I'NIABA 1
AbcrpakTtHas TeopeMma Ilukapa

JIEKIIUA 1

AbcTpakTHble (DyHKIIUN
§ 1. AbcrpakThble pyukiuu. HenpepblBHOCTD, ITpeielt

[Iycts B — 6aHaxoBO IPOCTPAHCTBO ¢ HOPMOI ||.||. jist mpocToThl GyieM CYUTaTh 9TO IPOCTPaH-
CTBO BEIECTBEHHLIM. B KadecTBe IPOCTOro MOJEIBLHOIO IPHMepPa Ha MEPBBIX IIOPaX MOMKHO HMETD
B By B = R? ¢ obbranoit eskiamiosoii Hopmoil. OHaKO cieyeT UMeTh B BUJY, 9TO B HamboJIce
MHTEPECHOM JIJII HAC CJIydae MpoCTpaHcTBO B Oyner OECKOHETHOMEDPHBIM, UTO TOBJIEYET CBOU Xa-
paKTepHbIEe YePThI, He UMEIOIIIe AHAJONOB B KOHEYHOMEDHOM U CKassgpHoM ciydasx. (CkasaHHoe,
KOHEYHO, HE MPOTUBOPEUUT IIPUMEHUMOCTH BCEX M3JIOKEHHBIX PE3y/IbTaToB K ciaydain B = R.)

Onpenenenne 1. A6cmparmnoti gynkyued 6yaeMm HasbBaTh QYHKIWMO X (f) 9UCIOBOrO apry-
MeHTa t cO 3HAYEHUsIMU B OAHAXOBOM IIPOCTPAHCTBE 3.

Kaxk mpaBuiio, B jjajbHeleM 001aCThIO ONpeie/ieHnst PYHKINN OyIeT INCI0BOI TPOMEXKYTOK T,

TaK ITO MBI Oy/IeM paccMaTpUBaTh (DyHKIUNI
r:T — B. (1)

MozkHo poBeputh (3az1a4a (1), 4To Jyist Kazk10ro GUKCUPOBAHHOTO T MHOKECTBO (DyHKITHIA obpa-

3yeT JIMHEHOe MPOCTPAHCTBO (BEIeCTBEHHOE, €CJIH TPOCTPAHCTBO B BEIECTBEHHOE ), CIIH TIOJIOKUThH

(z +y)(t) = x(t) + y(1),
(Ax)(t) = Az(t).
Ha abcTpakTHbIe DYHKINN IEPEHOCATCA MHOTUE TIOHATUS TEOPUU OOBIYHBIX BEIECTBEHHBIX (DYHK-

nuit. /laimmM cooTBETCTBYIONINE OITPE e/ IEHUS.

Onpenesienne 2. Oyukius x(t) HA3BIBAETCS 02PAHUNEHHOT Ha MHOdHCecmee T, ecin
AM >0 Vte T |z(t)| < M.

Onpepenenne 3. Oynknus x(t), onpeeséHaast Ha TPOMEKYTKe T, HABIBACTCS HENPEPbIGHOT

6 mouke ty € T, ecm
Ve>030>0Vte (to—b,to+08)NT |lz(t) —z(to)]| <e.

Onpenesienne 4. Oyukiys x(t) HA3BIBACTCS HeNPEPLIGHOT Ha Npomedcymre T | ecin OHa Herpe-
PBIBHA B KaXK/I0# TOUYKE ITOrO MpOMeKyTKa. [Ipu 3ToM ecim TpoMeKyTOK He SBJISIETCS OTKPBITHIM,
TO B TouKax 7 N O7T moapasymeBaeTcss OITHOCTOPOHHSIST HEITPEPBIBHOCTh.

Onpepesienne 5. Tosopsar, uro dyHKIws x(t), onpejenéHHas Ha IPOMEXKYTKe 7, UMeer mpe-

nen xg € B B Touke ty € ﬂ, ecin
Ve >0 35 >0 Vt € ((to—d,to) U (to,to+0)) NT |Jz(t) — zo| <e.

Nmeercs B BULy 3aMbIKaHIE TPOMEKYTKa, T .



Bamevarnue 1. Kak u B cirydae 9ucaoBbix (DYHKIHMHA, MOKET OKa3aThCsl Tak, 4To x(t) He mMeer
npeJjiesia B TOUKe o, OJJHAKO UMeeT B Heil oJnH ujn 06a 0JHOCTOpOoHHUX Tpejiena. (CoorBeTcTByoIme
OlpeJieIeHnsT PEKOMEHIyeTCst ¢(hOPMYIMPOBATE CAMOCTOATENBHO.) Kpome Toro, moHATHsT OOBITHOTO
U OJTHOCTOPOHHErO TIPEJIeJIOB CJIMBAIOTCS B OJIHO, ecyin (DyHKIWs (1) OmpeieseHa JIUIb B OJHON
IIPOKOJIOTOH ITOJIyOKPECTHOCTH TOYKU Iy.

Ha ciryuait abcrpakTabix (DYHKIHIT 0000IIAIOTCA YTBEPXKIEHU O TIPeJieJie U HETPEPHIBHOCTHU CYM-
MBI U PA3HOCTH (DYHKIUH, O JIOKAJHHONW OTPaHUYEHHOCTH (DYHKIINU, HENPEPBIBHOW B TOYKe ty WIN
UMeIolIell B Hell KOHEeYHBII Hpe/:LeﬂEL a TaK»Ke M3BECTHBIE CBOWCTBA (PYHKIIHil, HEIPEPBIBHBIX HA OT-
pe3Ke: UX OrpaHnYeHHOCTD, JIOCTUKEHUEe TOYHbIX rpaHey“ﬂ U paBHOMepHasi HenpepbIBHOCT. ([lokasa-
TeJIbCTBO COOTBETCTBYIOIINX YTBEPKICHUI BXOIUT B 3aja4u.) UTO Kacaercs yMHOYKEHUsI, TO 3J1eCh
CUTYyallnsl HECKOJIBKO CJIOZKHee. /les10 B TOM, 9TO B IPOM3BOJILHOM OaHAXOBOM IIPOCTPAHCTBE YMHOXKeE-
HUE 9JIEMEHTOB He onpe;ieiero. OIHaKOo OlpeIesIeHO YMHOKEHIEe Ha, YUCJI0 U «YMHOYKEHUe» JINHEITHOTro
orepaTopa Ha 3JieMeHT. KpoMe Toro, camo paccMarpuBaemMoe IMPOCTPAHCTBO MOXKET OKa3aThCs OaHa-
XOBOI asireOpoii, B KOTOPO#l yMHOXKEHUE JIEMEHTOB OIlpe/iesieH0. dToObI onucaTh BCe 3TU CUTYAINH,
pPacCMOTpUM HEKOTOpble DaHAXOBBI IpocTpaHcTBa B;, ¢ = 1,2, 3, u npeamnosoxum, 4ro Ha By X By
olpeJesieHa oleparust

(x,y) »ay=x-y€ By (x € By, y € By),

npuuéMm VA € RV, 1,29 € By, Yy, y1,y2 € Bs

1) May) = (Ar)y = z(Ay);

2) (z1+ 22)y = 11y + T2y;

3) x(y1 + y2) = Ty1 + TY2;

4) eyl s, < Nzl 5. Myl .-

Jlerko BUJIETH, 9TO JIJist IEPEUNCICHHBIX PaHee «yYMHOXKeHuUit» coiicTBa 1)—4) BbrmosHsaoTCs. Beromy
Jtajiee TojT YMHOYKEHNeM MBI OyJ/IeM MOHUMATh OMEPAIN0 ¢ OIMUCAHHBIMU CBOMCTBAMU.

Teopema 1. Ilycrs dbyukiun z(t) co 3nadenusivMu B By u y(t) co 3HaveHusiMu B By onpejiesieHbl B
HEKOTOPOIT OKPeCTHOCTH (IIPOKOJIOTOI OKPECTHOCTH) TOYKH tp, & YMHOXKEHHE MEXKJIy IPOCTPAHCTBA-
mu By u By obmamaer coiictBamu 1)—4). Torma ecam 9tu (hyHKIMN HENIPEPHIBHBI B TOUKE tg, TO 1
UX [pou3Be/eHIe HelpepbIBHO (ecsm limy .y, 2(t) = x1, limy_yy, y(t) = y1, 0 limy_yy, z(t)y(t) = z1y1).
(Anajiornanoe yTBepIKIeHUe BEPHO JJIsl TIOJIyOKPECTHOCTEH. )

Ham Oyner Baken ciiydail, KOrjia 1epBblil COMHOXKUTEb — ONEPATOPHBIN MJIM YNCIOBO.
§ 2. InddepentmpoBanue abCcTpaKTHBIX DYHKITUIA

Ounpepnesienne 6. [Tycrs dyukius z(t) onpeenena na mpomexytke T, tg € T . Eciu cymectByer

peien
1
r; = lim z(t) — z(tg
lin - (a(t) ~ o))
20 HecKOHEUHOM Tpejiesie eCTeCTBeHHO TOBOPUTD, ey limy_q, ||y(t)]| = +oo.

3Pazymeercs, peub WIET O TOUHBIX TPAHAX “ucAo060t dynxmun ||z (t)||.



OH Ha3BIBAETCS NPoudsodrotl byukimu x(t) B Touke to. (B ciyuae omHOCTOPOHHETO MIpEjiesia roBOPSIT
0 COOTBETCTBYIOIIEH 00HOCMOpOHHel TIPOU3BOIHOIA. )

Samevarue 2. Kak u B caydae 9ucaoBeix GyHKIWA, (1) MOXKeT He HMeTh IIPOM3BOIHOIN B TOUKE ty,
HO UMETH OJIHY WJIU 00€ OJITHOCTOPOHHUE ITPOU3BOJIHBIE.

[Tonb3ysach cBoicTBaMU TIPEJIEIOB, HETPY/IHO JOKA3aTh CBOMCTBa jud depeHnnpoBaus:
1) (5 +y) =o'+
2) (zy) = 2"y +xy'.
LIaCTHbHVH/I ClIydadMu BTOPOIo CBOICTBA SIBJIIETCA IIPpaBMUJIO BBIHECCCHNA YMCJIOBOT'O MJIN IIOCTOAHHOTI'O
OIIEPATOPHOIO MHOYKUTEIA 32 3HaK AU dEPEHIIMPOBAHNUS, TIPU 3TOM OIEPATOP MOYXKeT ObITh JIMHel-

HBIM (DYHKIIMOHAJIOM:
A-z() =X-a'(t), (A-z(t) =A-2'(t), (f.xt) = (f2'().
§ 3. urerpupoBanue (mo Pumany)

g mocTpoeHHs PHMAHOBCKOTO WHTerpaja 10 OTPe3Ky [a,b] or abeTpakTHBIX —(QYHK-
Uit J1eficTByeM CTaHJApTHBIM o0pa3oM. BBoauMm pasbuenue ¢ ommevennvimu mouwkamu 1T =
={ti]i=0Na=1ty <...<ty=0b{n|i=1N,7 € [ti_1,li]}), duamemp pasbue-

nua A(T) = max;_y(t; — ti-1) u unmeepasvnvie cymmol

N

S(T,x) = (ti — tiy)a(m).

i=1
JIroboe pazduenune T maramerpa ¢ OyaeM Jjist KPATKOCTU HA3BIBATEH 0-pa3sOMEHUIEM.

Onpenesienne 7. Dyement I € B HasbiBaercs mpejesoM uHTerpaibHbix cymm S(7T,x) dyHK-
muu x(t) npu auamerpax pasbuenust A(T'), crpemsimuxcst K 0, ecau st joboro € > 0 Haiijgércs
takoe 0 > 0, uro jyisi r06oro pasbuenus T ¢ ormedenubiME Toukamu npu yeiaosuun A(T) < §

BBIIIOJIHEHO HEPaBEHCTBO

|S(T,x) — I|| < e.

Eciu rakoit smement I cymecTByeT, TO OH Ha3bIBaeTCs unmezparom Pumana or dynkmuu z(t) 1o
OTpe3Ky [a, b].

Ha npakTuke Hepeako yobHee UCIOIb30BaThL Olpe/ie/ieHne «I1o [eitres.

Onpepesienne 8. Dyement I € B HasbiBaercs mpejesioM uHTerpaibibix cymm S(7T,x) dbyHK-
i x(t) pu auamerpax pasouenust A(T), crpemsiuxcs K 0, eciu jiist 060 MOC/IEI0BATEILHOCTH
pasbuenwmii {T,,} ¢ ormedennbiMu Toukamu npu yesiosuu A(71,) — 0 Bepuo S(7T,,, x) — I. Ecau takoit
ssieMeHT [ CyIIecTByeT, TO OH Ha3blBaeTCs unmezparom Pumana ot dyuknun x(t) mo oTpesky |a, b].

Dtu onpeiesiennst SKBUBATEHTHBI (M. 3ajaay [L1)).

JlokarkeM BarKHYIO JIJIsi HAC T€OPEMY.

Teopema 2. HenpepoiBrast Ha orpeske [a,b] dyskims uHTerpupyema no Pumany Ha 3TOoM OT-

pe3kKe.



[Ipezk/ie 4eM MPUCTYIIUTH K JIOKA3aTEJIHCTBY TEOPEMbI, OTMETUM, UTO MbI HE MOYKEM BBECTU aHa-
joru cymm J[apOy, OCKOJIbKY B GAHAXOBOM IIPOCTPAHCTBE HET yropsgoderus. OIHAKO MOXKHO Pac-
CyKJIaTh HEIOCPeICTBEHHO. MbI 0T/1e/IbHO CHOPMYIUPYEM U JTOKAXKEM JIBE JIEMMBbI.

Jlemma 1. Eciu T ecTb usMesibuenme 0-pazbuenust T, To 1ipu JITOOOM BBIOOPE OTMEYEHHBIX TOUEK

B KayKJIOM U3 3THUX pa30meHnit
|s(@.2) = 5(1.2)|| < ()0 - a).

rie
wg (0) = sup [ (t1) — x(t2)]]- (2)

|t1—t2|<8, t1,t2€a,b]
Zloxazameavcmeo. YTobbl He cMelIuBaTh cTapoe 1 HOBOE pa3dneHne, 0003HAYNM TOUYKH HOBOT'O
pas6uenust depes Sy, k = 0, M, a COOTBETCTBYIOIIAE OTMEUEHHBIE TOUKHA — depe3 oy, k = 1, M. Pac-
CMOTDHM OJIMH U3 OTPE3KOB [t;_1,t;| craporo pasouenns T'. [TpeamosoxRum, Ha HEM MOSBUINCH HOBbIE

Toukn. J[J1g HAJISIHOCTH PACCMOTPUM CJiydail jo0aBjieHust OJIHON TOYKU, T. €. IPU HEKOTOPBIX 1, k

Sk—1 =1ti—1, Sk € (tic1,ti),  Sk+1 = t;.

Torma myist 1106010 BHIOOPA OTMEUYEHHBIX TOUEK CTaporo pasbuenus 7; € [t; — 1,t;] u HOBOro pasdue-

HUsl O) € [Sk_1, Sk|, Okt1 € [Sk, Skr1] MMEEM

[t = ti1)x(7) = (s — sp—1)(0%) = (Sk41 — 5k)T(Ok41) || =
= [|(sk+1 = sk-1)@(7) — (s — sp—1)(0%) = (k41 — k)T (On41) || <
< (a1 = s)(@(mi) = @(owr) || + [[(se = se-1)(2(7:) — z(ow))]| <
< sk = selllz() — 2(onrn)[| + |sk — sull|lz(m) — 2(ow))|| <

< |Skg1 — Sk|we(8) + |5k — Sk—1]|wz(0) = (Skr1 — Sk—1)wz(0) = (t; — tiz1)wx(9).

DTy HEMOYKY CJIe/yeT OUEBUIHBIM 00pa30M MOIUMUIIPOBATE, €CJIU JI00ABUIOCH OOJIbIIE OTHON TOUKU
7

pasbueHns WM He JO00ABUIOCH HU OJIHONW TOYKU, HO ITOMEHSIACh OTMedYeHHasi Touka. CKiajbiBast

(7151 9TOrO HAM CHOBA HY?KHO HEDPABEHCTBO TPEYTOJIbHIUKA) MOJ00HBIE HEPABEHCTBA 110 BCEM OTPE3KAM

HCXO/THOTO pa30MeHus, MOJIydaeM
HS(T, ) — S(T, x)H < wo(0)(ty — to) = wa(8)(b — a),

YTO U TPeDOBAJIOCH. A
Jlemma 2. Ilycrs 11, To — 1npousBoJibHbIE PA30MEHNs TUAMETPOB 0 U € COOTBETCTBEHHO, U IIyCTh

Ha, HUX IIPOMU3BOJIbHBIM 00pa30M BbhIOpaHbI OTMeUYEeHHbIE TOUKH. Tora

15(Th, 2) = S(Tz, 2)|| < (wa(9) + we(e))(b — a). (3)



Joxazameavcmeo. Pacemorpum pasouenue T3 = 17 UT, ¢ TpOU3BOJIBHBIM BBIOOPOM OTMEYEHHBIX
touek. Torma paszduenue T3 ecTh U3MesbUIeHHE KaxkI0ro n3 pasdomenuit 17 n T,. CiemoBaTebHO,

COTJIACHO TIPEJIBIIYIIE JIeMMe MeeM

15(Ts, z) = S(Th, z)|
15(Ts, x) = S(Tz, 2)||

NN
£
o
=
|
=

OTKyJIa C IIOMOIIIBIO HEPABEHCTBA TpeyrosibHuKa nosydaeM (3). A

Termepb MBI MOXKEM 3aBEPINUTH JIOKA3ATEIBCTBO TEOPEMbBI. PaccMOTPUM NMPOM3BOIBHYIO UHCIIO-
BYIO TIOCTIeI0BaTebHOCTD 0, — 0. [TocTponm yisi Kazoro ¢, Hekoropoe pasbuenue T, ¢ auamer-
pom A(T,) < J,, 1 IPOU3BOIBLHBIM BBIOOPOM OTMEUEHHBIX TOYEK. [lockonbKy w,(d,) — 0 (cMm. 3a-
nady [7)), ¢ momompo eMMbl [2] HETPYIHO YCTAHOBUTB, YTO IOC/IEJOBATENLHOCTD COOTBETCTBYIOIIIX
HHTErpaJIbHBIX CyMM QyHIaMeHTa bHa. CreoBaTebHO, OHA CXOMUTCSI K HEKOTOpomy Ipemeny [
(mpocTpancTBO B 6aHAXOBO, 8 3HAYWT, MOJIHO):

lim S(T,,z) = 1. (4)

n—oo

TakuM 06pa3oM, [ COBEPIIeHHO MPOM3BOJILHOI T0C/IeI0BaTe/IbHOCTH pasOueHnii ¢ JuaMeTpaMi,
crpeMamuMucs K 0, Mbl MOXKEM YCTaHOBUTDL CYIECTBOBaHUE IIpejiea MHTerPaIbHbIX cyMM. UToObI
YCTaHOBUTDL, YTO JJIdA JBYX Pas/JUdHBIX HOC/IEI0BATEILHOCTEH pasbueHuii, ST mpeesbl CoBlajia-
0T, «IIepEeMeIIaeM» [I0C/IeI0BaTeILHOCTU. B oIy 9eHHOIl 10C/1e10BaTe/IbHOCTH JIMaMeTPhl pa30ueHmii
TaKzKe crpeMaTcd K 0; cIe10BaTe/IbHo, ITIpeie HHTerPATbHBIX CyMM 00g3aH cyecTsoBaTh. C ApyToil
CTODPOHBI, €C/IM Obl TIPeJie/Ibl HHTEerPAIbHBIX CYMM JIIs JIBYX MCXOJHBIX MOC/IeJ0BaTe/bHOCTE GBI
Pa3IMYHBI, TO HpeJea JJId «IepeMeraHHoily 0C/Ie0BaTeIbHOCTH y7Ke He ObLIO Obl.
A

[lepeuncium OCHOBHBIE CBOiicTBa MHTerpaJia. s mpocToThl OyjeM pacCcMaTpUBAThH JIUINb HH-
TerpaJibl OT HelpepbIBHBIX (DYHKIIUH, OTOMY BOIIPOC O CYMIECTBOBAHUU HHTEIDAJIOB, BXOJANINX B
TOK/IECTBA, HPOOJEMbI He PEeICTABIACT.

L [P(x(t) + y(0)dt = [P x(t)dt + [7y(t)dt.

2. fab Az (t)dt = )\f::c(t)dt, A = const.

3. [Pa(tydt = [Ca(t)dt + [Pax(t)dt, a < e <D.

Jljist loKasaTe/ibeTBa 9THX TOXKIECTB JIOCTATOYHO PACCMOTPETh HEKOTOPBIE MOC/IeI0BATebHOCTH
HMHTEerpaJIbHbIX CYMM C JUaMe€TpaMM, CTpEeMAIMUMUCA K HYJIIO. HpI/I 9TOM IJId JIEBOII JacTu TOXK e~
cTBa 3 cJiejyeT OpaTh TOJBKO Pa3dUeHusi, CoJlepyKallue TOUKY C.

4, )fjx(t)dt < [P =(t))dt.

,Z[JIH JOKa3aTeJ/JIbCTBa 3TOI'0 CBOMCTBa CHOBA JOCTaTOYHO paCcCMOTPETh IIOCJIeI0BaTe/JIbHOCTL pa3-

OueHuit ¢ quaMeTpaMu, CTPEMANUMUCT K Hys0. [ KaxK/10#fi HHTErpabHOl CyMMBbI aHAJOTUTHOER
HEPABEHCTBO CJIeyeT U3 HEPABEHCTBA TpeyrobHuKa. [lepexosis K mpejie/ry B 4uC/I0BOM HEpaBEHCTBE,

noJrydaeM Tpebyemoe.



5. i ymMHOXKeHUS, CBOWCTBa KOTOPOTO OTOBOPEHDI BBIIIE, BEPHBI TOXK/IECTBA

[ st = [ st [ o= [ o
/abAa:(t)dt:A/:a:(t)dt, /ab<f,x(t)>dt: <f, /abw(t)dt>.

[TouepkHéM, YTO MHTErPAJIbI B JIEBOI M MPABOil 4acTIX MOHUMAIOTCA KaK/Iblil B «CBOEM» ITPOCTPAH-

B gactHocTH,

crse!
DT0 CBOMACTBO IpeyIaraeTcs J0Kas3aTh caMocrosaTensHo (3asada [10]).
6 (dbopmyna Herorona—/Jleiionuna). [Tycrs z(t) € C([a,b]; B). Toraa

/ ¥ ()t = 2(b) — 2(a). (5)

Joxazameavcmeo. ns moboro nmneitHoro gynkmnuonana f € B* B cuily paHee JOKa3aHHBIX

cBOHCTB JnddepeHnmpoBaHus U UHTEIPUPOBAHUS UMEEM

(1. [ oy = [awpar= [ 5.0 a0 = (7.50) - (5,000

rJie TocJjejiHee paBeHCTBO ciemyer u3 popMmysabl HeioTona—/Jleitbnuna s aucioBbix dyHkuii. [1o-

CKOJIbKY, TAKIM 00pa3oM, PaBEHCTBO

(5. [0ty = (7.006) - sta

CIpaBeJIuBO JJist BceX f € B*) To, B culy CJIeJICTBUS W3 TeopeMbl XaHa—baHaxa, BEpHO U DaBeH-
ctBo ().
Caedemsue. («Ocnabiernast TeopeMa KOHETHBIX IpUpalieHuits. ) B cuity cBoiicTs 6 u 4 jyist Bestkoi

HenpepbiBHO JnddepennupyeMoii Ha orpeske [a, b] dbyukimn x(t) uveem

[(b) = z(a)] </ [ ()[|dt < (b—a) sup [[2'(2)].

t€la,b]

B wactHocTH, ecm pon3BoAHAas abCTPAKTHON (DYHKIMM CYINECTBYET W paBHA HYJICBOMY 3JIEMEHTY
BCIOJIy Ha HEKOTOPOM IIPOMEXKYTKE, TO TaKas (DYHKIUA IIPUHUMAET Ha STOM IPOMEXKYTKE IIOCTOSTHHOE
3HaYCHUE.
Sameuarue 3. Teopema Jlarpamka (u Posuist) He epenocsiTest Ha cirydail abcTpakTHBIX (DYHKITHI
HEIOCPEICTBEHHO. PEKOMEH/IyeTcst caMOCTOATE/IbHO IPHBECTH KOHTpHMep (3azada[12)).
NurerpupyeMocTh HelpepbiBHOl (dbyHKIMI 1103B0JjgeT Jyist 060t dyuknuu () € C([a,b]; B)

PACCMOTPETH UHME2PAN C NEPEMENHDIM BEPTHUM NPEIEAOM



7. Ilycrs x(t) € C([a,b]; B). Torpa

y(t) = / x(7)dr € C'([a,b]; B), %y(zﬁ) =z(t), t € [a,]

(K&K 1 B€3/¢€, B O4EBUIHBIX CJIyYdadX IIOJAPa3yMeBalOTCA OJJHOCTOPOHHUE HpOI/ISBO,B;HbIe).

Joxaszamensvcmeo. PaccMorpuM 711 HAIVIAHOCTH JIMITL MPaBYIO MPOU3BOAHYIO, T. €. At > 0.

Nnmeem
t+AL t t+At
y(t+ A) — y(t) = / (7)dr — / 2(r)dr = /t 2(7)dr.
CremoBaTesibHO,
t+At
R0 A0 = y(8) = alt) = T (0(t+ A0~ y(0) = Fpat) = 57 [ (a() —a(0)ir

[Tockosbky dyuknus x(t) HenpepbiBHa Ha [a, b], nMeem
Ve>0 36 >0 Vre[t,t+9) [Jz(r) —z(t)] <e.

Ho torma mpu Becex 0 < At < § umeem

| ste+ 20— yen —sto < 5 [ hetr) —stoir < 5 [ etr =,

a 9TO U O3HaYaeT, 9TO

Jim (g A~ y(0) = a(t) wm gl (1) = a(0),

rje UHJEKC ' 0003HAYAET TPABYI0 MPOU3BOJAHYIO. [IpOBe/isl aHAJIOIUIHbIE PACCYKJIEHUS I JIEBOM
POU3BO/IHOM, nostydaeM B utore y' (t) = x(t) Bciomy Ha [a,b]. A

Bamenarnue 4. B rpaHUIHBIX TOYKAX OTPE3KA MOJPA3YMEBAIOTCS COOTBETCTBYIOIINE OJ[HOCTOPOH-
HUE TIPOU3BO/IHBIE.

Bameuarue 5. Ha ciyuail 6anaxoBo3HAIHBIX (DYHKIMI TeopeMa O CPeJHeM 3HAYEHUN I MHTe-

rpaJia HeIoCpeICTBEHHBIM 00pa3oM He obo0IaeTcs. PekoMenryeTcss mpuBecTr KOHTPIIPUMED.
§ 4. JlemmMa 0 mIpO/IO/I2KEHUU B TOYKY

JIemma 3. Ilycrs dyukiws x(t) onpeesiena u HenpepblBHO ud depeHipyeMa B JIeBOii pOKo-

JIOTO TIOJIYOKPECTHOCTH TOYKH g, T. €.

z(t) € C*((to — 7. t0); B), (6)
U IICThb CYIIECTBYET IpeJIe)]
— 3 !
T = Hhtgriox (t). (7)



Torma:
1) z(t) nenpepsiBHO tpooKIMa 110 dyakmuu (t) € C((to — v, to]; B);
2) Z}(to) = =1 (vae uHzmeKe | 03HAYAET JIEBYIO [IPOU3BOHYIO).
Jokazamenvcmeo. VI3 cylecTBoBaHUs JIEBOIO IIPe/Ie/Ia IPOU3BOIHOI CJIe/IyeT, 4TO 9Ta IPOU3BO/I-

Hag OrpaHMYeHa B HEKOTOPOI IIPOKOJIOTON ITOJIYOKPECTHOCTU TOYKH tg:
3¢ € (0,7], 3L >0 Vt € (to— C.to) ||2'(8)]] < L. (8)

B cuity ocnabiennoit popMy/ibl KOHEUHBIX MPUPAIIECHUIT OTCIOIa BBITEKAET JIUIIIIHUII-HeIIPEPhIBHOCTD
dyukun x(t) Ha (tg — ¢, to) ¢ koucranroit Jlummuna L. CiaemoBarenbHo, st pyHkimn x(t) BbIIOJI-
HEeHO ycsioBue Ko cyIecTrBoBaHus JIeBoro upeiesa B TOUKe o u
drg = lim x(¢). 9)
t—to—0

[Tomoxkum

I(t), le (tO - ’77750);

Zo, t= to.
OueBniHO, TIOCTpOEHHAsT DYHKIINS HElpepbiBHA Ha (g — 7, to]. Ocramocs nokasars, uro I)(ty) = x1,

T. €. 9TO

i =, ((0) = ) =

nJjim

) 1
A}tlg}ro E(IO —x(tg — At)) = ;1.

Yro0b1 Bocnoib3oBaTheda hopmyiioit Herorona—/leiibuuiia B Toit (hopMy/IMpoBKe, KOTOPYIO MbI PaHee

JIOKa3aJ1i, BBEJEM (PYyHKIIIIO
2'(t), te (to—( to);

Ty, t:to.

2(t) =

B cuny () n dbyukims z(t) menpepwiBHa Ha (tg — (,to]. (MBI TOKa He MOXKEM yTBEPXKIATh,
aro T'(ty) = z(to); HaIA 1EJIb — J0KA3aTh 3TO. )

[Tpu xaxkaom § € (0, () moxem 3anucarsb dopmysny Hoorona —J/leiibaura

/ 7 )t = (b0 — 6) — w{te — AD). (10)

0—At

Verpemuu 6 x mymo. Torna, ¢ oot croponst, (ty — §) — o (em. (9). C apyroit croponsr,

to—9 to
/ st — [ st
t

0—At to—At

to to—0
/ z(t)dt —/ Z(t)dtH = ‘
to—At to—At

IIOCKOJIbKY

to to
/ z(t)dtH < / 12(8)||dt < ST — 0.
to—0 to—0
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3/1ech UCIIOIB30BaHBI HEIPEPLIBHOCTH (byHKIMHN z(t), onerka (§]) u Borrekaroras usz coorsonienus (7))
BMmecre ¢ (8)) omenka ||z(to)|| < L.
Nrak, nepexojist K mpejery B 00enxX 4acTaX PaBeHCTBA , oJIy 4aeM
/to ()t = 39 — 2ty — AF). (1)
to—At
Toria u3 coorHoMIEHMIT , nMeeM
/t z(T)dr = &(t) — Z(ty — At)
to—At
npu Beex t € [tg — At, o], npudaém moapIHTerpaibHasg (GYHKINsS HernpepbiBHa. [IpuMensis Tenepb B
Touke t = tg yrBepxIaeHue o quddepeHIMpoBaHin HHTerpasa 10 BepxHeMy mpejeny (CBOHCTBO 7
UHTErpajia), moJrydaeM

Ty(to) = 2(to) = 1,

YTO U TPEeOOBAJIOCH. A
3agaum AJisi CAMOCTOSITEJIBHOTO PEIIeHUs

1. IIpoBeputh, 4T0 MHO)KECTBO abCTpakTHBIX dyHKIuil = : 7 — B (npu dukcupoBanubix T u B)
obOpasyeT JIMHEITHOe TPOCTPAHCTBO.

2. CdopmynupoBarh n goKa3aTh Kpurepuit Kormmm cymectBoBanus mpejiesia adCTpakTHON (DYHK-
1IN B TOYKE.

3. HokazaTb, uTo (QyHKIMSA, UMeOIIas IMpejes B JAHHOW TOYKe, OTPAHUYeHa B HEKOTOPO €€
OKPECTHOCTH.

4. JlokazaTh TeOpeMbl O HEPEPBIBHOCTH U Tpejesie CyMMbl abCTPaKTHBIX (DYHKITHI.

5. CdopmympoBaTh u JOKA3aTh TEOPEMBI O CBI3U OJHOCTOPOHHEIO U OOBITHOIO MPEJIesa, OJIHO-
CTOPOHHEN M OOBITHON HENPEPBIBHOCTHU, OJIHOCTOPOHHEN M 0OBIMHON T depeHITnPyeMOCTH.

6. JlokazaThb, 9T0 (PYyHKIHMSA, HEIPEPbIBHAA HA OTPE3KE, OTPaHUYeHa, a €€ HOpMa JIOCTUIaeT CBO-
X TOYHBIX IpaHeil. Ykazanue. ITO MOXKHO CJieJIaTh JUOO HEIOCPEJICTBEHHO, JTUOO COCIABIINCH HA
MOJIXOISAIILY IO TEOPEMY JIEKITUU O KOMIAKTHOCTH.

7. 1) Jlokazarh, uro (byHKIIUS, HElPepbIBHAS Ha OTPE3KEe, PABHOMEPHO HEIPEPBIBHA. YKa3aHue.
DTO MOYXKHO CJIeJIATh JTMOO HEIOCPEICTBEHHO, JTUOO COCIABIINCH HA TOIXOJMIILYI0 TEOPEMY JIEKITHH O
koMnakTHocTH. 2) JTokazars, aro modyab nenpepwvierocmu dyukinu x — byukms w,(0) (em. (2) —
MOHOTOHHO cTpemutcd K 0 pu 0 — +0, ecin @ € C([a, b]; B).

8. Hokazarb Teopemy [I]

9. 1) Jlokasarb, uro abcrpakTHas dyHKIms, uddepeHnupyeMast B JJAHHON TOYKe, HEIPEPhIBHA
B Heil. 2) Jlokasarb cBoiicrBa 1, 2 onepaiu juddepeHnnpoBaHus.

10. /IokazaTh CBOMCTBO H MHTETPAJIA.

11. /Toka3arh SKBUBAJIEHTHOCTDH JIBYX OIPE/IeJIEHUII MHTErpaJjia, JaHHbIX B JIEKITUN.

12. IIpuBecTn KOHTpIPUMEPHI, TTOKA3bIBAIOIINE, YTO TeopeMa, JlarpamnzxKa 0 KOHEUHBIX [TPUPAIIEHH-

SIX W TeopeMa O CpeJIHeM I WHTerpaJjia HEeIOCPEICTBEHHO He MEPEHOCATCA Ha, CIydail abCTPaKTHBIX
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byHKIHIL.
13. Ilycrs Cy(R) — mpocTpaHCTBO OrpaHUYEHHBIX HENPEPBIBHBIX (DYHKITHIT OJIHOI TIepeMEHHOM CO

CTaHJIAPTHON HOPMOIA

[Yllcy@ = sup |y(x)].
z€R

1) ﬂOKaBaTb, 9TO IIOJIYIEHHOE ITPOCTPAHCTBO ABJIACTCA OaHaXOBBIM.

2) Hokazark, uro abcrpakthast dyukims [ : Ry — Cp(R), 3amannas dopmysioii

FO@) = =

paspbiBHa 1ipu t = 0 1 HenpepbIBHA TIpu BcexX ¢ > 0.

%t

3amevanue 6. ObpaTuTe BHEIManue, 9T0 (DYHKIHS ABYX IepeMeHHbIX f(t, 1) = 5 o

HeIPepPbIBHA
II0 COBOKYIIHOCTH ItlepeMeHHBbIX Ha R, X R.

14. Pacemorpum dyukmuio y : R — C[0, 1], 3agannyio ciemyomum o6pa3oM:

zsin L, x e (0,1];

0, xz=0.

y:ite gx) =

1) Cymecrsyer jin ipoussouast y'(t)? Ecau na, To npu kakom (kakux) t7 2) HenpepbiBaa i byHK-

st y(t) xorst ObI B HEKOTOPBIX TouKax t € R?
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