I'JIABA 11

DJIeMEHThI TEOPUH MOJYTPYIIII

JIEKIINA 7

HeorpanuyienHsbie JinHeliHbIE OIlepaTOPbI

XoTs MeTojaMu TJIaBbl I HaM yJ1aj0ch UCCIEIO0BATH MHOTHE 3aJadi MaTeMaTHIeCKOi (hU3UKH,
HEKOTOPBIE BIIOJIHE KJIACCHYIECKUE 3a/[a9i He MOI'yT OBIThH MCC/Ie0BaHbl TakuM obpaszom. Hampumep,
ecJIM 3alucarh JIMHeiHOe ypaBHEHNE TeILJIOIPOBOIHOCTHA WK KoJiebaHUuil B BUIE

U= Au,

no06HOM 3asade (2) jeknuu 3, To omeparop A OKAXKeTCs HE02PAHUMEHHVLM JIMHEHHBIM OIIepaTo-
pom. IToaTomMy MBI cTaJKUBaeMcsi ¢ HEOOXOIMMOCTBIO OIIEPUPOBATH ¢ HEOIPAHUYIEHHBIMU JIMTHEHHBIMU

omnepaTopaMH.
§ 1. HeorpanuyeHHbIe JINHENHBIE OMEPATOPHI

Harmomaum HEOOXOuMbBIE OIpeIeIeHHs.
Onpenenenune 1. Jluretinvim mHoz000pasuem B JIMHEHHOM MIpocTpancTBe X HAJl YUCIOBBIM I10-

aem K (3aech u nanee K = R nin K = C) HasbiBaeTcs Takoe HEIycToe MHOXKECTBO L, 410
Y\ peK, Ve,ye L e+ py € L.

Onpenenenne 2. Jlunednvim onepamopom, NeRCTBYOIUM U3 JIMHEHHOTO npocTpancTBa X Hajl
quc/I0BbIM nosieM K B JIMHEHHOe TPOCTPAHCTBO Y HaJl TeM 2Ke YUCJI0BBIM 1osieM K, Ha3blBaeTcst Takas
dyukmua A, aro
1) eé obnacrpb onpenenenus D(A) ectb uneiinoe Mmuoroobpasue B X;

2) Va,y € D(A),V\, up € K Az + py) = Nz + pAy.

(B masibHeiiem, KaK mpaBusio, HAC Oy/yT HHTEPECOBATh HE IIPOM3BOJIbHBIE JINHEHHbIE TPOCTPAH-
cTBa, a GAHAXOBBL. )

XapakTepHoii 0COGEHHOCTHIO HEOTDAHUIEHHBIX JIMHEHHBIX OIIePATOPOB SABJISIETCS TO, YTO OHU OIIpe-
JleJIeHbl He Ha BCEM mpocTpaHcTse X .

IIpumep 1. Mycre X = Cla,b], D(A) = C'a,b], A = % : X — X. Kak noxkasbiBaer mnpu-
Mep x,(t) = sinnt, onepatop A HeOrpaHUUeH.

Bamevanue 1. Jlerko Bumers, aro omeparop A : Ca,b] = Cla,b] (1. e. D(A) = C'[a, b)) orpanu-
aen u ||A|| < 1. OgHako HaM, KaK IpaBUIIO, GyIeT HYZKeH OIEPATOD, NeliCTBYIOMMA 13 HEKOTOPOIo
faHaxoBa MPOCTPAHCTBA B HETO K€, TI09TOMY IIPUXOJUTCA MUPUTHCS ¢ HEOIPDAHUIEHHOCTBIO.

Hpumep 2. Myers X =12, D(A) = {z € * | Yoo, |kaW 2 < +o0}, A: 12 — 12

Az = A(zW 2@ 2@ ) = (W 22P 30 ). (1)



OueBniHO, A sBJIIETCST HEOTPAHUYEHHBIM oriepaTopoM: ||Ae,, || = m. Kpowme Toro, oneparop, onpe/ie-
néunblit popmyoit (1)), He MozkeT GBITH onpeenén Ha BeéM mpocrpancTse [2 (co snavenusamu B [2),

IIOCKOJIbKY, HallpUMep,

11
1,—, =, ... 2 1,1.1,... 2, 2
(Lg5e) et g )

[TockOJIbKY MBI pACCMATPUBAEM OIEPATOPHI, ONpEIe/IEHHbIE HE Ha BCEM IMPOCTPAHCTBE, BEChMa
BayKHBIMU OKa3BIBAIOTCSI [TOHSITUST CY?KEHUsI U TTPOIOIZKEHUSI.

Omnpenenenne 3. Oneparop T Ha3BIBAETCS NPodosdiceruem orepaTopa S, a omepaTop S — cyotce-
nuem oreparopa 1, ecan
1) D(S) € D(T),

2) Ve € D(S) Sz =Tx.
B stom ciyuae mamyT: S C T

IIpumep 3. MoxKHO mostyuuth cyzxkenue oneparopa A usz npumepa [, ecin B Kadecrse 06JacTu
OIIpE/JIeJICHNsT HOBOI'O OIIEPATOPA B3sITh MHOYKECTBO BCEX (PUHUTHBIX MOCJIEI0BATEILHOCTE (T. €. Ta-
KHX, Y KOTOPBIX OTJINYHO OT HyJIsl JIUIb KOHEYHOE YUC/I0 4ieHOB). OUeBUIIHO, 9TO MHOXKECTBO 0Opa-
3yeT JmHeiHoe MHOroo6pasmue B 2.

YiKe MOHATHE CYMMbI HEOIDAHHYCHHBIX ONEPATOPOB BLI3BIBACT 3aTPYy/IHEHHE: YTOOLI OIpeje-
muth (S+T)z, HyKHO, YTOOBI 9JIEMEHT & IPUHAJJIEZKAT 00JIACTIM OIpPeIe/IeHnsT 000MX OTIePaTOPOB S
u T'. TlosToMy MBI JIOJIZKHBI JIATh CJIEJLYIOIIEe

Onpepenenne 4. Cymmoil uHeiiHbIX omepatopos S u T HasbiBaercs Takas dyHKims (0603HA-
qaemas S + 1), aro
1) D(S+T)=D(S)ND(T);

Q)Ve e D(S+T) (S+T)x =Sz + Tx.

CymMMa JIMHEHHBIX OIlepaToOpoB — JIMHEHHBI orepaTop (cM. 3agady .

Takum 0O6pazoM, npu GuNOAHEHUL A100BLT JeTUCMEUT ¢ HEOZPAHUMEHHLMU AUHETIHLMU ONEPATMO-
pamu Heobxodumo naxodumu obaacmo onpedeaerus peaysvmupyrowezo onepamopa! Moxker ciyanTb-
cst, aro D(T) ND(S) = {Ax} (mockombKy 06e 0bacTH ONpE/IeIeH s CYTh JHHEHHBIE MHOr000pa3us,
HYJIEBOI 3JIEMEHT OHM COJlepKaT), u Torja omeparop S + T Gyjger uMeTh TPUBHAILHYIO 00JIaCTh
OIIpEICIICHUSI.

C ompesiesieHneM yMHOXKEHUST JTHHEHHOTO OllepaTopa Ha IHCJI0 TPYJIHOCTEN He Bo3HUKaeT. [lepeii-
JIEM K OIpEJIEJIEHUIO TIPOM3BEIEHNUST JIBYX JIMHEHHBIX OTIEPATOPOB.

Onpenenenune 5. llycte S : X — Y, T : Y — Z. Torna ux npoussedenuem TS : X — Z
HAa3bIBAETCS CIIeyIomas (OYHKITHI:

1) D(TS)=SYD(T))={xeD(S)c X |SzeD(T)CY},
2) Ve € D(TS) (T'S)x =T(Sz).
[IpousBejicHre TMHEHHBIX OIIEPATOPOB — JIMHEHHBII orepaTop (CM. 3a/1ady .
U 31mech MOXKET CIIyIUTHCS, 9TO 00JIACTD ONPEJIe/IeHUs PE3YILTUPYIONIETO OIIePATOPa COCTOUT U3

OJIHOI'O HYJIEBOTI'O 3JIEeMEHTA. CsoiicTBa IIpou3BeieHN A OIIEPATOPOB yCTaHaB/IMBAIOTCA B 3aJa4€ m



Terepb JauM oIpeieieHrne 06paTHOrO OlepaTopa.

Omnpenenenue 6. [Iycrs T': X — Y. Torma oneparopom, obpamrwim K onieparopy 1', Ha3bIBaeTCs
takas dpynknua T :Y — X, uaro
1) D(T7') = R(T) (3nech u nanee R(T) ecth MuozkecTso 3uadenuii dynkun T');
2) Vo € D(T) T-Y(Tx) = =,
3)Vye R(T) T(T 'y) =v.

Bameuanue 2. N3 ycnopmit 1) u 2) Beitekaer sioxenne R(T') C D(T) (u maxe paben-
creo R(T71) = D(T)), a cienosare/ibHO, yCIOBHE 3) UMEET CMBICI.

Oyuxims T apasgercst TMHEHHBIM O1epaTopoM (CM. 3a1ady .

Samevanue 3. IHoraa, 0cobeHHO J7Is HEOTPAHMIEHHBIX OlIEPATOPOB, MPOIIE padoTaTh ¢ BEKTOPa-
MU, a He C ollepaTopaMi B IeJIOM. B 4acTHOCTH, yHKT 2) HIPEebIIYIINEro Onpe/ie/eHus yiao0Hee, dem
BKJTIOYEHUE

T7'T C Ex.

Hpumep 4. Hycrs X = Cla,b], D(T) = {x € C'[a,b] | z(a) = 0}, T = L. Tonoxum

DT H=X, (T'z)t) = / x(7) dr.

[TocTpoennslit onepaTop sBisgercs obpaTHbiM K T (cM. 3a1aqy .

IIpumep 5. llycers X = 2. Tlonoxum

(3) (5)
Ar = (20 223 T 424 T o
) b 3 ) ) 5 )
C ecTecTBeHHOi1 06/1aCTbIO Olpejie/eHus (T. e. JIJIs TeX &, [Jld KOTOPbIX pesyabrat jexkutT B [?). Torja,

OYEBHJTHO (CM. 3aJ1aTy @, 0o0paTHBIM K HEMY OyIeT orepaTop A1 zaganmbrit BBIpaKCHUEM
() (4)
Aty = [y Y 30 Y 5.6
Y 2 7 ) 4 Y Y
Ha, eCTeCTBEHHOI 00J1acTH OlpeeIeHHs.

Samevanue 4. JIBa npenpIymux mpuMepa MOKa3bIBAIOT, 9TO OllepaTop, OOpPaTHBI K HeorpaHu-

YEHHOMY, MOKeT ObITh KaK OIDAaHUYEHHBIM, TAK U HEOTPAHUYEHHBIM.
§ 2. 'paduk JuHeitHOTO oneparopa. 3aMKHYThIE OIIEPATOPbI

N3 Bcex HEOTpaHUYEHHBIX JTUHEHHBIX OIIEPATOPOB HAMOOJIee BayKHBI C TOYKU 3PEHUS TTPUIOXKEHUI
u HanOoJIee TPOCTHI JIJIsT UCCTE0BaHUS 3aMKHYThIE OIepaTOPhl. UTOOBI JaTh ONpe/ie/IeHue 3aMKHY-
TOI'O OllEPATOpa, HaM IOTPEOYeTCs BCIOMHUTH Olpe/iesieHne rpaduka OrnepaTopa.

[Iycts X, Y — OanaxoBbl mpocTpaHcTBa. 1oraa MHOXKECTBO Tap

XxY={(z,y)|lre X,yeY}



Takyke oOpa3yeT JIMHEIHOe ITPOCTPAHCTBO, KOTOPOE CTAHOBUTCS OAHAXOBBIM, €CJIM HAa HEM BBECTU

Gz, )l = /Nl l% + 1lyll5- (3)

Ounpenesnienne 7. ['pagurom G(T') muneitnoro oneparopa T : X — Y Ha3bIBae€TCsI MHOXKECTBO

HOPMY

{(z,Tx) | x € D(T)} B upocrpancree X x Y.

Onpenesienne 8. Jluneiinbiii oneparop 7' HaswbiBaercs samkHymovim, ecau ero rpadur G(T)
SBJIAETCH 3aMKHYTBIM MHOXKECTBOM B IIpocTpaHcTBe X X Y.

Ha npakrtuke 6oJsiee yao0HO Japyroe ompejiesienne 3aMKHYTOro orieparopa. BeromuuM omnpe/ieie-
HIEe 3aMKHYTOI'O MHOYKECTBa B METPUYECKOM ITPOCTPAHCTBE: MHOKECTBO [N B METPUIECKOM IIPOCTPaH-
crBe M HaA3BIBAETCsl 3aMKHYTBIM, €CJIU Mpejiest JIoboil cxopsimeiics mocieaoBarebuoctu {2, C N

nexxut B N. lIpumeHnTe/IbHO K PACCMATPUBAEMOMY CJIyYAI0 3TO O3HAYAET: €CJIU
(mnaTxn> - (x,y) € X X K
X Y,
YTO B CHJIy HOPDMUPOBKH paBHOCUJIBHO: T,, — X, T'x,, — y, TO

(z,y) € G(T),

T. e. x € D(T), y = Tx. Urak, nosryuaeM SKBHBAJIEHTHOE

Omnpenenenne 9. Jluneitnniii oneparop 1 : X — Y HaszbiBaercs 3aMKHYTBIM, €CJIU JJIsl JTI000i
nocsenosaresibHoct {z,} C D(T) rakoit, 4ro z, X wu T, 5y, epo: x € D(T), y =Tx.

IIpumep 6. OuesuHO, oneparop u3 npuMepa [I] 3aMKHYT. DTO Ciie/lyeT U3 TeOpPeMbl O IOUJIEHHOM
muddepenimposann GyHKIMOHAIBHOM mocsenoBarenbrocT. (Eciu nociaenosarenbuocts {x,(t)}
s depeHImpyeMbx Ha oTpesKe [a, b] dyHKIWil cXoauTest BCIojLy Ha 9TOM oTpeske K dyHkmn (1),
a IOCJIeI0OBATEIbHOCTh UX IPOU3BOJHBIX CXOJIUTCS PaBHOMEpHO Ha [a,b] kK dyukimm y(t), To x(t)
muddepentupyema u 2’ (t) = y(t) Berogy Ha [a, b].)

[TockoJIBKY MBI paccMaTpUBAEM OllepaTopbl, 00J1aCTh OIIpe e IeHNsI KOTOPBIX He COBIAJIaeT CO BCEM
POCTPAHCTBOM, UMEET CMBIC]I 3a/[aTh BOIPOC, IJIOTHA JIM OHA BO BCEM IIPOCTPAHCTBE.

Onpenenenune 10. Eciu jgna smneitnoro oneparopa 1 @ X — Y BepHo, 1uTO W = X, 10
orieparop T’ HA3BIBAETCSA NAOMHO ONPEICAEHHIM.

Ouesnro, oneparop u3 npumepos [I] u [6] sBisiercst WIOTHO ONpe/IeIEHHBIM, a OIEPATOD U3 IPH-
mepa 4| — Her (mouemy?).

JokazkeM eIré HeCKOJIbKO MOJIE3HBIX YTBEPIKICHHUIA.

Jlemma 1. Ilycts X, Y — GanaxoBwl npocTpaHncTBa. JIuneitnoe muoroodpasue M B npocTpaH-
crBe X x Y (c mopmotit ([3) siBasieTcs rpaduKoM HEKOTOPOTO JIMHEHOIO OIEPATOpa TOLAA I TOIBKO
Torya, Korpa M we cofepkut 3jemMeHToB Buja (fx,v), rae v # Oy.

oxazamensvcmeo. HeobxouMocTh ovueBu iHa: TOCKOJIBKY 1'0x = 0y u JinHelHbIil oniepaTop sB-
aseTcst ofHo3HaTHON dyHKIWeil, To (Ox,0y) € G(T') u apyrux saementoB Buja (fx,v) B rpaduke

ObIThL HE MOZKET.



Y106bl JI0KA3aTh JIOCTATOYHOCTD, ONpejesuM JuHedHblii onepatop T ero rpadukom. (Kerarn,
9TOT IOAXOJ MOXKET HPUMEHATHCA ISt JIOObIX (DYHKIUH U MO3BOJISET CBECTH IOHATHE (DYHKIIUU
K MOHATHIO MHOXKecTBa.) Bosbmém B kadectBe D(T) npoexuyuro muneiiHOro Muoroobpasus M Ha
IIPOCTPaHCTBO X :

DT)={xeX|yeY (x,y) € M}.
Jlerxo nposeputs (cu. 3azaty [9), aro D(T) — mmreiinoe Muoroobpasme B X. Kpome Toro, xax1o-
my € D(T) orBedaer poBHO oHO Yy € Y Takoe, uro (x,y) € M. B camom jese, B IPOTUBHOM

ciIydae uMeJn Obl
(x,11), (z,y2) € M = {M — nuneitnoe MmHOTOOOpasue} = (fx,y1 — y2) € M,

9T0 TpoTHBOpednT yesoButo. Vrtak, kaxiaomy x € D(T) Mbl MOXKEM IOCTABUTH B COOTBETCTBHE
enuHCTBeHHbIH y € Y rtakoit, uro (z,y) € M. Iomoxum Tx = y. Ocranoch jokKas3arh, 9TO Tak
OCTpOEHHAsT (DYHKIUS YJIOBJIETBOPSET BTOPOMY IIYHKTY OIpeje/eHus JTUHeHHoro oneparopa. [liist
9TOr0 PacCMOTPHUM JiBe TOYKU rpadura: (r1,y1), (r2,y2) € M. Torma, mockoabky M — sjmHeiinoe
MHOrOOOpasue, 10 (Axy + pxe, \y1 + ny2) € M mna mobeix A, p € K. A 1o panee jokazaHHOMY
JIPYTUX TAKUX Y, 9T0 (Ax1 + pxe,y) € M, ne cymecrsyer. 3uaqaut, T (Azq + prs) = Ayy + py2, 910 1
TpeboBaIOCh. A

Caedecmeue. Jluneitrnoe mogamuoroobpasue rpaduka ecth rpaduk.

Jlemma 2. Ilycts T — 3amMKHyTBHIN, A — OrpaHUYeHHBIH JUHEHHBIE ONEPATOPHI, JIEHCTBYIOIIIE
w3 X BY, mpuuém D(A) = X. Torma T + A — 3aMKHYTHII JIHHEHHBIN OmepaTop.

Jlokasamenvcmso. Tor daxr, aro cymma (100X ) JIHHEHHBIX OMEPATOPOB €CTh JIMHENHbII orepa-
TOD, JoKa3biBaeTcs B 3ajade [2] Cpasy Haitném ero obsacts onpesenenus. CoracHo onpeiesenuio [
mveem: D(T + A) = D(T) N D(A) = D(T). Ocranoch JoKazarh, 9To oneparop 1+ A 3aMKHYT.

Bocnosnbayemest onpejiesnenuenm [9 TpeGyercst jokazars, 9o ec/n
{u,} € DT+ A), up, —u, (T+Au, v, (4)

TO

ueDT+A) u v=(T+ A)u.

[Mockosbky D(T) = D(T + A) u oneparop A orpanuden (a ciejoBarTe/bHO, HenpepbiBer), u3 (|4))
uMeeM:
{u,} < D(T), up—u, Tu, =T+ Au, — Au, — v — Au. (5)

Torya, mockobky T — 3aMKHYTBINH OlepaTop, U3 nmeem: u € D(T), Tu = v — Au. C yuérom
paserctBa D(T') = D(T + A) orcioga nonydaem: u € D(T + A), (T'+ A)u = Tu + Au = v, aro u
TpeboBaIOCh. A

Takzke OBIBAET MOJIE3HO MOHATHE 00PATHOrO rpaduka.

Omnpenesienne 11. Ilycte T @ X — Y. Hasoém obpammuom epagurom G'(T) oneparopa T'

muoxectBo {(T'z,z) | € D(T)} B upocrpamcrse Y x X (onpee/éHHOM aHAJIOIUYHO IIPOCTPAH-
crBy X x Y).



[TosesnocTs moHATHST 0OpATHOrO rpadUKa OLpE/IeIAeTCs CIELYIOMUM YTBEPKICHIEM.
Jlemma 3. Ecsm oneparop T’ o6parum, To ero rpacduk u o6parthblii rpaduxk oneparopa T~ cyTb
omHo 1 To ke Muokectso: G(T) = G'(T™).

Jokazamenvcmeo. Ionb3ysich onpenesenueM [0, nveem

u Jajee

CremoBaTesibHO,

G(T) ={(T"y,y) ly e DT} ={(T"y,y) |y € R(T)}, (6)

npudéM B cuity obparumoctu orieparopa 1 st kaxkaoro y € R(T) cymecrByer enuncrsentoe v € D(T)

Takoe, 9T0 y = 1'xr, MO3TOMY IENOYKY @ MOZKHO IIPOJIOJIZKUATDH TaK:
= {(T7(T0), T) | € D(T)} = {(a, T) | « € D(T)} = C(T).

A

Kaxk BugHO U3 omnpeeieHust obpaTHBI rpaduK MoIyIaeTcs u3 rpaduka mepecTaHOBKOM v1e-
MEHTOB KaxKJoii mapbl. [losromy B cuiay jemmbl [I] MOXKHO yTBep:KaaTh, 9TO JIMHEHHOE MHOrOOOpa-
sue M CY x X gBisiercst o6paTHbIM TpadUKOM HEKOTOPOIO JIMHEIHOTO orepaTopa (JIeficTBYIONero
u3 X B Y') Torja u TOJBKO TOIJIA, KOTJIa OHO HE COJEPIKUT 3JIeMeHTOB Bua (Y, Ox) ¢ y # Oy . [1o sroit
JKe TPUINHE AUHETHBIT ONepamop ABAAEMCA 3AMKERYMbLM M0206 U MOoAbKO Mo20a, k0200 3aMKHYM,
€20 0bpammoitl epaguxk.

W3 nocieiaero HabIroIeHUsT U JIEMMBI |3 Cpa3y BBITEKAET CJICIYIONIee BasKHOE yTBEPIK IeHUE:

JIemma 4. Eciu onepatop T’ obpaTuM, TO 3aMKHYTOCTh 1’ 9KBUBaJIeHTHa 3aMKHyTocTn 1 L.

[TockoJibKy B cumjly 3aja4du scarut onepamop u3 L(X,Y) (1. e. orpaHUYeHHBIN JIHHEHHBIH
oneparop u3 X B Y, onpe/iesiéHHbIi Ha BCEM X ) 3aMKHYmM, U3 JIEMMbI OJIyIaeM BayKHOE

Caedemeue. Oneparop, obparubiii oneparopy u3 L(X,Y), samkuyr. (B wacrHOCTH, OH MOXKET

6piTh oneparopom u3 L(Y, X).)
Sasaum /JIsi CaMOCTOSITEJIbHOTO PEIIeHUsT

1. IIpoBepurs, uro MHOKecTBO 3HaueHuit R(T') muneitnoro oneparopa 1 ecThb JHMHEHOE MHOTO-
obpa3sue.

2. IIpoBeputh, 9TO CyMMa U IIPOU3BE/ICHUE JIMTHEHHBIX OIEPATOPOB — JIMHEHBIE OTIEPATOPHI.

3. IIposeputsh, uto dynkmua 11, obparHas sumeiiHoMy oneparopy 1, — JHHEHHDIH oIepaTop.

Taxxke mokazath, aro T~ ! onpenensercs no T exuncrsennbiM obpasom u urto (171~ = T. (Vkasa-



nue. Yarure, 9To 3aMedanue [2| mocse onpejesienust 0GpaTHOTO OIEPATOPA «JIEJAET ITO OIPEIeJIeHIe
CUMMETPUYHBIM OTHOCHTEILHO 3aMenbl T <> T 1».)

4. lTokazars, uro juHeitHblii onepatop 17" : X — Y umeer obparHbliii (He 00si3aTe/IbHO OrPAHUIEH-
HBIIl 1 BCIOJLY OIPEIeIEHHBIN) TOT/Ia U TOJILKO TOTJIa, Korja ypasHerne T'r = 0y He uMeeT HEeHYIeBbIX
pereHni.

5. 3aBepmuTh paceMorpenue npumepa [4

6. 3aBepumTh paccMoTpenue npumepa ol
7. Ilycts S, 51,5 : X =Y, T.11,15:Y — Z, R: Z — W. Ilokasars:

1) R(T'S) = (RT)S (rakoit oneparop Mbl Oyjem obosHadaTh npocro RT'S);

2) (aT)S =a(TS), a #0,u (01')S = 0(T'S) C T(0S);

3) BEyS = SEx =S, t1e Ex u By — ejiuHudHbIe OMIEPATOPHI B COOTBETCTBYIONIUX [TPOCTPAHCTBAX.
)

4 yKaSaTb KaKoO€ U3 PpaBE€HCTB BE€PHO, U MCIIPAaBUTh HEBEPHOE PaBEHCTBO Ha BE€PHOE BKJIIOYEHUE!:

(Tl + TQ)S - T15' + TQS (?),
T(S1+82) =TS +TS, (7).

HeobxomMocTh 3aMeHbl paBeHCTBaA BKJIIOYEHHEM 000CHOBATH C ITOMOIIBIO KOHTPIIPUMEPA.

8. Ilokazark, 9TO orepaTop U3 mpuMepa [2| 3aMKHYT U IIJIOTHO OIPEJIE/IEH.

9. ITokazarh, 9TO MPOEKIINA JJUHEHHOIO MHOI0OOpa3us B mpocTpaHcTBe X X Y Ha mpocTpaHcTBO X
ecTh TakzKe JIMHeiiHoe MHOrooOpa3ue.

10. IIycts T' — 3amkHyTHIH ortepaTop. JdokazaTh, uro jjs Jjioboro A € K oreparop T'— A\E Toxke
3aMKHYT.

11. okazarh, 9TO OrpaHUYIEHHBIH OIEepaTop 3aMKHYT TOIJIa U TOJIHLKO TOTJIA, KOIJa ero 00/1acThb
OTIpeIe/IeHUsT 3aMKHYTA.

12. JlokazaTb, 4TO 3aMKHYTBIi JIMHEHHBIN ONEpPaTOp, ONPEIeJECHHBIN Ha BCEM OAHAXOBOM IIPO-
CTPaAHCTBE, OTPAHUYEH.

13. Mokazars, uro S C T Torja u Tojbko Torja, Korjga G(S) C G(T).

14. Jlokazarh, 9TO s/IpO 3aMKHYTOI'O OIIEPATOPA ABJISIETCA 3aMKHYTHIM MHOXKECTBOM.

15. Ilycres m3Becrno, uro R(T') 3aMkHyTO M cymmecTByer Takoe m > 0, uro mid Beex u € D(T)
BepHO ||[Tu|| = m||u||. Jokazars, uro oneparop T 3aMKHYT.

16. [Tonbaysich Tem dakToM, UTO euHIIHAs cdhepa B HeCKOHETHOMEPHOM 0AHAXOBOM ITPOCTPaH-
CTBEe HEKOMIIAKTHA, ITOKA3aTh, 9YTO B TaAKOM IIPOCTPAHCTBE OMEPaTOpP, OOPATHBII BIIOJIHE HEIPEPhIB-
HOMY, HE MOYKET OBITH OI'DAHUICH.

17*. lokazats, uro ecau omeparop 1 : X — Y 3aMKHYyT, TO U3
{u,} DT up, ~uve X, Tu, ~veY

caeayer u € D(T), Tu = v.
18. IlpuBectu npumep 3aMKHYTOro JinHe#HOrO oneparopa T’ u nocienoBarenabuoctu {z, } C D(T)

Takoit, 4to x, — = € D(T'), {Tx,} ne cxomures.



