nepecekaer. C oHOH CTOPOHBI, 3TO O3HAYaerT,
4TO CUCTEMbl YpaBHEHHH

Az + By =Cy, Awx+ Boy=Cy

Aix+ By =C1, Asx+ B3y =C3
UMEIOT KaXkaasi e[AHCTBEHHOE peleHne. A cucTeMa ypaBHEHUH
Aoz + Boy = Cy, Azx+ B3y =Cjs

peleHu#l He umeet. Mrak,
ran Ar Br) _ ran A B _ 2
8 Ay By | & A3 By | 7

HO
Ay B Ay By C!
rang < Ai Bi ) =1 u rang ( Ai Bi Ci ) = 2.
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Cayuati 4. /lse npsamoie cosnadarom, a mpemos ux nepecekaem. bes
orpaHuYeHHsl OOLIHOCTH MYyCThb MpsiMble ly U [3 coBmanaioT, a mpsiMast [} ux
nepeceKkaer.

h
l2 l3
Puc. 4. Cnyuait 4 pewenus 3agauu 2.

Toraa, C OJIHOH CTOPOHBI, 3TO O3HA4YAE€T, YTO CUCTEMBI ypaBHeHI/IIjI

Az +Biy=C,, Awx+ Boy=0Cy

Aix+Biy=C,, Asx+ Byy=0Cs
MMEIOT Kask[as eMHCTBEHHOE pellleHHe. A cHCTeMa ypaBHeHHil
Asx + Boy = Cy,  Azx + Bay = C3

uMeeT OeCKOHEUYHOe 4yucjo pemeHud. Hrak,

ran Ar B = ran Ar By =2
S\ Ay By | T8\ Ay By | T

HO
Ay B Ay By C!
rang < Ai Bi ) =1 u rang ( Ai Bi Ci ) =1.

Cayuati 5. Tpu npamoie napairiesvtol.

Puc. 5. Cnyuail 5 peuenus 3agauu 2.
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DT0 03HAUaeT, UTO KaxK/ble Ba yPaBHEHHUsI U3 TPEX HE UMEIOT pelleHHH,
T. €.
A B Ay B A3 B
rang(A; B; ) :rang(Ai Bi ) :rang(A? B? ) =1,
HO

Ay By Cp ) _ Ay By Cp )\ _ As By C5) _
rang(A2 B, G )=l 4. B, ¢, ) =8| 4 B, =2.
Cayuaii 6. [ee npsmoie uz mpéx cognadarom, a mpemos um napai-

AEAbHA.

l3ly
Iy

Puc. 6. Cnyuail 6 peuenus 3agauu 2.

bBes orpanuuenus oOUIHOCTH, MyCTb TpsiMble [y W [3 coBmajgamoT, a
nepsas npsiMas UM napaJjiesnbHa. C OfHOH CTOPOHBI, CUCTeMa YpaBHEHHUH

Ao + Boy = (s, Asz + B3y = Cs
UMeIT 6ECKOHEYHO MHOTO PEIIeHUH, a, C IPYro# CTOPOHBI, KaXKIasi CHCTeMa
ypaBHeHUH
Az + By =Cy, Awx+ Boy = Cy
Aix+ By =C1, Asx+ B3y =C3
He uMeloT pemeHud. [lostomy
Ay Bg ) _ Ay By Co '\ _
1"3Lng<A3 Bs > rang<A3 Bs Cs =1
U TIPH 9TOM
Ay B\ _ Ay By Cp\ _
rang<A2 By ) =1, rang<A2 B, C =2,
Al B] o Al BI Cl _
rang<A3 Bs ) =1, rang<A3 By Cs =2

Cayuati 7. Bce mpu npsameie cosnadarom.
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l3laly

Puc. 7. Ciyuaii 7 pelenus 3agauu 2.

DTo 03HAuaeT, YTO COBMAAAIOT MpsiMble [; U [y ¥ COBMAAIOT mpsiMbie [o
uls, 1. €.
ran Ar By _ ran A By Gy 1
8l 4y By )78 4 B, ¢y ) T 0

Ay By '\ _ Ay By Cy '\ _
rang<A3 Bs ) rang<A3 Bs Cs =1
SAJLTAYA 3. B TepMuHaxX PaHTOB MaTpHll pacCMOTPETb BCe Caydau
B3aMMHOTI'0 PACIIOJIOKEHHS IBYX IJIOCKOCTEH B MPOCTPAHCTBE.

Pewenue. IlycTb nBe MJIOCKOCTH 3aJaHbl CBOUMHU OOILHMH YypaBHe-
HUSAMH

p1: Al.’E—‘rBly—f—C]Z:Dl, P2 - A2$+Bgy+CQZ:D2
B HEKOTOpPOH oOmed mekaptoBoii cucreme koopauHat {0, eq,eq, €3},

NpUYEM
A2+ B2 +C? >0, A+ Bj+C%>0.

P1

P2

Puc. 8. Cnyuait 1 pemenns 3agauu 3.

Cayuati 1. Ilrockocmu nepecekaromcs. DTO 0O3HAUaeT, YTO CHCTeMa
ypaBHEHUN

Az + Biy+ Ciz=D;, Asx+ Boy+ Coz = Dy (0.3)
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HUMEeT pelleHHe, HO IMJIOCKOCTH He COBIadaroT. 3HayuT

Ay By Cp Y\ _
rang<A2 B, 02>2.

OueBUIHO, YTO

ran A B G Dy =2
8\ A4y By Cy Dy | =%

P1

P2

Puc. 9. Cnyuait 2 pewenus 3agauu 3.

Cayuati 2. [rockocmu napainresvhol. DTO 03HA4YaeT, 4TO CHCTEMa
ypaBHenu# (0.3) He WMeeT pelleHUH, T.e.

ran A B G =1
8\l 4 B, ¢y )T

ran A B G Dy =2
8\ 4 By ¢y Dy | =%

U TIPU 3TOM

b1 D2

Puc. 10. Cayuya#t 3 pelieHus 3agauu 3.

Cayuati 3. I[lnockocmu cosnadarom. JTo 03HAYAET, YTO CUCTEMA ypaB-
Henuil (0.3) UMeeT pellleHHsi, HO 3TO He caydai 1, T.e.

ran Ar B G =1
S\ 4, B, & )T

A1 Bl Cl D1 -1

rang Ay By Cy Dy ) = 1

SAJTAYA 4. B repmuHax paHTOB MaTPHIl OMHCATh BCe CJAydYau B3a-
MMHOTO PACHOJIOKEHUS] TPEX MJIOCKOCTEH B NPOCTPAHCTBE.

Pemenwue. IlycTe Tpy MIOCKOCTH 3aJaHbl CBOMMH OOILIMMH ypaBHe-
HUSMH

pr: A+ Biy+Ciz=Dy, py: Asx+ Boy+ Coz = Dy,
p3 : AgfL“l‘Bgy-l-Cg,Z:Dg

B HEKOTOPOH 00IIed nekapToBof cucteme kKoopauHat {0, ey, eq, €3}.
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D2 D3

P \

Puc. 11. Cnyuait 1 pewenuns sagauu 4.

Cayuati 1. Tpu naockocmu nepecekaromcs 8 eOUHCMBEHHOU MOUKe.
DTo 03HayaeT, YTO CHUCTeMa ypaBHEHHH

A1x+Bly+Clz=D1, (04)
Az + Boy + Coz = Do, (0.5)
Asx + B3y + C3z = Ds (0.6)

“WMeeT enHHCTBeHHOe pelneHue. Clief0BaTebHO,
A, B, C;
rang [ Ay By Cy | =3.
As Bz Cs
OueBHIHO, UTO TPH ITOM
A By C; D
rang AQ BQ CQ DQ = 3.
A3 B3 C3 D3

Cayuaii 2. [lrockocmu nonapHo nepecekaiomcsi, HO Mpu NAOCKOCMU
He umerom 06wux mouex. DTO 03HAYaeT, YTO JOOble ABa ypaBHEHUS W3
Tpéx (0.4)—(0.6) uMeroT peleHus, T.e.

ran A B C —an Ay By Cy — an Az By C3 '\ _
8 AQ By Cy B 8 A3 B; C4 B 8 A By C; B

O‘{EBI/II[HO, 4TO NPH 3TOM

ran Al Bl Cl D1 — ran AQ BQ CQ DQ
8\ Ay By Cy Dy ) =8\ Ay By (O3 Ds
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w / :
Puc. 12. Cnyuait 2 pewenuns 3agauu 4.

_ As By C3 D3\ _
—rang(Al B, C, D, =2.

C npyro# croponsl, cuctema ypaHenuil (0.4)—(0.6) Tpéx ypaBHeHHH He
vmeet peterni. CienoBaresnbHO,

Ay By C;
rang | Ay By Co | =2,
As B3 (Cj

HO MpH 3TOM

A1 Bl Cl Dl
rang AQ BQ CQ .DQ =3.
A3 B3 C3 Ds

Lz

Puc. 13. Cayuait 3 peuienus 3anauu 4.

Cayuaii 3. [se naockocmu napaiiesvrol NapaiLebHbl, & MpPemovs ux
nepecekaem. bes orpaHnyeHusi oOLIHOCTH OyfeM CUHTATh, YTO IMJOCKOCTH

D2 W ps3 NapaJJesbHbl, a MJIOCKOCTb P UX MepecekaeT. DTO O03HAUaET, YTO
cucTeMa ypaBHEeHUH

Aox + Boy + Coz = Dy, Asx + B3y + Csz = D3
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He UMeeT pelleHHH, a CUCTeMbl ypaBHEHHH

Az + By +Ciz=D;, A+ Boy+ Coz =Dy

Az + Biy+Ciz=Dy, Asx+ Byy+ Csz= D3

UMeIOT pelleHHsl, HO COOTBETCTBYIOLIME IJIOCKOCTH He coBnajatot. Mrak, ¢
OJIHOH CTOPOHHI,

(515 G ) =1 (338 D)
C npyro#l cTOpOHHI,
rang(ﬁl gl gl ) :rang(il gl gl ) =2.
2 by O 3 bz C3
OueBHHO, UTO MPH ITOM

can A B Ci D — ran A B Ci D _9
8\ Ay By Cy Dy | =8\ 4y By O3 Dy ) ==

Puc. 14. Cnyuait 4 pewenuns 3agauu 4.

Cayuaii 4. Tpu naockocmu nepecekaromcs no npamoti. dTO 03Hada-
€T, UTO Kaxkjible JBe IJOCKOCTH H3 ABYX IIepeCceKaloTcsl M0 MPSIMOH, T.e.
Kaxkuple fBa ypaBHeHus u3 Tpéx (0.4)-(0.6) mmeroT pereHne — npsMyIo.
CraJsio 6bITb, C OHOH CTOPOHBI, UMEEM

A1 Bl 01 - AQ B2 CQ _ AS BS CS _
rang(A2 By 02)—rang(A3 Bs Cg)-lraumg(A1 B, C =2.

OueBHUIHO, YTO MPH ITOM

Al Bl Cl D1 o AQ BQ CQ DQ o
Tang\ A, By, Cy Dy | =8\ Ay By O3 Dy ) =
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_ As By C3 D3\ _
rang<Al B, C, D, =2.

C npyro#l cTOpOHHI,

Al B, 01 Al B Cl D,
rang AQ B2 CQ = rang A2 BQ CQ DQ = 2.
A3 Bs 03 A3 Bs C(3 Ds

Puc. 15. Cayuait 5 perenus 3agauu 4.

Cayuaii 5. /lse naockocmu cosnadaiom, a mpemoes ux nepecekaem.
Bes orpannyenusi 6ynem cuuTtaTh, UTO MJIOCKOCTH Py = P3, a MJIOCKOCTb P
UX TepeceKkaeT. DTO 03HAYAeT, UTO B CUCTEME ypaBHEHHH

Aox + Boy + Coz = Dy, Asx + B3y + Csz = D3

OJIHO ypaBHeHHe fBJSETCS CJeLCTBUEM Ipyroro, T.e.
Ay By Oy
rang < As B; Cs =1

ramg(A2 By G D2>:1.

U TIPHA 3TOM

A3 B3 03 D3
C npyroél cTOpPOHBI, CUCTEMBl YpaBHEHHUH

Az + By +Ciz=D;, A+ Boy+ Coz =Dy

Az + By +Ciz=D;, Asx+ B3y+ C3z= D3

UMEIOT pellieHHe — TpsMyto (TepecekaroTcs, HO He coBrnanawt). Torna
ran A B G ran A B Gy 2
8 AQ Bs CQ - & A3 BB 03 -7
OueBuaHO, UTO NPHU ITOM

ran A, B, C; D — ran A, B, C; D —9
8\ 4y By ¢y Dy ) T8 43 By €3 D3 ) T %
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y41

Puc. 16. Cayya#t 6 pewenus 3anauu 4.

Cayuati 6. Tpu naockocmu napasnesviol. DTO 03HAYaeT, UTO KaxKJble
JIBa ypaBHeHHs1 U3 cucTeMbl Tpéx ypasHenui (0.4)—(0.6) He umeroT perie-
HUH. DTO 03HAUaeT, uTo

A1 Bl 01 - AQ B2 CQ _ AS BS CS _
rang Ay By C» =rang A; Bs Cs =rang A, B C )=

U NPpU 3TOM

rang(Al B Cl Dl)—rang(AQ BQ CQ DQ)_

—_—

Ay By Cy Dy

Puc. 17. Cnyuait 7 pelnenus 3agauu 4.

Cayuati 7. [/lse naockocmu u3 mpéx cosnadarom, a mpemos um na-
paasesvra. Bes orpaHuueHHst OOLIHOCTH MOXKHO CUHTATh, YTO MJIOCKOCTH
Do = Pp3, @ IJIOCKOCTDb P UM NapaJiienbHa. [leficTBUTEbHO, PABEHCTBO Py =
= p3 O3HAUaeT, UTO B CUCTEMe ypaBHEHUH

Aoz + Boy + Coz = Dy,  Asx+ By + Csz = D3
OIHO YPaBHEHHE SIBJSETCH CJAEACTBHEM APYTOrO, T. €., C OHOH CTOPOHHI,
Ay By Co '\ _ Ay By Cy Do\ _
rang ( As By Cs ) = rang As By Cs Dy ) = 1.
C npyroii CTOPOHbI, CUCTEMBI YPaBHEHHUH

Az + By +Ciz=D;, A+ Boy+ Coz =Dy

Az + Byy+ Ciz=D;, Asx+ Byy+ Csz = D3



14 Koncynbranus 10. Ilpusnoxkenns teopemnl Kponekepa—Kanenan

He MMEIOT pelleHHe BOBCE. C.He[LOBaTeJIbHO,

ran A1 B Gy = ran Ar B G =1
g AQ BQ CQ o & AS BS 03 -

HO NpPH 3TOM

ran A B C D — ran A B Ci D _9
8\ 4y By ¢y Dy )T 43 By 3 D3 ) TF

/ P1 P2 P3 /

Puc. 18. Cayuaii 8 peuienus zanauu 4.

Cayuati 8. Tpu naockocmu cosnadarom. IDTO 03HAUAET, UTO KaxKI0e
ypaBHeHHe U3 TPEX SIBJSETCS CJEACTBHEM JIFOOOr0 M3 OCTABLIMXCS ypaBHe-

HUH, T.e. A B C D
rang [ Ay By Cy Do =1.
Az Bz C3 Dj

SANAYA 5. B repMuHax paHroB MaTpHI U3YIUTb BOIIPOC O B3aHUM-
HOM PacCIOJIOKEHHH JIBYX IPSIMBIX B TIPOCTPAHCTBE.

Pemenwue. Ilycts mpsiMble 3aaHbl CBOUMH BEKTOPHBIMHU TapaMeTpH-
YeCKHUMH ypaBHeHHsIMH. [ls1 ynoOCTBa 3amuilleM 3TH YpaBHEHHsI B CJELY-
olel popme:

liy: r=ry—at, ly: r=-r9+ b7 (0.7)
[pupaBHsieM 3TU ypaBHEHHS M TIOJYYUM yPaBHEHHE
r| +ry = at + br. (0.8)

[lycts {0, €1, €9, €3} — 3T0 001as neKapToBa cHcTeMa KoopauHat. IlycThb
B 3TOH CHCTeMe KOOpAMHAT

Ca
ri+ro=(ej,eze3)| ¢y |,

Cz

Ay bx
a=(eees)| ay |, b=(er,eze3)| by |.
a bz

Torna u3 (0.8) nmpuxomuM K cucTeMe TPEX ypaBHEHHH OTHOCHTENBHO IBYX

HEeM3BeCTHBIX T U T :
azt + b, = ¢y, (0.9)

ayt + b, T = ¢y, (0.10)
a,t +b,T = c,. (0.11)
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Puc. 19. Ckpeuuparouyecs npsiMele.

Cayuaii 1. [lpamole ckpeujusaromcs. DTO 03HAYAET, YTO BEKTOPHl & U
b He KoJIMHeapHB, T. €.

az; by
rang | ay by, | =2,
a, b,

a cuctema ypaBHeHu#d (0.9)-(0.11) He uMeeT pelueHUH, T. €.

ay by Co
rang | ay by ¢, | =3.
aZ z CZ

Cayuati 2. Ipsamole napaisenvhsl. DTO 03HAYAET, UTO BEKTOPbl a U b
KOJIJIHHEApHBI, T. €.
az by
rang | ay by | =1,
a. b

a cucrema ypasHenud (0.9)—(0.11) He uMeeT perueHu, T.e.
Gy by Cy
rang | ay by cy, | =2.
aZ z CZ

Cayuati 3. [lpameie nepecekaromcs. DTO 03HAUaET, YTO BeKTOpbl a U b
He KOJIJIHHEapHbI, T. €.

az by
rang [ ay, b, | =2,
a, b,



16 Koncynbranus 10. Ilpusnoxkenns teopemnl Kponekepa—Kanenan

a cuctema ypaBHeHu# (0.9)—(0.11) uMeeT eIHHCTBEHHOE pelleHHE, T. €.

ay by ¢y
rang | ay by ¢y, | =2.
a, b, c,

Cayuaii 4. Ilpamovie cosnadarom. DTO 03HAYaeT, YTO HAMPABJSIONIHE
BEKTOpPHl & U b KoJIIHHeapHHbI, T. €.

Gy by
rang | ay by | =1,
aZ z

a cucrema ypasuerud (0.9)—(0.11) umeer GecKOHEUHOE MHOXKECTBO pellie-

HUH, T.e€.
az by Cz

rang | ay by ¢y, | =1.
a b, ¢



