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Ïîñòàíîâêà çàäà÷è

Lε (u) := ε2
∂2u

∂x2
− ε

∂u

∂t
− f (u, x , ε) = 0;

x ∈ X := (0, 1) , t ∈ (0,+∞) ;

∂u

∂x

∣∣∣∣
x=0

= h0;

∂u

∂x

∣∣∣∣
x=1

= h1;

u (x , 0, ε) = uinit (x , ε) .

(1)

Çäåñü ε � ìàëûé ïàðàìåòð. Ôóíêöèè, âõîäÿùèå â çàäà÷ó (1),
ñ÷èòàþòñÿ äîñòàòî÷íî ãëàäêèìè.
Ïðàâûå ÷àñòè ãðàíè÷íûõ óñëîâèé Íåéìàíà h0 è h1 ÿâëÿþòñÿ
êîíñòàíòàìè, òî åñòü çàäà÷à èìååò ñëàáûå ïîãðàíñëîè.
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Äîïîëíèòåëüíûå ñîãëàøåíèÿ
(A1) Âûðîæäåííîå óðàâíåíèå

f (u, x , 0) = 0 (2)

èìååò íà íåêîòîðîì îòðåçêå [a, b] ðîâíî òðè êîðíÿ φ(0,±) (x),
îáðàùàþùèõ (2) â êîððåêòíîå òîæäåñòâî ∀x ∈ X è óïîðÿäî÷åííûõ
ñëåäóþùèì îáðàçîì:

a < φ(−) (x) < φ(0) (x) < φ(+) (x) < b ∀x ∈ X . (3)

(A2) Ïðîèçâîäíàÿ ïðàâîé ÷àñòè ïî u óäîâëåòâîðÿåò ñëåäóþùåìó
óñëîâèþ:

fu
(
φ(±) (x) , x , 0

)
> 0, fu

(
φ(0) (x) , x , 0

)
< 0 ∀x ∈ X . (4)

(A3)Ôóíêöèÿ

I (x) :=

φ(+)(x)∫
φ(−)(x)

f (u, x , 0) du (5)

îïðåäåëåíà è çíàêîïîñòîÿííà íà X .
ÁóëàòîâÏ. Å. (ÌÃÓ, Ôèçôàê) Î ôîðìèðîâàíèè ðåøåíèÿ. . . 2 èþíÿ 2022 ã. 3 / 20



Äîïîëíèòåëüíûå ñîãëàøåíèÿ

(A4) Ðåøåíèå â íà÷àëüíûé ìîìåíò âðåìåíè óäîâëåòâîðÿåò óñëîâèþ

a ≤ uinit (x , ε) ≤ b (6)

è ïåðåñåêàåò φ(0) (x) â òî÷êàõ x initk , k = 1,K , ïðè÷¼ì

∀k = 1,K − 1 x initk < x initk+1

è äëÿ êàæäîé èç ýòèõ òî÷åê ñóùåñòâóåò òàêîå δk > 0, ÷òî âûïîëíÿåòñÿ
îäíî èç äâóõ óñëîâèé:

uinit (x , ε) < φ(0) (x) ∀x ∈
(
x initk − δk , x

init
k

)
,

uinit (x , ε) > φ(0) (x) ∀x ∈
(
x initk , x initk + δk

)
;

(7)

uinit (x , ε) > φ(0) (x) ∀x ∈
(
x initk − δk , x

init
k

)
,

uinit (x , ε) < φ(0) (x) ∀x ∈
(
x initk , x initk + δk

)
.

(8)
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Ðàçáèåíèå íà ïîäçàäà÷è

ε2
∂2u

∂x2
− ε

∂u

∂t
− f (u, x , ε) = 0;

x ∈ X
(l)
k := (ck−1, xk) , t > 0;

∂u

∂x
(ck−1, t, ε) = 0;

u (xk , t, ε) = φ(0) (xk) ;

u (x , 0, ε) = uinit (x , ε) .

(9)

ε2
∂2u

∂x2
− ε

∂u

∂t
− f (u, x , ε) = 0;

x ∈ X
(r)
k := (xk , ck) , t > 0;

u (xk , t, ε) = φ(0) (xk) ;

∂u

∂x
(ck , t, ε) = 0;

u (x , 0, ε) = uinit (x , ε) .

(10)

Òî÷êè ck , k = 1,K − 1 è xk(t, ε) èùóòñÿ â âèäå àñèìïòîòè÷åñêèõ
ðàçëîæåíèé, ÷ëåíû êîòîðûõ ìîæíî íàéòè èç óñëîâèÿ C 1-ãëàäêîãî
ñøèâàíèÿ. Ïðè ýòîì ìû ïîëàãàåì, ÷òî c0 = 0, cK = 1, è â íèõ çàäàíû
ãðàíè÷íûå óñëîâèÿ èñõîäíîé çàäà÷è.
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Àñèìïòîòèêà ðåøåíèÿ
Ìåòîä ïîãðàíè÷íûõ ôóíêöèé [4]:

U
(±)
n,k (x , t, ε) =

n∑
m=0

εm
(
ū
(±)
m,k (x , ε) + Q

(±)
m,k (ξm,k , ε) + Π

(±)
m,k

(
ζ
(±)
k , ε

))
,

(11)

ãäå ū
(±)
m,k � ðåãóëÿðíûå ÷àñòè, Q

(±)
m,k è Π

(±)
m,k � ïîãðàíñëîéíûå ÷àñòè ñî

ñòîðîíû ñîîòâåòñòâåííî xk(t, ε) è ck . Èíäåêñ (−) ñîîòâåòñòâóåò çàäà÷å
(9), à èíäåêñ (+) � çàäà÷å (10).
Ðàñòÿíóòûå ïåðåìåííûå îïðåäåëÿþòñÿ ñëåäóþùèì îáðàçîì:

ξm,k =
x − xk (t, ε)

ε
, ζ

(−)
k =

ck−1 − x

ε
< 0, ζ

(+)
k =

ck − x

ε
> 0. (12)

×ëåíû àñèìïòîòè÷åñêîãî ðÿäà (11) ñòðîÿòñÿ ïî àíàëîãèè ñ [1].

Îòìåòèì, ÷òî ÷ëåíû íóëåâîãî ïîðÿäêà ū
(±)
m,k (x , ε) ðàâíû φ(−) (x) èëè

φ(+) (x). Êðîìå òîãî, ÷ëåíû íóëåâîãî ïîðÿäêà Π
(±)
m,k

(
ζ
(±)
k , ε

)
, â òîì

÷èñëå â êðàéíèõ çàäà÷àõ, òàêæå ðàâíû íóëþ.
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Ôîðìèðîâàíèå ôðîíòîâ

Îñíîâíîé ðåçóëüòàò [2] ìîæíî ñôîðìóëèðîâàòü â âèäå ëåììû:

Ëåììà

Ïóñòü âûïîëíåíû óñëîâèÿ (A1) � (A4) ñ îäíîé òî÷êîé ïåðåñå÷åíèÿ
x init1 . Òîãäà çà âðåìÿ tf = O

(
ε2 |ln ε|

)
ïîãðàíñëîéíàÿ ÷àñòü Q(±) (ξ, ε)

ïðèìåò âèä áûñòðî çàòóõàþùåé ýêñïîíåíòû è òàêèì îáðàçîì
ôîðìèðóåò ðåçêèé ïåðåõîäíûé ñëîé (ôðîíò) � îáëàñòü ñ áîëüøîé ïî
ìîäóëþ ïîëîæèòåëüíîé (åñëè âûïîëíÿåòñÿ óñëîâèå (7)) èëè
îòðèöàòåëüíîé (â ñëó÷àå (8)) ïðîèçâîäíîé ðåøåíèÿ ïî êîîðäèíàòå.

Òî÷êó xk (t) ïåðåñå÷åíèÿ ôðîíòà ñ ôóíêöèåé φ(0) (x) áóäåì íàçûâàòü
òî÷êîé ëîêàëèçàöèè ôðîíòà.

Çàìå÷àíèå

Ñ ïîìîùüþ ðàçáèåíèÿ (9), (10) ëåììà 1 îáîáùàåòñÿ íà ñëó÷àé ìíîãèõ
xk .
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Äâèæåíèå ôðîíòîâ

Êîîðäèíàòà ëîêàëèçàöèè k-ãî ôðîíòà âûðàæàåòñÿ â âèäå
àñèìïòîòè÷åñêîãî ðÿäà

xk =
∞∑

m=0

εmxm,k , (13)

÷ëåíû êîòîðîãî ÿâëÿþòñÿ ðåøåíèÿìè çàäà÷è Êîøè

dxm,k

dt
= Vm,k (xm,k) , t ∈ [tf ,+∞) ,

xm,k (tf ) =

{
x fk , m = 0,

0, m > 0.

(14)

Âåëè÷èíà x fk ñ÷èòàåòñÿ èçâåñòíîé.
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Äâèæåíèå ôðîíòîâ
Ñêîðîñòü äâèæåíèÿ ôðîíòà â íóëåâîì ïîðÿäêå [1, 2]

V0,k (x0,k) =

∫ φ(r)(x0,k)
φ(l)(x0,k)

f (u, x0,k , ε) du

+∞∫
−∞

(ũ′ (ξ))2 dξ

. (15)

ũ (ξ) =

{
φ(l) (x0,k) + Q

(l)
0 (ξ) , ξ ≤ 0,

φ(r) (x0,k) + Q
(r)
0 (ξ) , ξ ≥ 0.

(16)

Äëÿ âîñõîäÿùèõ ôðîíòîâ èíäåêñ (l) îçíà÷àåò (−), à (r) � (+), à äëÿ
íèñõîäÿùèõ � íàîáîðîò.

Ëåììà

Ïðè äîñòàòî÷íî ìàëûõ ε íàïðàâëåíèå äâèæåíèÿ ôðîíòà îïðåäåëÿåòñÿ
çíàêîì ÷èñëèòåëÿ (15), êîòîðûé ïî óñëîâèþ (A3) ÿâëÿåòñÿ
çíàêîïîñòîÿííûì ïðè x ∈ X .
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Âåðõíåå ðåøåíèå

Ñì. [3].

Îïðåäåëåíèå

Ôóíêöèÿ β (x , t, ε) èç êëàññà C [0, 1] ∩ C 2 (0, 1) \ {x∗k} ïî ïåðåìåííîé x
è èç êëàññà C [0,+∞) ∩ C 1 (0,+∞) ïî ïåðåìåííîé t, ãäå x∗k (t) ∈ (0, 1)
� ãëàäêàÿ ôóíêöèÿ ïðè t ∈ [0,+∞), k = 1,K íàçûâàåòñÿ âåðõíèì
ðåøåíèåì çàäà÷è (1), åñëè

Lε (β) ≤ 0 ∀x ∈ (0, 1) \ {x∗k} ∀t ∈ (0,+∞) ; (17)

∂

∂x
β (x∗k + 0, t, ε)− ∂

∂x
β (x∗k − 0, t, ε) ≤ 0 ∀t ∈ (0,+∞) ; (18)

∂

∂x
β (0, t, ε) ≤ h0,

∂

∂x
β (1, t, ε) ≥ h1 ∀t ∈ (0,+∞) ; (19)

β (x , 0, ε) ≥ uinit (x , ε) ∀x ∈ [0, 1] . (20)
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Íèæíåå ðåøåíèå

Ñì. [3].

Îïðåäåëåíèå

Ôóíêöèÿ α (x , t, ε) èç êëàññà C [0, 1] ∩ C 2 (0, 1) \ {x∗k} ïî ïåðåìåííîé x
è èç êëàññà C [0,+∞) ∩ C 1 (0,+∞) ïî ïåðåìåííîé t, ãäå x∗k (t) ∈ (0, 1)
� ãëàäêàÿ ôóíêöèÿ ïðè t ∈ [0,+∞), k = 1,K íàçûâàåòñÿ íèæíèì
ðåøåíèåì çàäà÷è (1), åñëè

Lε (α) ≥ 0 ∀x ∈ (0, 1) \ {x∗k} ∀t ∈ (0,+∞) ; (21)

∂

∂x
α (x∗k + 0, t, ε)− ∂

∂x
α (x∗k − 0, t, ε) ≥ 0 ∀t ∈ (0,+∞) ; (22)

∂

∂x
α (0, t, ε) ≥ h0,

∂

∂x
α (1, t, ε) ≤ h1 ∀t ∈ (0,+∞) ; (23)

α (x , 0, ε) ≤ uinit (x , ε) ∀x ∈ [0, 1] . (24)
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Òåîðåìà ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè

Ñì. [3].

Îïðåäåëåíèå

Íèæíåå è âåðõíåå ðåøåíèå íàçûâàþòñÿ óïîðÿäî÷åííûìè, åñëè

α (x , t, ε) ≤ β (x , t, ε) ∀x ∈ [0, 1] ∀t ∈ (0,+∞) . (25)

Òåîðåìà

Ïóñòü ñóùåñòâóþò âåðõíåå è íèæíåå ðåøåíèÿ çàäà÷è (1) �
ñîîòâåòñòâåííî ôóíêöèè β (x , t, ε) è α (x , t, ε). Òîãäà çàäà÷à (1) èìååò
åäèíñòâåííîå êëàññè÷åñêîå ðåøåíèå u (x , t, ε), ïðè÷¼ì

α (x , t, ε) ≤ u (x , t, ε) ≤ β (x , t, ε) ∀x ∈ [0, 1] ∀t ∈ (0,+∞) . (26)

ÁóëàòîâÏ. Å. (ÌÃÓ, Ôèçôàê) Î ôîðìèðîâàíèè ðåøåíèÿ. . . 2 èþíÿ 2022 ã. 12 / 20



Ïîñòðîåíèå âåðõíåãî è íèæíåãî ðåøåíèé
Ìîäèôèêàöèÿ àñèìïòîòèêè [1]:

βn (x , t, ε) = Uβ
n (x , t, ε)+

+ εn+1
(
ūn+1 (x) + q0 + Qβ

n+1 (ξβ, t)
)
+

+ εn+1
(
eκζ

(−)
+ e−κζ(+)

)
, (27)

αn (x , t, ε) = Uα
n (x , t, ε)+

+ εn+1
(
ūn+1 (x)− q0 + Qα

n+1 (ξα, t)
)
−

− εn+1
(
eκζ

(−)
+ e−κζ(+)

)
, (28)

ãäå Uβ,α
n (x , t, ε) � ÷àñòè÷íàÿ ñóììà àñèìïòîòè÷åñêîãî ðÿäà.

xβ,αk (t, ε) =
n∑

m=0

εmxβ,αm,k (t) + εn+1xβ,αn+1,k (t) , (29)

Ïîïðàâêè Qβ,α
n+1 (ξβ, t) è xβ,αn+1,k (t) ìîæíî ïîëó÷èòü ñ ëþáûì çíàêîì.
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Âçàèìíîå óíè÷òîæåíèå ôðîíòîâ

Ïîñòðîèì äâà âåðõíèõ ðåøåíèÿ β
(l)
n (x , t, ε) è β

(r)
n (x , t, ε) âèäà (27).

Îíè áóäóò äâèãàòüñÿ íàâñòðå÷ó äðóã äðóãó âñëåä çà ôðîíòàìè
èñõîäíîãî ðåøåíèÿ. Ñïðàâåäëèâà îöåíêà

β
(l ,r)
n (x , t, ε)− u (x , t, ε) = O (εn) ≥ 0 ∀x ∈ X \ [x1, x2] ,

ãäå [x1, x2] � îòðåçîê ìåæäó òî÷êàìè ëîêàëèçàöèè ôðîíòîâ âåðõíèõ
ðåøåíèé. Â íåêîòîðûé ìîìåíò âðåìåíè tst îíè âñòðå÷àþòñÿ â îáùåé
òî÷êå ëîêàëèçàöèè x∗, ïîñëå ÷åãî äàííûé îòðåçîê ïåðåñòà¼ò
ñóùåñòâîâàòü, è âûøåóïîìÿíóòàÿ îöåíêà ñòàíîâèòñÿ ñïðàâåäëèâîé íà
âñ¼ì X . Îáîçíà÷èì

βn (x , t, ε) = min
{
β
(l)
n (x , t, ε) , β

(r)
n (x , t, ε)

}
. (30)

Â äàëüíåéøåì ýòè ôðîíòû [2] âûêàòÿòñÿ çà ïðåäåëû X çà âðåìÿ O (ε).
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Âçàèìíîå óíè÷òîæåíèå ôðîíòîâ
Íèæíåå ðåøåíèåα (x , t, ε)

0 0.2 0.4 0.6 0.8 1

x

-2

-1

0

1

2

3

4

u
Ðèñ.: Ñõëîïûâàíèå ïðè I (x) > 0.

áóäåì ñòðîèòü ïî àíàëîãèè
ñ (28), íî ñ òåì îòëè÷èåì,
÷òî ó íåãî íå áóäåò ôðîíòà. Ýòî
ñòàöèîíàðíîå ðåøåíèå, áëèçêîå
ê φ(−) (x). Ñîîòâåòñòâåííî,
îíî íå áóäåò ñîäåðæàòü
êîìïîíåíòû Q(n+1)β (ξβ, t).
Èç ïîñòðîåíèÿ àñèìïòîòèê
íèæíåãî è âåðõíåãî ðåøåíèé

βn (x , t, ε)− φ(−) (x) = O (ε) ≥ 0;

αn (x , t, ε)− φ(−) (x) = O (ε) ≤ 0.

Èç ýòîãî ñëåäóåò, ÷òî ïðè t > tst∣∣∣u (x , t, ε)− φ(−) (x)
∣∣∣ = O (ε) .

(31)
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Âçàèìíîå óíè÷òîæåíèå ôðîíòîâ

Ëåììà

Ïóñòü âûïîëíåíû óñëîâèÿ (A1) � (A4) ñ äâóìÿ òî÷êàìè ïåðåñå÷åíèÿ
x initk . Ïóñòü âûïîëíåíî îäíî èç äâóõ óñëîâèé:

1
∂uinit
∂x

∣∣∣
x=x init1

· I (x) > 0, ∂uinit
∂x

∣∣∣
x=x init2

· I (x) < 0 è I (x) > 0;

2
∂uinit
∂x

∣∣∣
x=x init1

· I (x) < 0, ∂uinit
∂x

∣∣∣
x=x init2

· I (x) > 0 è I (x) < 0.

Òîãäà
lim

t→+∞
u (x , t, ε) = ust (x , ε) =

{
φ(−) (x) + O (ε) , (1);

φ(+) (x) + O (ε) , (2).

Çàìå÷àíèå

Òàê êàê âñå ôóíêöèè íåïðåðûâíû, òî ëþáûå äâà ñîñåäíèõ ôðîíòà
áóäóò èìåòü ïðîòèâîïîëîæíûå îðèåíòàöèè. Åñëè òî÷åê x initk ìíîãî, òî,
ïîëüçóÿñü ðàçáèåíèåì (9), (10), çàäà÷ó ìîæíî ðàçáèòü íà íåñêîëüêî
ïîäçàäà÷, óäîâëåòâîðÿþùèõ óñëîâèþ (1) èëè (2) ëåììû 3.
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Âûêàò ôðîíòà

Ãëàâíûé ÷ëåí x0,k (t, ε)

0 0.2 0.4 0.6 0.8 1

x

-2

-1

0

1

2

3

4

u

Ðèñ.: Âûêàò âïðàâî ïðè I (x) > 0.

îïðåäåëÿåòñÿ çàäà÷åé Êîøè (14).
Ôóíêöèÿ (15) ïî óñëîâèþ (A4)
ÿâëÿåòñÿ çíàêîïîñòîÿííîé ∀x ∈ X ,
à çíà÷èò, ôðîíò âåðõíåãî ðåøåíèÿ
ïðîéä¼ò òî÷êó x = 1 è âûéäåò
äàëüøå. Ââèäó íåïðåðûâíîñòè
âñåõ ôóíêöèé ñóùåñòâóåò òàêîå
∆ > 0, ÷òî íà îòðåçêå [1, 1+∆]
ôðîíò áóäåò ïðîäîëæàòü äâèæåíèå
âïðàâî. Âûêàò ïðîèçîéä¼ò [2]
çà âðåìÿ O (ε). Ïîïðàâêà

εn+1
(
eκζ

(−)
+ e−κζ(+)

)
ïðè äîñòàòî÷íî áîëüøèõ κ îáåñïå÷èâàåò

âûïîëíåíèå (19). Ïîñëå âûêàòà â ãëàâíîì ÷ëåíå àñèìïòîòèêè ðåøåíèÿ
íà X îñòàíåòñÿ òîëüêî ðåãóëÿðíàÿ ÷àñòü ū0,k = φ(±) (x). Âûêàò âëåâî è
ïðè I (x) > 0 ðàññìàòðèâàåòñÿ àíàëîãè÷íî.
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Âûõîä ôðîíòà íà ãðàíèöó

Ðåçóëüòàò ïðåäûäóùåãî ñëàéäà ìîæíî ñôîðìóëèðîâàòü â âèäå ëåììû:

Ëåììà

Ïóñòü âûïîëíåíû óñëîâèÿ (A1) � (A4) ñ îäíîé òî÷êîé ïåðåñå÷åíèÿ
x init1 . Òîãäà

lim
t→+∞

u (x , t, ε) = ust (x , ε) =


φ(−) (x) + O (ε) , ∂uinit

∂x

∣∣∣
x=x init1

· I (x) > 0;

φ(+) (x) + O (ε) , ∂uinit
∂x

∣∣∣
x=x init1

· I (x) < 0.

Çàìå÷àíèå

Òàê êàê âñå ôóíêöèè íåïðåðûâíû, òî î÷åâèäíî, ÷òî ëþáûå äâà
ñîñåäíèõ ôðîíòà áóäóò èìåòü ïðîòèâîïîëîæíûå îðèåíòàöèè, à çíà÷èò
îíè áóäóò äâèãàòüñÿ íàâñòðå÷ó äðóã äðóãó è ñõëîïûâàòüñÿ. Èç ýòîãî
ñëåäóåò, ÷òî âûêàòûâàòüñÿ ìîãóò òîëüêî êðàéíèå ôðîíòû.
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Ðåçóëüòàò
Ïîëüçóÿñü ðàçáèåíèåì (9), (10), çàäà÷ó ìîæíî ðàçáèòü íà íåñêîëüêî
ïîäçàäà÷, óäîâëåòâîðÿþùèõ óñëîâèÿì ëåìì 3 è 4.

Òåîðåìà

Ïóñòü äëÿ çàäà÷è (1) âûïîëíåíû óñëîâèÿ (A1) � (A4). Òîãäà çà âðåìÿ
ïîðÿäêà O (ε) ðåøåíèå ñòàáèëèçèðóåòñÿ ê φ(−) (x) èëè φ(+) (x):

lim
t→+∞

u (x , t, ε) = ust (x , ε) =


φ(−) (x) + O (ε) , ∂uinit

∂x

∣∣∣
x=x init1

· I (x) > 0;

φ(+) (x) + O (ε) , ∂uinit
∂x

∣∣∣
x=x init1

· I (x) < 0.

Çàìå÷àíèå

Ôîðìèðîâàíèå ôðîíòîâ ïðîèçîéä¼ò [2] çà âðåìÿ tf = O
(
ε2 |ln ε|

)
, à

âûêàò � çà âðåìÿ O (ε). Ïðîöåññ âçàèìíîãî óíè÷òîæåíèÿ ôðîíòîâ
ìîæíî ðàññìîòðåòü êàê âûêàò ôðîíòîâ íà ïîäçàäà÷àõ (9), (10), à ýòî
çíà÷èò, ÷òî îí òîæå ïðîõîäèò çà âðåìÿ O (ε). Òàêèì îáðàçîì, âðåìÿ
ñòàáèëèçàöèè ðåøåíèÿ ìîæíî îöåíèòü êàê tst = O (ε).
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