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Ïîñòàíîâêà çàäà÷è



Nu(u) := ε4∆u − ∂u

∂t
− f (u, v , x , ε) = 0, x = (x1, x2) ∈ D, t > 0,

Nv (v) := ε2∆v − ∂v

∂t
− g(u, v , x , ε) = 0, x = (x1, x2) ∈ D, t > 0,

u(x , 0, ε) = uinit(x , ε), v(x , 0, ε) = vinit(x , ε), (x) ∈ D̄,

ε2
∂u

∂n

∣∣∣∣
∂D

= h(x), x ∈ ∂D,

ε
∂v

∂n

∣∣∣∣
∂D

= q(x), x ∈ ∂D.

(1)

Çäåñü ε > 0 � ìàëûé ïàðàìåòð, ôóíêöèè f (u, v , x , ε) è

g(u, v , x , ε) îïðåäåëåíû ïðè (u, v , x) ∈ G ≡ Iu × Iv × D è

0 < ε ≤ ε0, ãäå ε0 � ïîëîæèòåëüíàÿ êîíñòàíòà. Ïðîèçâîäíàÿ â

ãðàíè÷íîì óñëîâèè áåðåòñÿ ïî âíóòðåííåé íîðìàëè ê ∂D.
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Ýëëèïòè÷åñêàÿ êðàåâàÿ çàäà÷à



Lu(u) := ε4∆u − f (u, v , x , ε) = 0, x = (x1, x2) ∈ D,

Lv (v) := ε2∆v − g(u, v , x , ε) = 0, x = (x1, x2) ∈ D,

ε2
∂u

∂n

∣∣∣∣
∂D

= h(x), x ∈ ∂D,

ε
∂v

∂n

∣∣∣∣
∂D

= q(x), x ∈ ∂D.

(2)
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Óñëîâèÿ

(À0) f (u, v , x , ε), g(u, v , x , ε), h(x) è q(x) äîñòàòî÷íî ãëàäêèå

ôóíêöèè.

(À1) Âûðîæäåííîå óðàâíåíèå f (u, v , x , 0) = 0 èìååò êîðåíü

u = φ(v , x) òàêîé, ÷òî fu(φ(v , x), v , x , 0) > 0, v ∈ Iv , x ∈ D̄.

(À2) Óðàâíåíèå p(v , x) := g(φ(v , x), v , x , 0) = 0 èìååò êîðåíü

v = v0(x):

pv (v0, x) = gv (φ(v0, x), v0, x , 0) > 0, x ∈ D̄.

(À3) Êâàçèìîíîòîííîå íåâîçðàñòàíèå ïðàâûõ ÷àñòåé:

fv (u, v , x , 0) ≤ 0, gu(u, v , x , 0) ≤ 0, (u, v , x) ∈ Iu × Iv × D̄.
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Ëîêàëüíûå êîîðäèíàòû

2
x

1
x


x1 = φ(θ)− r

ψθ√
φ2θ + ψ2

θ

,

x2 = ψ(θ) + r
φθ√

φ2θ + ψ2
θ

.
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Ëîêàëüíûå êîîðäèíàòû

Ââåäåì ðàñòÿíóòûå ïåðåìåííûå äâóõ ìàñøòàáîâ ξ =
r

ε
è

η =
r

ε2
. Ïîëó÷èì âûðàæåíèÿ äëÿ äèôôåðåíöèàëüíûõ

îïåðàòîðîâ â ðàñòÿíóòûõ ïåðåìåííûõ:

∆ξ,θ =
1

ε2
∂2

∂ξ2
+

1

ε

∂

∂ξ

φθθψθ − ψθθφθ√
ψ2
θ + φ2θ

+
∞∑
i=0

εi−1Li ,

∆η,θ =
1

ε4
∂2

∂ξ2
+

1

ε2
∂

∂ξ

φθθψθ − ψθθφθ√
ψ2
θ + φ2θ

+
∞∑
i=0

εi−2Li ,
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Ôîðìàëüíàÿ àñèìïòîòèêà

u(x , ε) = ū(x , ε) + Pu(ξ, θ, ε) + Ru(η, θ, ε),

v(x , ε) = v̄(x , ε) + Pv(ξ, θ, ε) + Rv(η, θ, ε).

Âñå ñëàãàåìûå àñèìïòîòèêè (6) ïðåäñòàâëÿþòñÿ â âèäå ðÿäîâ

ïî ñòåïåíÿì ε:

ū(x , ε) = ū0(x) + εū1(x) + . . . ,

Pu(ξ, θ, ε) = P0u(ξ, θ) + εP1u(ξ, θ) + . . . ,

Ru(η, θ, ε) = R0u(η, θ) + εR1u(η, θ) + . . . .
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Ôîðìàëüíàÿ àñèìïòîòèêà. Ðåãóëÿðíàÿ ÷àñòü

Ãëàâíûå ÷ëåíû ðåãóëÿðíîé ÷àñòè àñèìïòîòèêè ū0(x) è v̄0(x)

îïðåäåëÿþòñÿ èç âûðîæäåííîé ñèñòåìû (2):f (ū0(x), v̄0(x), x , 0) = 0,

g(ū0(x), v̄0(x), x , 0) = 0.

Ñ ó÷åòîì óñëîâèÿì (À1) è (À2) ýòà ñèñòåìà èìååò ðåøåíèåū0(x) = φ(v0, x),

v̄0(x) = v0(x).

Ôóíêöèè ðåãóëÿðíîé ÷àñòè ïîðÿäêà k ≥ 1 îïðåäåëÿþòñÿ èç

cèñòåìû âèäà: f̄u(x)ūk + f̄v (x)v̄k = Fk(x),

ḡu(x)ḡk + ḡv (x)v̄k = Gk(x),
(3)
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Ôîðìàëüíàÿ àñèìïòîòèêà. Ïîãðàíñëîé



∂2

∂η2
Ru + ε2

φθθψθ − ψθθφθ√
φ2θ + ψ2

θ

∂

∂η
Ru +

∑∞
i=0 ε

i+2LiRu = Rf ,

1

ε2
∂2

∂η2
Rv +

φθθψθ − ψθθφθ√
φ2θ + ψ2

θ

∂

∂η
Rv +

∑∞
i=0 ε

iLiRv = Rg ,

ε2
∂2

∂ξ2
Pu + ε3

φθθψθ − ψθθφθ√
φ2θ + ψ2

θ

∂

∂ξ
Pu +

∑∞
i=0 ε

i+3LiPu = Pf ,

∂2

∂ξ2
Pv + ε

φθθψθ − ψθθφθ√
φ2θ + ψ2

θ

∂

∂ξ
Pv +

∑∞
i=0 ε

i+1LiRv = Pg .
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Ôîðìàëüíàÿ àñèìïòîòèêà. Ïîãðàíñëîé

R0v(η, θ) = 0, R1v(η, θ) = 0.

P0u = φ(v̄0 + P0v , 0, θ)− ū0(0, θ),

∂2P0v

∂ξ2
= p(v̄0(0, θ) + P0v , 0, θ),

∂P0v

∂ξ

∣∣∣∣∣
ξ=0

= q(0, θ),

P0v(∞, θ) = 0.

(4)
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Ôîðìàëüíàÿ àñèìïòîòèêà. Ïîãðàíñëîé

Òî÷êà (0, 0) � òî÷êà ïîêîÿ òèïà ñåäëà. Çàäà÷à (4) èìååò

ðåøåíèå, åñëè ïðÿìàÿ P0v
′ = q(0, θ) ïåðåñåêàåò ñåïàðàòðèññó,

èäóùóþ â òî÷êó (0, 0).
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Ôîðìàëüíàÿ àñèìïòîòèêà. Ïîãðàíñëîé

(À4) Óðàâíåíèå

±

(
2

s∫
0

p(v0(0, θ) + σ, 0, θ)dσ

)1/2

= q(0, θ) äëÿ êàæäîãî

ôèêñèðîâàííîãî θ èìååò êîðåíü s(θ) òàêîé, ÷òî

p(v0(0, θ) + s, 0, θ) > 0 ïðè s(θ) > 0 è p(v0(0, θ) + s, 0, θ) < 0

ïðè s(θ) < 0.
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Ôîðìàëüíàÿ àñèìïòîòèêà. Ïîãðàíñëîé

Ôóíêöèÿ R0u(η, θ) îïðåäåëÿåòñÿ èç çàäà÷è
∂2R0u

∂η2
= f (ū0(0, θ) + P0u(εη, θ) + R0u, v̄0(0, θ) + P0v(εη, θ), 0, θ),

∂R0u

∂η

∣∣∣
η=0

= h(0, θ),

R0u(∞) = 0.

(5)

(À5) Óðàâíåíèå

±

(
2

s∫
0

f (ū0 + P0u + σ, v̄0 + P0v , 0, θ)dσ

)1/2

= h(θ) äëÿ

êàæäîãî ôèêñèðîâàííîãî θ èìååò êîðåíü s(θ) òàêîé, ÷òî

f (ū0 + P0u + s, v̄0 + P0v , 0, θ) > 0 ïðè s(θ) > 0 è

f (ū0 + P0u + s, v̄0 + P0v , 0, θ) < 0 ïðè s(θ) < 0.
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Ôîðìàëüíàÿ àñèìïòîòèêà

Èñïîëüçóÿ ïðåäëîæåííóþ ñõåìó, ìîæíî ïîñòðîèòü àñèìïòîòèêó

ïîðÿäêà k ≥ 0Uk =
∑k

i=0 ε
i (ūi (x) + Pui (ξ, θ) + Rui (η, θ)),

Vk =
∑k

i=0 ε
i (v̄i (x) + Pvi (ξ, θ) + Rvi (η, θ)).
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Îáîñíîâàíèå àñèìïòîòèêè

(uα, vα) è (uβ, vβ) � âåðõíåå è íèæíåå ðåøåíèå çàäà÷è (2).

(B1): uα(x , ε) ≤ uβ(x , ε) è vα(x , ε) ≤ vβ(x , ε) äëÿ x ∈ D̄.

(Â2):

Lu(uβ) ≤ 0 ≤ Lu(uα), vα ≤ v ≤ vβ, x ∈ D̄,

Lv (vβ) ≤ 0 ≤ Lv (vα), uα ≤ u ≤ uβ, x ∈ D̄.

(B3):
∂uβ
∂n

∣∣∣
∂D

≤ h(x) ≤ ∂uα
∂n

∣∣∣
∂D
,

∂vβ
∂n

∣∣∣
∂D

≤ q(x) ≤ ∂vα
∂n

∣∣∣
∂D
.
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Âåðõíåå è íèæíåå ðåøåíèå

Âåðõíåå è íèæíåå ðåøåíèÿ áóäåì ñòðîèòü êàê ìîäèôèêàöèþ

n-ãî ïîðÿäêà ïîñòðîåííîé àñèìïòîòèêè:
uα(x , ε) = Un(x , ε)− εnγu(x) + εnPαu(ξ, θ) + εnRαu(η, θ),

vα(x , ε) = Vn(x , ε)− εnγv (x) + εnPαv(ξ, θ),

uβ(x , ε) = Un(x , ε) + εnγu(x) + εnPβu(ξ, θ) + εnRβu(η, θ),

vβ(x , ε) = Vn(x , ε) + εnγv (x) + εnPβv(ξ, θ).

(6)
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Âåðõíåå è íèæíåå ðåøåíèå

Ôóíêöèè γu è γv ïîñòðîèì êàê ðåøåíèå ñèñòåìû:

f̄u · γu(x) + f̄v · γv (x) = A,

ḡu · γu(x) + ḡv · γv (x) = B,
(7)

Èç óñëîâèé (À2)-(À3) ñëåäóåò, ÷òî γu(x) > 0 è γv (x) > 0.
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Âåðõíåå è íèæíåå ðåøåíèå



Pαu = − f̄v

f̄u
Pαv(ξ, θ),

∂2Pαv

∂ξ2
− p̄vPαu(ξ, θ) = γv (x)(g̃v (ξ, θ)− ḡv (x))− C1e

−κξ,

∂Pαv

∂ξ

∣∣∣
η=0

= ε
∂γv
∂r

∣∣∣
r=0

+ δ,

Pαv(∞) = 0.
∂2Rαu

∂η2
− f̄uRαu = γu(f̂u(ξ, θ)− f̃u(x))− C2e

−κξ,

∂Rαu

∂η

∣∣∣
η=0

= ε2
∂γu
∂r

∣∣∣
r=0

+ δ,

Rαu(∞) = 0.

δ >0.
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Cóùåñòâîâàíèå ðåøåíèÿ

Ñîãëàñíî ðàáîòàì ïî òåîðåìàì ñðàâíåíèÿ èç óñëîâèé (Â1)-(Â3)

ñëåäóåò, ÷òî ñóùåñòâóåò ðåøåíèå çàäà÷è (2), äëÿ êîòîðîãî

âûïîëíÿþòñÿ íåðàâåíñòâà:uα(x , ε) ≤ u(x , ε) ≤ uβ(x , ε), x ∈ D̄,

vα(x , ε) ≤ v(x , ε) ≤ vβ(x , ε), x ∈ D̄.

Ïðè÷åì uα(x , ε)− uβ(x , ε) = O(εn), vα(x , ε)− vβ(x , ε) = O(εn).

Òåîðåìà 1. Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ (À0)-(À5). Òîãäà ïðè

äîñòàòî÷íî ìàëîì ε, ñóùåñòâóåò ðåøåíèå u(x , ε), v(x , ε) çàäà÷è

(2) ñ ïîãðàíè÷íûì ñëîåì âáëèçè ∂D, äëÿ êîòîðîãî ôóíêöèè

Un−1(x , ε),Vn−1(x , ε) ÿâëÿþòñÿ ðàâíîìåðíûì àñèìïòîòè÷åñêèì

ïðèáëèæåíèåì ñ òî÷íîñòüþ εn−1 ïðè x ∈ D̄.
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Àñèìïòîòè÷åñêàÿ óñòîé÷èâîñòü ñòàöèîíàðíîãî ðåøåíèÿ

Äëÿ äîêàçàòåëüñòâà àñèìïòîòè÷åñêîé óñòîé÷èâîñòè

èñïîëüçóþòñÿ âåðõíåå è íèæíåå ðåøåíèå ñèñòåìû (1)

ñïåöèàëüíîé ñòðóêòóðû:

Uα(x , t) = u(x) + (uα(x , ε)− u(x , ε))e−κt ,

Uβ(x , t) = u(x) + (uβ(x , ε)− u(x , ε))e−κt .

Òåîðåìà 2. Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ (À0)-(À5). Òîãäà ïðè

äîñòàòî÷íî ìàëîì ε, ñòàöèîíàðíîå ðåøåíèå uα(x , ε), vα(x , ε)

çàäà÷è (1) àñèìïòîòè÷åñêè óñòîé÷èâî ïî Ëÿïóíîâó, ïðè÷åì

îáëàñòü ïðèòÿæåíèÿ íå ìåíåå

(Uα(x , ε),Vα(x , ε))× (Uβ(x , ε),Vβ(x , ε)). Ýòî ðåøåíèå òàêæå

ëîêàëüíî åäèíñòâåííî êàê ðåøåíèå çàäà÷è (2) â ýòîé îáëàñòè.
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