3. MeToa KOHEYHBbIX PAa3HOCTEH

1. OcHOBHBIEC MOHATHSA
Paccmorpum 3apauy:

‘Lu(x)=f(x), xeD, (1)
3
Hu(x)=u(x), xel, (2)

rie L - auneiinbiii nuddepeHnuaibHbIi oneparop, | — omeparop

OTOJIHUTEJIbHBIX (HAYaJbHBIX, TpaHu4HbIX) yeaouit, D =D+

D 3amensiem Ha a_)h - JUCKPETHOEe MHOKECTBO y3JI0B — CeTKa,

u(x) Xe D 3amensieM Ha Y, ()(n) - CeTOYHbIEe (PYHKIHUHU (3ABHCAT OT

napamerpa h), X € @,



u(x) = Ho’ Y, (Xn) c Hh . IIpocTpancTBo H, oTo6pakaercsi Ha
npocrpancTso H;: U(X) € H0 ~ U (X) = Phu(x), u, € H,,

rae Py, - muHelHbIid oneparop us H, B H,.

Ha nuHerinoM npocrpancTBe H,, BBOAATCH CETOYHbIE HOPMBbI Hyh H -
h

AHAJIOTH HOPM B nmpocTpaHcTBe Hj

YciioBue COrjiacOBaHUsl HOPM:

ngg HUhHh = HUHO el =Pu, HuHo_ HOpMAa B npocrpancree H,.

myers ¢(X)=PR,f(X), Xeam, x(X)=Rulx), xen,
rne W, = @, ), O MHOKECTBO BHYTPEHHHUX Y3JI0B, y;, — MHOKECTBO
IPAHUYHBIX Y3JI0B.



Ilepenaem ot qudPpepeHIMATBLHBIX ONIEPATOPOB K PA3HOCTHBIM:
L->L, -1,

Byaem ropopursb, uro L, annpoxkcumupyer L ¢ mopsaakom m>0 B Touke X,

(x) = Lu(x) - Lu(x)=O(h")

3agaue (1) — (2) cTaBUTCS B COOTBETCTBHE CHCTEMA aJIreOpandecKux

(3)

(pa3HOCTHBIX) YPABHEHUM

<(Lhyh(x):¢h(x)! X € Wy, (4)
\Ihyh(x):)(h(x)’ XE V. (5)

CemeiicTBo ypaBHenuii (4), (5), 3aBHCAIINX OT mapaMeTpa h, Ha3pIBaeTcs

Pa3HOCTHOM CXEeMOIii.



Mycrs Z,=Y,,-U;,, tne U,=P,U. Tak kak L, ul,, -
JIMHEWHBbIE 0MEPaTOPbI, TO MOJIyYaeM 3a/1a4y:
<(Lhzh(x):Wh’ X e w,, (6)
1z, (X) =vy, XE 7, (7)

A€y, Uy, - NOI'PCIIHOCTH AalIIIPOKCUMAIINH HA

pemiennu U(X) pa3HOCTHOI cxemoii ypaBHeHus (1) u

TOMOJTHUTEIbHOT0 yeaoBus (2). Cxema (4)- (5):

1) anmpoxcumupyet 3agaay(1)-(2) u umeeT M-i
MOPS/A0K ANMPOKCUMALIUH, €CJIU

Wil =000, Wiy =0CN): ®

2) cXoauTCs U HMeeT M — i MOPAA0K TOYHOCTH, €CJIH

Hyh _uhu(m) = 2(“,]‘"1) (9)



Cxema (4)-(5) koppekTHa (pa3HOCTHAs 3a7a4a
MOCTABJIEHA KOPPEKTHO), €CJIU PU BCeX J0CTATOYHO

maasix |N[<h; :
1) pasHOCTHAs 321242 OJHO3HAYHO pa3pelIuMa npu

JIIOOBIX BXOJHBIX JAHHBIX ¢, 7, |
2) pellieHHe Y, PAaBHOMEPHO MO N HenmpepbIBHO 3aBUCHUT

OT BXOJAHBbIX JAHHBIX (CBOMCTBO YCTOMYHBOCTH).

Ecim L, u |, - 1uneiinbie oneparopsl, To npu |h<h,

Hyhu(lh) S Ml H¢hH(2h) T MZ HZhH@h) ’ (10)

raeM, >0M,>0 - mocrosiHHBIe, He 3aBHUcALINE OT h 1

BbIOOPA BXOAHBIX JAHHBIX B X,



Ecau cxema (4)-(5) yctonumnBa, a Z, — pelieHue 3a1a4u

(6)-(7).
TO ﬁl()) =>
Yo~ uh”(lh) - thu(lh) S Ml Hl/jhu(zh) +M 2 thu(sh) (11)

N3 paBencTBa (11) cienyer yreepxaeHue:

Ecan guneiinas cxema (4)-(5) ycroiiuuBa u
annpoxkcumupyet 3agauy (1)-(2) , To ona cxoaurcs (13
YCTOMYMBOCTH M ANMPOKCUMALUU JIUHEUHON CXeMbI
cJieayeT ee CXOAMMOCTh).

IHopsaaok TouHoCcTH cxeMbl (4)-(5) onpenesieTcst

IHOPSAAKOM alllIPpOKCUMAIIUH.



2. Pa3HOoCTHAaA 3a1a4a 1J1sl YyPABHEHHUA

TCILIOIIPOBOAHOCTH HAa OTPE3KE

- ou 0%

E:F+ f(x,t), 0<x<l 0<t<T,12
X

u(x,0)=u,(x), 0<x<1, (13)
u(0,t) = 24, , UL t) =44, 0<t<T. (14
ou 0u
ot ox*

N\

\
Pa3HoCTHAsI aIIPOKCUMAIIMA oneparopa | =

BBeaeM paBHOMEpPHBIE CETKH :
@, ={x,=nh; n=01..,N; hN=1},

o ={t=st; s=01..S; S=T},



T(x,t+7) HazoBeM 1120, 10HOM

MHO?KCCTBO Y3/10B, HA KOTOPOM

(xh)  (x0) (xrhp) 3AMHCHIBAETCS OmepaTop

Oy WX, t+7)—=w(x,t) w(x+h,t)-2w(x,t)+w(x-h,t)

: - - (15)

W, = (16)

o W(X+h,t)—2w(x,t) + w(x —h,t)
o= 5

L w=w, —w, (17)




(x-h,t+7) (X,t+7) (Xx+h,t+7) (x-h,t+7) (X,t+7) (X+h,t+7)

(x.1) x-h)  (xf) (+ht)
LYW =w, — W, (18)
LW =w, — (o, +(1-o)w,,) (19)
W, = %(x,t) +%227V2V(x,t) +0(7%) 0
W, = ZZTVZV(X,t)Jrga%V(x,t) +0(h")



2 2
W(X,t-l—z')=W(X,t)+r%(x,t)+%%t\;v+cz)(r3)

h h

W, —w, 1{W(x+h,t)—w(x,t) w(x,t)—w(x—h,t)}

~ azw(x t)+h—284w
ox2r 12 oxt

(xt)+0(h*)



IHoacrasasas (20) B (17), (18), moixyuum
w® = LPw—Lw(x,t) = O(h* +7) (21)

™ = Lw—Lw(x,t) =0(h* +7) (22)
IIpu 6=0,5 («cuMMeTpUYHAS CXeMa») MOJy4daemM
0 = 10w — Lw(x,t+ %) =0(h? +7%), (23)

IJ1e ¥ - NOrPemHOCTh ANNMPOKCUMAIIUU onepaTopa L
COOTBETCTBYIIIMM Pa3HOCTHbIM oneparopom L, .

Jlo0aBJisist K Pa3HOCTHOMY YPABHEHUIO PA3HOCTHDIE
HaYaJibHbIe U TPaHUYHbIe yciaoBuda (13), (14), moayuum
PA3HOCTHYI0 HAYAJBHO — KPaeBYI0 3aj1auy (cxemy):



LOy=y, - (095 +1-0)Ys) =6, (X, t)em,, (24)
<Y(x,0)=u,(x), X=X €am,, (25)
YO.) =4, YA =1, t=ti€q, (26)

e ¢=¢, =4(x,t) .

Cxema (24)-(26) annpoxkcumupyet 3agauy (12)-(14) ¢
nopsimkom O(W*+7) mpn  0=0, 6=1u O +7°) mpn
c=05 .

Cxema Ha3bIBaeTcs ABHOM, eciin 0=0.

IIpu 6#0 cxema Ha3bpIBaeTcss HeIBHOM (Mpu =1 — ymcTO

HEeSIBHOM).



2 2 A3
zaw(x+£j+@ ‘Qv(x+1j+if— Ow (X+zj+9(hz+tz>=
at\” 2) ox 2) 218 ax’at\” 2) =




SIBHan cxema (6=0):

s+1

T S S S S
yn y F(yn—l - 2yn + yn-|-1) + T¢n
n=12,..,N-1 s=01,..,M.

(27)

Yucro HesiBHasA cxema (6=1):

S+ 2 S+ S+ 1 S S
h2 yn i (h_ )yn 1 h2 yn+i (_ yn +¢n)
g (28)
n=12,.,.N-1 s=01.. M.



Teopema

JIJI1 yCTOHYHBOCTH PAa3HOCTHOM cxeMbl (24)-(26)
TO0CTATOYHO, YTOOBI CYIIECTBOBAJIM TaAKHE He 3aBUCAIINE
or hu 7 nocrossaapie C, =20 u C, >0 , npu xoropnix
nMeeT MeCTO OLleHKA

YIS+ Cr)|y*|+Cor || (29)
3ameuanue. B (29) BBeaeHbl HOPMBI:
paBHOMepHas (dedbImeBckas): |Y|= max|y, (30)
HA S-M cjoe: (y|= max Y. | (31)
Jloka3zarejbCTBO:
V< @+Cr)|y* +C27||¢||S(1+le){(1+Clr) Yy +C27||¢||}+C27||¢||:
= (1+Co)*|ly" ||+ Cyr|¢| {1+ @+ Cr)} ... 1+ C2)™ y°H+C21||¢||{1+

L+ Cr)+.t (14 C) S L+ Cr)™ g |+ Cor(m+ )@+ C) "], s<m,
(32)



Tak kak

(1+Co)"<(@+Cr)" <e™™ =™

npu M <M, 1o nonaras M, S M,=C,TM, =

V< My Jug |+ M ]

PaccMOTpUM YCTOMYHUBOCTD YMCTO HESABHOM CXEMBbI

(0.:1) s+1
(28) => Y,

=yo -y {2yt -y -y +

s+1 s+1 s+1

yko :mnax yn 2yn =

2y

s+1 s+1

s+1
o Ve Y120 =

S+1 S S
Yeo SVt r¢k0

q T
4, , 7=F

(33)

(34)

(35)
(36)
(37)

(38)



S+1 S

- +1 S+1
Y, =miny,"<y" =

s+1 s+1

S+1
2y€0 o y%+1 Y1 <0=

1
Vi, 2 s, T78,
(38), (41) =>
1 1 1
Y, +1, <Y<Y TSy ULy, o

(42) =>
S+1

V2"l <]y |+ 7 [

(43) =>

s+1

<

V| +7le]

y

(39)
(40)

(41)

(42)

(43)

(44)



PaccMoTpuM yCTOHYNBOCTD siBHOII cxeMbl (6=0)
(27) =>
+1
Yo =A=27)Y0 +7Yoa TV Yoa + 74 (45)

IMyets ¥ < % . Torma 1—2y >0 u momyuum

Vo | SA=20) Y|+ 7| Yo+ 7| Vo T 7|5 | S 6)
<A-27+y+p)|y +TH¢H: a +TH¢H
(46) =>
Yyl + 7| (47)




Myeres 5y, =(-1)"¢, £>0 - ommnbka na s-m cioe.

Vit =(1-2y)SY: +y5Y; ., + 1Y, =

= (-1)"e(1- 27 y—7)=()""(4y -De

7>13 ‘5ys+k y=D'e, 4y-1>1=

(48)

OIIMOKA HEOrPAHUYEHHO BO3pPaCTaeT, NpUu4eM C
YMEHbIICHHEM HIAra CeTKU OUOKA HapacTaer
(YBeJIMUYUBAECTCH YHUCJIO LIATOB).

BoiBoabl. UncTO HesiBHAA cxeMa sABJIsIeTCA 0€3yCJI0BHO
yCcTOM4YMBOM. SIBHAs cxeMa SABJISIETCSH YCJIOBHO

. 5 1
CTONMYUMBOMA IIPA BBHIINNOJIHEHMM VCJI0OBU1 < — NIN
h? "3

T< r) (yciaoBue Kypanra). (49)



3. MeToa nmporoHKu

<(A1yn—1_cnyn+Bnyn+1:_Fn’ n=12..N-1(30)
\yo =&Y, tH, Yy=&YvaTH (51)
A #0, B #0, n-12.,n-1

yn — an+1yn+l _I_ n4+1"? n = 0,1, 2, . N —1, (52)
(52) =>

v.o=a VY. +B =aa V.. +a B+ B, (53)
(50),(52),(53) =>
(@s(@, A, ~C,) + B,) Yoy + "
+ (Lol A, =C )+ 5,A +F) =0



(54) => 5
o

n+1
IIpsamon xonu: Cn B anﬁh (55)
L= ALt n=12..,N-1
Cn o anAh
(51),(52) n=0=>
=&, 0= (56)
(51),(52) n=N-1=> p
_ My T Py
YN 1-aN392 (57)

OOparHbIN XO01:
Yo = naYnia T Ppigs n=N-1N-2,.0(58)



JlocTaToOYHbIE YCJIOBHS YCTOHUYMBOCTH:
‘Cn‘ > ‘A]‘+‘Bn‘  on=12..N-1,
59
© <L, a=12, |ef+le<2

Yucio apupmerudeckux onepauuid nporonku O(N) .
ITokaskeMm, uto (59)=> ‘O‘i‘ <1, i=12.,nN

Uuaykous: a) ‘0‘1‘:‘361‘31 ; 0) ‘ai‘ﬁlj‘am‘gl _
(59)=A{C; ~;A|~[B |2 [C||a||A|-[B > |A| L~} 20 (592

B =0 .(35%9a)=> |C.-a;A|>0

al= | <1.
1+1 ‘Ci_aiA‘—

(59a)=> |C,—¢A|2|B|=> a



ITokaxkeMm, 4YTO ‘ai‘ <l= ‘am‘ <1
Ecan ‘0{1‘ <1l ,10 A #0,(592) =>‘Ci —aiA‘>‘Bi‘:>‘a

[Mokaxem, uro (59)=>1-a &, # 0.

<1

i+1

a) |&,|<l=e|<1= || <12y | <12
‘1—05N&2‘21—‘0[,\,“&2‘21—‘3@2 > ().

0) |&,|<1=|e|<]=|o] <1y |<1=
‘l—aNaez‘21—‘0{NH882‘21—WN‘>O.
Mpu || <1 ommbka 6, =V, —Y,, HeHapacraer:
Vi = CaYint B Vi =CaFiat Fia = 0¥ =hYin =
0, =0t.][0Y:a| <0V

Ecm .

2
i+11 Mig BOSMYIIAIOTCH, TO 522'(‘5%‘ ~ gol\| )

Iaes, - OIMOKAa OKPYIJIEHHSs.



