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Ââåäåíèå è ïîñòàíîâêà çàäà÷è
Ïîñòðîåíèå ðåãóëÿòîðà

×èñëåííûå ýêñïåðèìåíòû è çàêëþ÷åíèå

Ââåäåíèå

Â ëèòåðàòóðå áîëüøîå âíèìàíèå óäåëÿåòñÿ ïðîáëåìå íàõîæäåíèÿ çàêîíîâ
ðàöèîíàëüíîãî óïðàâëåíèÿ â ôîðìå îáðàòíîé ñâÿçè äëÿ íåëèíåéíûõ
óïðàâëÿåìûõ ñèñòåì â ðåàëüíîì âðåìåíè ñ äîñòàòî÷íîé òî÷íîñòüþ. Ïðè
ýòîì äîñòèæåíèå ïðèåìëåìîé òî÷íîñòè äîñòèãàåòñÿ çà÷àñòóþ çà ñ÷åò
ïîâûøåíèÿ ðàçìåðíîñòè óðàâíåíèé äèíàìèêè è ó÷åòà òàê íàçûâàåìûõ
áûñòðûõ äâèæåíèé.

Ìàòåìàòè÷åñêèå ìîäåëè äèíàìèêè ïðè ýòîì ìîãóò îïèñûâàòüñÿ ñèíãóëÿðíî
âîçìóùåííûìè îáûêíîâåííûìè äèôôåðåíöèàëüíûìè óðàâíåíèÿìè.
Èññëåäîâàíèþ ñèíãóëÿðíî âîçìóùåííûõ çàäà÷ îïòèìàëüíîãî óïðàâëåíèÿ è
èõ ïðèëîæåíèÿì ïîñâÿùåíû ìíîãî÷èñëåííûå ñòàòüè (ñì., íàïðèìåð, 1−3).

Îäèí èç ïðèáëèæåííûõ ïîäõîäîâ ê ðåøåíèþ ñèíãóëÿðíî âîçìóùåííûõ çàäà÷
ñ çàäàííîé òî÷íîñòüþ ñâÿçàí ñ ïîñòðîåíèåì èòåðàöèîííûõ ïðîöåäóð,
èñïîëüçóþùèõ äåêîìïîçèöèþ óðàâíåíèé äèíàìèêè.

1 A. B. Vasil'eva, M. G. Dmitriev, �Singular perturbations in optimal control problems,� J. Math.
Sci., vol. 34, pp. 1579�1629, 1986.

2P. V. Kokotovic, H. K. Khalil, and J. O'Reilly, �Singular Perturbation Methods in Control: Analysis
and Design�, SIAM: Philadelphia, 1999.

3 Dmitriev M.G. and Kurina G.A., �Singular perturbations in control problems�, Automation and
Remote Control, vol. 67(1), pp. 1-43, 2006.
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Ââåäåíèå

Èòåðàöèîííûå ïîñëåäîâàòåëüíûå è ïàðàëëåëüíûå ñõåìû íàõîæäåíèÿ
ýêñòðåìàëåé Ïîíòðÿãèíà äëÿ ñèíãóëÿðíî âîçìóùåííûõ çàäà÷ îïòèìàëüíîãî
óïðàâëåíèÿ âïåðâûå áûëè ïðåäëîæåíû â ðàáîòàõ 4,5.

Àíàëîãè÷íûå ïðèåìû ðåøåíèÿ óðàâíåíèé Ðèêêàòè, âîçíèêàþùèõ â ëèíåéíî
êâàäðàòè÷íûõ çàäà÷àõ îïòèìàëüíîãî óïðàâëåíèÿ äëÿ ñèíãóëÿðíî
âîçìóùåííûõ ñèñòåì íà êîíå÷íîì èíòåðâàëå, ðàññìàòðèâàëèñü â ðàáîòàõ 4,5,
à íà ïîëóîñè â 6.

Â íàñòîÿùåé ðàáîòå, èñïîëüçóÿ òåõíèêó ïîäõîäà SDRE (ñì., íàïðèìåð, îáçîð
7), ðàçâèâàåòñÿ ïîñëåäîâàòåëüíûé èòåðàöèîííûé àëãîðèòì ðåøåíèÿ
ñèíãóëÿðíî âîçìóùåííûõ çàäà÷ îïòèìàëüíîãî óïðàâëåíèÿ èç 4,5 è
ïðèâîäèòñÿ èòåðàöèîííûé ïîñëåäîâàòåëüíûé ìåòîä ïîñòðîåíèÿ îáðàòíîé
ñâÿçè â çàäà÷å íà êîíå÷íîì èíòåðâàëå íà ñëó÷àé ñëàáî íåëèíåéíûõ ñèñòåì.

4 Dmitriev M.G. and Klishevich A.M., �Iterative solution of optimal control problems with fast and
slow motions�, Systems and Ñontrol Letters, vol. 4(4), pp. 223-226, 1984.

5 Êëèøåâè÷ À.Ì. �Ðàâíîìåðíûå ïðèáëèæåíèÿ â ñèíãóëÿðíî âîçìóùåííûõ çàäà÷àõ è èõ
ïðèìåíåíèå â òåîðèè îïòèìàëüíîãî óïðàâëåíèÿ�, äèññåðòàöèÿ íà ñîèñê. ó÷åí. ñò. ê.ô.-ì.í. ïî
ñïåö. 01.01.02. ÂÖ ÑÎ ÀÍ ÑÑÑÐ â ã. Êðàñíîÿðñêå, 148 ñ., 1985.

6 Z. Gajic and Xu. Shen, �Parallel Algorithms for Optimal Control of Large Scale Linear Systems�,
London: Springer, 1993.

7 Cimen T., �State-dependent Riccati Equation (SDRE) control: A Survey�, IFAC Proceedings
Volumes, �. 2, pp. 3761�3775, 2008.
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Ïîñòàíîâêà çàäà÷è

Ðàññìàòðèâàåòñÿ çàäà÷à îïòèìàëüíîãî óïðàâëåíèÿ äëÿ ñëàáî íåëèíåéíîé ñèíãó-
ëÿðíî âîçìóùåííîé ñèñòåìû

dx
dt

= A1(x , ε)x + A2(x , ε)y + B1(x , ε)u, x(0) = x0,

ε dy
dt

= A3(x , ε)x + A4(x , ε)y + B2(x , ε)u, y(0) = y0,

J (u) = 1
2

∫ tf
0

(
wTQ(x , ε)w + uTRu

)
dt → min

u
,

x ∈ X ⊂ Rnx , y ∈ Y ⊂ Rny , u ∈ Rr , Q(x , ε) ≥ 0, R > 0,

w =
[

x y
]T
∈W ⊂ Rn,W = X × Y , t ∈ [0, tf ] , 0 < ε� 1,

(1)

ãäå x, y � ñîîòâåòñòâåííî ìåäëåííûå è áûñòðûå êîîðäèíàòû; Õ, Y � îãðàíè÷åí-
íûå ìíîæåñòâà, âêëþ÷àþùèå 0; w � ñîâîêóïíûé âåêòîð ïåðåìåííûõ ñîñòîÿíèÿ;
ìàòðèöû ñèñòåìû èìåþò âèä Ai (x , ε) = Ai,0 + εAi,1(x), i = 1, 4;Bj (x , ε) =
Bj,0 + εBj,1(x), j = 1, 2; u � óïðàâëåíèå; ε � ìàëûé ïàðàìåòð; n = nx + ny ; Q
è R � âåñîâûå ìàòðèöû êðèòåðèÿ.
Ââåäåì íåêîòîðûå óñëîâèÿ.
I. Êîýôôèöèåíòû â ìàòðèöàõ (1) ÿâëÿþòñÿ îãðàíè÷åííûìè è ãëàäêèìè ôóíêöèÿìè
ñâîèõ àðãóìåíòîâ â îáëàñòè G = {x ∈ X , 0 ≤ t ≤ tf , 0 < ε ≤ ε0}, ãäå ε0 -
äîñòàòî÷íî ìàëûé ïîëîæèòåëüíûé ïàðàìåòð, è ñòàíîâÿòñÿ êîíñòàíòàìè ïðè ε = 0.
Îãðàíè÷åííàÿ îáëàñòüW âêëþ÷àåò íà÷àëî êîîðäèíàò. Âñå òðàåêòîðèè ñèñòåìû (1)
ñóùåñòâóþò, åäèíñòâåííû è ïðèíàäëåæàò W äëÿ ëþáîãî äîïóñòèìîãî óïðàâëåíèÿ
u(t) ïðè t ∈ [0, tf ]
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Âèä îïòèìàëüíîãî óïðàâëåíèÿ

Cóáîïòèìàëüíàÿ îáðàòíàÿ ñâÿçü äëÿ çàäà÷è (1) ïðèíèìàåò âèä8

u(w , t, ε) = −R−1BT (x , ε)(P(w , t, ε)w + Π(w , t, ε)), (2)

ãäå

Π(w , t, ε) =
1

2

[
wT ∂P(w,t,ε)

∂w1
w wT ∂P(w,t,ε)

∂w2
w . . . wT ∂P(w,t,ε)

∂wn
w
]T

,

ìàòðèöà P(w , t, ε) ÿâëÿåòñÿ ðåøåíèåì ñëåäóþùåé çàäà÷è Êîøè äëÿ ìàòðè÷íîãî
äèôôåðåíöèàëüíîãî óðàâíåíèÿ òèïà Ðèêêàòè

dP

dt
+ PA + ATP − PBR−1BTP + Q + Ω = 0, P(w(tf ), tf , ε) = 0, (3)

â êîòîðîì dP
dt

- ïîëíàÿ ïðîèçâîäíàÿ ïî âðåìåíè îò P(w , t, ε),

P(w , t, ε) =

(
P1(w , t, ε) εP2(w , t, ε)

εP2
T (w , t, ε) εP3(w , t, ε)

)
, B(x , ε) =

(
B1(x , ε)
B2(x,ε)

ε

)
,

A(x , ε) =

(
A1(x , ε) A2(x , ε)
A3(x,ε)

ε
A4(x,ε)

ε

)
, Q(x , ε) =

(
Q1(x , ε) Q2(x , ε)

Q2
T (x , ε) Q3(x , ε)

)
,

Ω(w , t, ε) = 1
4

_

Pw

T

BR−1BT
_

Pw ,
_

Pw (w , t, ε) =
[

∂P
∂w1

w . . . ∂P
∂wn

w
]T

.

Qi (x , ε) = Qi,0 + εQi,1(x), i = 1, 3.

8Heydari A. and Balakrishnan S.N., �Closed-Form Solution to Finite-Horizon Suboptimal Control of
Nonlinear Systems� Intern. Journ. of Rob. and Nonlin. Contr., vol. 25, �.15, pp. 2687-2704, 2015 5 / 12
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Áëî÷íàÿ ôîðìà ìàòðè÷íîãî óðàâíåíèÿ òèïà Ðèêêàòè

Ó÷èòûâàÿ áëî÷íóþ ôîðìó ìàòðèö â (3), ïîñëåäíåå ìîæíî ïåðåïèñàòü â âèäå

d
dt
P1 = N1(x , y , t, ε), P1(w(tf ), t, ε) = 0,

ε d
dt
P2 = N2(x , y , t, ε), P2(w(tf ), t, ε) = 0,

ε d
dt
P3 = N3(x , y , t, ε), P3(w(tf ), t, ε) = 0,

(4)

ãäå

N1(w , t, ε) = −P1A1 − A1
TP1 − P2A3 − A3

TP2
T +

P1S1P1 + P1SP2
T + P2STP1 + P2S2P2

T − Q1 − Ω1,

N2(w , t, ε) = −P1A2 − P2A4 − εA1
TP2 − A3

TP3+

εP1S1P2 + P1SP3 + εP2STP2 + P2S2P3 − Q2 − Ω2,

N3(w , t, ε) = −εP2
TA2 − εA2

TP2 − P3A4 − A4
TP3+

ε2P2
TS1P2 + εP2

TSP3 + εP3STP2 + P3S2P3 − Q3−
Ω3,S1 = B1R−1B1

T , S2 = B2R−1B2
T , S = B1R−1B2

T .
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Ñòðóêòóðà ìàòðèöû Ω

Áëîêè ìàòðèöû Ω èìåþò ñëîæíóþ è ãðîìîçäêó ñòðóêòóðó. Íàïðèìåð,

4Ω1(P1,P2, ε) =
_

Pw,2,1S2,0

_

P
T

w,2,1+

ε

[
_

Pw,2,1ST
12,0

_

P
T

w,1,1 +
_

Pw,1,1S12,0

_

P
T

w,2,1 +
_

Pw,2,1S2,1

_

P
T

w,2,1 +
_

Pw,2,2S2,0

_

P
T

w,2,1+

_

Pw,2,1S2,0

_

P
T

w,2,2

]
+

ε2

[
_

Pw,1,1S1,0

_

P
T

w,1,1 +
_

Pw,2,1ST
12,1

_

P
T

w,1,1 +
_

Pw,2,2ST
12,0

_

P
T

w,1,1 +
_

Pw,2,1ST
12,0

_

P
T

w,1,2+

_

Pw,1,1S12,1

_

P
T

w,2,1 +
_

Pw,1,2S12,0

_

P
T

w,2,1 +
_

Pw,2,1S2,2

_

P
T

w,2,1 +
_

Pw,2,2S2,1

_

P
T

w,2,1+
_

Pw,1,1S12,0

_

P
T

w,2,2 +
_

Pw,2,1S2,1

_

P
T

w,2,2 +
_

Pw,2,2S2,0

_

P
T

w,2,2

]
+

ε3 [...] + ε4 [...] + ε5 [...] ,

ãäå
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Ñòðóêòóðà ìàòðèöû Ω

Pi (x , ε) = Pi,0 + εPi,1(x), i = 1, 2, 3;
_

Pw,1,1 =
[

psx1,1
. . . psxnx ,1

]
nx×nx

, psx1,1‘ = ∂
∂x1

P1,1x , ... , psxnx ,1‘ = ∂
∂xnx

P1,1x ,

_

Pw,1,2 =
[

psx1,2
. . . psxnx ,2

]
nx×nx

, psx1,2
= ∂

∂x1
P2,1y , ... , psxnx ,2

= ∂
∂xnx

P2,1y ,

_

Pw,2,1 =
[

psy1,1
. . . psyny ,1

]
nx×ny

, psy1,1‘ = ∂
∂y1

P1,1x , ... , psyny ,1‘ = ∂
∂yny

P1,1x ,

_

Pw,2,2 =
[

psy1,2
. . . psyny ,2

]
nx×ny

, psy1,2
= ∂

∂y1
P2,1y , ... , psyny ,2

= ∂
∂yny

P2,1y ,

_

Pw,3,2 =
[

pfx1,2
. . . pfxnx ,2

]
ny×nx

, pfx1,2
= ∂

∂x1
P2,1

T x + ∂
∂x1

P3,1y , ... , pfxnx 2 =

∂
∂xnx

P2,1
T x + ∂

∂xnx
P3,1y ,

_

Pw,4,2 =
[

pfy1,2
. . . pfyny ,2

]
ny×ny

, pfy1,2
= ∂

∂y1
P2,1

T x + ∂
∂y1

P3,1y , ... , pfyny 2 =

∂
∂yny

P2,1
T x + ∂

∂yny
P3,1y ,

S12,0 = B1,0R−1B2,0
T , S2,0 = B2,0R−1B2,0

T , S12,2(x) = B1,1(x)R−1B2,1
T (x),

S12,1(x) = B1,0R−1B2,1
T (x) + B1,1(x)R−1B2,0

T , S2,2(x) = ε2B2,1(x)R−1B2,1
T (x),

S2,1(x) = B2,0R−1B2,1
T (x) + B2,1(x)R−1B2,0

T .
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Èòåðàöèîííûé àëãîðèòì

Äàëåå ðåøåíèå íà÷àëüíîé çàäà÷è (3) ðàñêëàäûâàåòñÿ â ðÿä ïî öåëûì ïîëîæèòåëü-
íûì ñòåïåíÿì ïàðàìåòðà ε ïî ìåòîäó ïîãðàíè÷íûõ ôóíêöèé À.Á. Âàñèëüåâîé9.
Çàòåì ñ ïîìîùüþ ðåøåíèÿ ïðåäåëüíîé çàäà÷è è ïðàâûõ ïîãðàíè÷íûõ ôóíêöèé
â íóëåâîì ïðèáëèæåíèè, à òàêæå ñ ïîìîùüþ ïðèâåäåííîé â 4,5 çàìåíû ïåðåìåí-
íûõ, ôîðìèðóþòñÿ ñèíãóëÿðíî âîçìóùåííûå íà÷àëüíûå çàäà÷è äëÿ íåâÿçîê áëî-
êîâ ìàòðèöû P.
Â ðàáîòå èñïîëüçîâàëñÿ âàðèàíò ìåòîäà ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé, êîãäà
ñíà÷àëà íàõîäèëèñü ¾áûñòðûå¿ áëîêè íåâÿçîê äëÿ Ð, à çàòåì - ¾ìåäëåííûå¿.
Ïðè äîêàçàòåëüñòâå ïðåäëîæåííîãî àëãîðèòìà ïðåäïîëàãàåòñÿ âûïîëíåíèå ðÿäà
äîïîëíèòåëüíûõ óñëîâèé, ñðåäè êîòîðûõ òðåáîâàíèÿ ê óïðàâëÿåìîñòè è íàáëþäà-
åìîñòè íåêîòîðûõ ìàòðèö, íàïðèìåð,

II . rank[B2,0,A4,0B2,0, ...,A
ny−1
4,0 B2,0] = ny ,

rank[CT
3,0,A

T
4,0C

T
3,0, ...,A

T
4,0

ny−1
CT

3,0]T = ny ,CT
3,0C3,0 = Q3,0.

4 Dmitriev M.G. and Klishevich A.M., �Iterative solution of optimal control problems with fast and
slow motions�, Systems and Ñontrol Letters, vol. 4(4), pp. 223-226, 1984.

5 Êëèøåâè÷ À.Ì. �Ðàâíîìåðíûå ïðèáëèæåíèÿ â ñèíãóëÿðíî âîçìóùåííûõ çàäà÷àõ è èõ
ïðèìåíåíèå â òåîðèè îïòèìàëüíîãî óïðàâëåíèÿ�, äèññåðòàöèÿ íà ñîèñê. ó÷åí. ñò. ê.ô.-ì.í. ïî
ñïåö. 01.01.02. ÂÖ ÑÎ ÀÍ ÑÑÑÐ â ã. Êðàñíîÿðñêå, 148 ñ., 1985.

9 Âàñèëüåâà À.Á., Áóòóçîâ Â.Ô., �Àñèìïòîòè÷åñêèå ðàçëîæåíèÿ ðåøåíèé ñèíãóëÿðíî
âîçìóùåííûõ óðàâíåíèé�, Ì.-Íàóêà, 273 ñ, 1973.
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Ââåäåíèå è ïîñòàíîâêà çàäà÷è
Ïîñòðîåíèå ðåãóëÿòîðà

×èñëåííûå ýêñïåðèìåíòû è çàêëþ÷åíèå

Ñèñòåìà è êðèòåðèé êà÷åñòâà

Ðàññìîòðèì çàäà÷ó îïòèìàëüíîãî óïðàâëåíèÿ äëÿ ñèñòåìû

dx
dt

= y , x(0) = −3, y(0) = 5,

ε dy
dt

= (1 + ε sin(x)) x + (−1 + ε cos(x)) y+(
2 + 3εe−0.1x2

)
u.

(5)

Ìàòðèöû êðèòåðèÿ è âðåìåííîé èíòåðâàë â (1) áûëè îïðåäåëåíû ñëåäóþùèì îá-
ðàçîì R = 1, Q = diag{1, 1}, t ∈ [0, 5]
Äàëåå â òàáëèöå äëÿ íåñêîëüêèõ çíà÷åíèé ïàðàìåòðà ε ïðåäñòàâëåíû çíà÷åíèÿ
êðèòåðèÿ êà÷åñòâà âäîëü òðàåêòîðèé çàìêíóòîé ñèñòåìû (5),(2).
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Ââåäåíèå è ïîñòàíîâêà çàäà÷è
Ïîñòðîåíèå ðåãóëÿòîðà

×èñëåííûå ýêñïåðèìåíòû è çàêëþ÷åíèå

Ðåçóëüòàòû ÷èñëåííûõ ýêñïåðèìåíòîâ

Óïðàâëåíèå (2) áûëî ïîëó÷åíî äëÿ ðàçëè÷íîãî ÷èñëà èòåðàöèé ïðåäëîæåííîãî àë-
ãîðèòìà. Íóëåâàÿ èòåðàöèÿ ñîîòâåòñâóåò ëèíåéíîìó óïðàâëåíèþ, ïîëó÷åííîìó íà
îñíîâå ðåøåíèÿ âûðîæäåííîé çàäà÷è îïòèìàëüíîãî óïðàâëåíèÿ è ðåøåíèé çàäà÷
äëÿ ïðàâûõ ïîãðàíñëîåâ, ñîîòâåòñâóþùèõ áûñòðûì áëîêàì óðàâíåíèÿ òèïà Ðèê-
êàòè.

Òàáëèöà: Çíà÷åíèÿ êðèòåðèÿ êà÷åñòâà äëÿ ðàçëè÷íûõ ïàðàìåòðîâ ε è ÷èñëà èòåðàöèé
àëãîðèòìà

Iteration

ε 0 1 2 3

5 15.58933 35.39225 5.097274 5.064529

1 8.543210 4.906988 5.256568 5.135998

0.1 6.435992 6.308513 6.301343 6.276599

0.01 6.695111 6.700553 6.693363 6.692953

0.001 6.744451 6.745238 6.744429 6.744425

Êàê âèäíî èç òàáëèöû, äëÿ ïðîâåäåííûõ ýêñïåðèìåíòîâ íàáëþäàåòñÿ ïîñòåïåííîå
óëó÷øåíèå çíà÷åíèÿ êðèòåðèÿ ñ óâåëè÷åíèåì ÷èñëà èòåðàöèé, õîòÿ îíî è íå ÿâëÿ-
åòñÿ ìîíîòîííûì. Òàêæå îòìåòèì, ÷òî äàæå ïåðâûå èòåðàöèè ìîãóò ïðèâåñòè ê
çíà÷èòåëüíîìó óëó÷øåíèþ êðèòåðèÿ.
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Ââåäåíèå è ïîñòàíîâêà çàäà÷è
Ïîñòðîåíèå ðåãóëÿòîðà

×èñëåííûå ýêñïåðèìåíòû è çàêëþ÷åíèå

Çàêëþ÷åíèå

Ïðåäëîæåí èòåðàöèîííûé ìåòîä ïîñòðîåíèÿ ðåãóëÿòîðà â çàäà-
÷å óïðàâëåíèÿ íà êîíå÷íîì èíòåðâàëå âðåìåíè ñëàáî íåëèíåéíîé
ñèíãóëÿðíî âîçìóùåííîé ñèñòåìîé è íàéäåíû óñëîâèÿ åãî ïðè-
ìåíèìîñòè, åñòåñòâåííûå äëÿ áëèçîñòè ðåøåíèé âîçìóùåííûõ
âàðèàöèîííûõ çàäà÷ è ðåøåíèé èõ ïðåäåëüíûõ çàäà÷.

Ðåãóëÿòîð ñòðîèòñÿ ïóòåì ðåøåíèÿ âñïîìîãàòåëüíîãî ìàòðè÷íî-
ãî íåëèíåéíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ, ôîðìèðóþùåãî
ìàòðèöó êîýôôèöèåíòîâ óñèëåíèÿ.

×èñëåííûå ýêñïåðèìåíòû äåìîíñòðèðóþò ñòàáèëèçèðóþùèå ñâîé-
ñòâà ïðåäëîæåííîãî ðåãóëÿòîðà.
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