4. IKOHOMUYHBIC PA3HOCTHbIE CXEMbI

CxeMmbl npumMmeHssemMmblie AOnAa peweHnsda MHOIromMepHbIX
3agay M coyetawwme B cebe [OOCTOMHCTBA SIBHbIX U
HesABHbIX CXéM Ha3biBalOTCA 9KOHOMWUYHbLIMM.

JKOHOMMYHAasA pa3HOCTHaA cxema:
1)aBnseTca 6e3ycrioBHO YCTOUYUBOMU;

2)TpebyeT npu nepexome CO Crosi Ha CnovM 4ucna
apnpmeTnyecKux onepauun, NPonopUMOHaribHOro 4Yucny
Yy3I10B CETKM.

1) Cxema nepeMeHHbIX HaNpaBJIeHHI

OcHoBHOM naeeu NOCTPOEHMA 3KOHOMMUYHbIX
Pa3HOCTHbIX CXeM SIBNSeTCA cCcBeAeHue MHOromMepHou
3aga4M K Lenoyke oaHoMepHbIX 3agad. OgHon N3 nepBbiX
3KOHOMMYHbLIX CXeM fiBnAeTcA nocTpoeHHasa B 1955 roagy
NMucmeHom u Pakdopaoom cxema nepeMeHHbIX
HanpasJrieHMN (NPoAoONbLHO-NoNepeYHas cxema).



PaccMoTpum HauyanbHO-KpaeBylo 3a4auvy:

ou

8T:Lu+f(x,t), (x,t)eQ;, (60)

u(x,0)=u,(x), xeD, (61)

u(x,t)=pu(x), xel, te[0,T], (62)
o°u

Lu=Au=Lu+Lu, Lu= (a=12),

OX_°

(94

D={0<x,<Il; a=12}, Q =Dx(0,T], x=(x,X,)-

BBegem [ABYMEpHYH MNPOCTPAHCTBEHHYIO CeTKY W OOHOMEpPHYHo
BPEMEeHHYI0 CeTKMU:

O, = Wy, =0 7, E{(xnl,xnz)e D; 0<n <N ; a:1,2},

t=t , =t +0,5r; V= ys%, o° =T (x,t°).

S+=
2



3aMeHuUMmM andgpdepeHumanbHble onepartopbl KOHEYHO-
Pa3HOCTHbLIMM:

Lu—> Ay =AYy+AY, A y=Ye,, =12

Cxema lNMucmeHa-Pakdopaa ocywecTBnaeT nepexon co Cnos S
Ha cnonm s+1 B pABa wWwara, WUCNONb3ysa MNPOMEXYTOYHbLIN

(ApoOHLIN) crnou:

y 2-y° s+
=AYy 2+AY +¢°, (63)
0,57
s+l S+E s+1
y y =AYy *+ A2ySJrl +¢’, (64)
0,57
y(%,0)=uy(x), xea,, (65)
y*t=u, n,=0,n,=N,, (66a)

1
y 2=u, n=0,n=N,. (66Db)



YpaBHeHue (63) sAiBNsieTcA HeABHbIM MO NepBOMY HanpaBJieHUO U
SAIBHbIM MO BTOPOMY, a ypaBHeHUe (64) siBnsieTcA AABHbIM MO NepBOMY

HanpaBrieHUIO N HesIBHbIM Mo BTopomy. U3 (63) n (64) nony4aem:

2 2
;y_Aly:F’ F:;y+A2y+§0’ (67)
2. . - - 2 _

;y—A2y=F, F=;y+A1y+(p- (68)

an = /unl’ 1= O’ 1 — Nl’ (70)
1 . 1 1. 1 . —

h?ynzl—Z(h_;Gj Jr, 1 s = o M =120, L, (71)
ynz = /unz’ n2 — O’ 2 — N2’ (72)



3ameyvaHue 1. B dhopmynax (69)-(72) nuweTca TONbKO U3MEHSLWUNCA
WHAEKC U He nuweTcsa pUKCUpPOBaAHHbIN UHAEKC.

Popmynbl (69)-(70) onucbIBalOT MPOroHKM BAONb KaXXA0WU CTPOKU NpU
n, =1,..., N, —1. Tak kak kaxxgas nporoHka BAONb CTPOKM TpeGyeT

C:) ( N, ) apudmeTnyecknx onepauum, TO oOLee Yyucno
apudpmeTnyecKknx onepaumm npu BbiNONHEHUN NPOroHOK BAOJNb CTPOK
pasio O(N,N,).

AHanorn4yHo NPoroHKa BAOMNbL CTONGLIOB Npu kaxaom [ = =1,..,N; -1

TpeGyeT O(N,) onepauuii , a NonHoe YWUCNo onepauui npu
BbINOMHEHUU BCeX NPOroHoK BAoNb cTton6uos pasHo O ( NlNZ)'

CyeT nNO cxemMe nepeMeHHbIX HanpaBrieHUU TpebyeT uyucna
apudmMeTUYECKMX onepauunm Q(NlNZ) NMPONOPLUMNOHANBLHOIO YMCHY
Yy3M10B CEeTKM U Ha KaXAabli y3en ceTKU NpuXoamuTCA YMCcro onepauumn,
He 3aBucAwee OT uucna Yy3noB. Tak KaKk MOXHO [oKasaTb
0e3yCcnoBHYH YCTOMYMBOCTb CXeMbl NMepeMeHHbLIX HarnpaBrneHUuu, TOo
OHa ABNSIeTCA 3KOHOMUYHOMN Pa3HOCTHOU CXEMOM.

MHoromepHble CXeMbl MOXHO TMNOCTPOUTb, BBOAA MOHATUE
cymmapHou annpokcumaumm (JIOC — nokanbHO-0oQAHOMEpPHbIe CXeMbl).



HANIpaBJIeHUH HeJb3s 0000IUUTHL HA

3ameuanue 2. CxeMy mnepeMeHHBbIX
HANIMCAHHAS CXeMa Y:xKe He Oyuer

TPeXMEPHBIH CJIy4yail: (opmMajibHO

yCToitumBoii:
s+=
Y 31_ys :Alys+é+A2ys+A3ys+gps,
—
s+2 s+
y "y =AYy 3+Ay P4+AY +9°,
-
s+2
y' oy S =AY 2+Ay SH+A YT+
—

K HanucaHHBIM YPABHCHUAM HYKHO HOﬁaBI/ITb HAYAJbHbIC U I'PAHUYHDBIC

YCJIOBHS.



KayecTBeHHO HAKOIUIEHHE OIIMOKM TPEXMEPHOU CXeMbl NMepeMeHHbIX
HAINPABJEHUN MOKHO MOACHUTD CJIEAYIOIIUM 00pa3oM.

B mnepBoM ypaBHeHHM PAa3HOCTHASA CXeMa HABJACTCH HEABHOW IO
IePBOMY HANPABJICHUIO U ABHOW M0 BTOPOMY U TPEThbEeMY HANPABJICHUAM,
BO BTOPOM — HeSIBHAA 110 BTOPOMY HAINPABJICHUIO U SIBHAS 110 IEPBOMY U
TPEeTbEMY, 4 B TPETheM YPABHCHUH — HEABHASA N0 TPETheMy YPABHECHUIO U
sIBHAA 110 NepBOMY U BTOpoMYy. Takum o0pa3oM, B KaKI0M U3 YPABHCHUH
CXeMa OKa3bIBAETCH HESIBHOW MO O/JHOMY YPABHECHHMIO U SIBHOW IO JABYM.
Eciu y4ecTb 4TO 10 SIBHOMY HAINPABJICHUI0 OLIUOKA HAKAIIMBAETCS, A 10
HeSIBHOMY O0TpadarbiBaeTcsl (YMEHBIIACTCH). TO B Pe3yJbTare 3a KamIbId
HUKJ OmMOKAa MeCTh Pa3 HAKAIUIMBACTCHA M TOJbKO TPHM pasa
0TpadaTbhIBACTCH, YTO NPUBOAUT K HAKOIUIEHHIO omudOku. B cxeme
IIucomena-Pexkdopaa ommdOka 3a OMKI c0aJaHCHMPOBAHO /Ba pasa
HAKAIUIMBAETC M JBa pasa orpadarbiBaercs, 4YTO0 MNPUBOAUT K
YCTOMYMBOCTH CXEMBbI.



2) JlokaabHo-oqHOMepHBbIe cxeMbl (JIOC).
IloHsiTHE CYMMAPHOU aNNIPOKCUMAIIMH

O0muM METOAOM NMOCTPOCHUSA IKOHOMHYHBIX PA3HOCTHBIX
CXEM NPUIOAHBIX JJIS YPABHCHUH C MEPEMEHHBIMM O Jaxe C
PAa3PBIBHBIMM  KO3(pPUUHEHTAMHU, A KBASHJIMHEHHBIX
HECTAIIMOHAPHBLIX YPaBHEHUMHM B CJIy4ae MPOU3BOJILHOU
odstacTd JIIOOOr0 YMCJIAa U3MEPEHUH HABJIACTCH METO/
CYMMAPHO! ANMPOKCUMAIIMH.

OTKa3 OT NMOHATHS ANNPOKCHUMAIMH U 3aMeHa ero 0OoJiee
CJIA0BIM YCJIOBHMEM CYMMAPHOM ANNPOKCUMAIMM PACIHUPSET
KJIACC 32/1a4 M NIPUBOAMT K aJAUTHBHBIM CXeMaM.

OcHOoBHYWO poab npu nocrpoenun JIOC  wurpaer
BO3MOKHOCTb IOCTPOCHUS LENMOYKH OJHOMEPHBIX 3aJa4, TO
eCTh NpeACTABICHUS onepaTopa L McXoaHOH 32124 B BH/E
CYyMMBI OJHOMepHBIX onepatopos. L =L, +L, + ...Lp.



AI[I[I/ITI/IBHBIG CXeMbI HUMCEKOT JIB€ OCHOBHBbBIC YCPThI.

1) mepexox ot caost S Ha cjao S+locymiecTBisieTcsl MPH
MOMOIIM OOBIYHBIX (ABYXCJOMHBIX, TPEXCJAOMHBIX M T.I.
cXeM);

2) TOrpemIiHOCTh ANMPOKCHUMALIMH AQMIUTHBHOH CXeMbI
onpeaeasiercs KaK cymMMma HEBA30K  JIJIdd BCeX
NMPOMEXKYTOYHBIX CXeM (aJauTUBHAsE cxemMa o0Jagaer
CYMMAPHOH anIpoKCcUMAaLUe).

Kaxnass M3 NMpPOMEKYTOYHBIX CXeM IHENOYKHM YpPaBHEHM
MOKEeT  He  aNnMpPOKCHMHUPOBATH  MCXOJHYK  3ajJau4y,
ANMPOKCUMALIUA JOCTUTAETCH 3a CUYeT CYMMHMPOBAHHUA BCeX
HEBA30K.



IlocTpoenue nenouku ofHOMepPHbIX 3a1a4.  IlycTs paccmarpuBaercs
HaYaJIbHO-KpaeBasd 3ajava:

ou

E:Lu-l_f’ x:(xl,xz,...,xp)eG, te(0,T]; G=G+1I;

u(x,0)=uy(x), xeG; u(x,t)=0, xel, te[0,T]. (72a)
3anuiieM ee ypaBHeHHE B CJIeAYIOIIEM BH/IE

P
> Pu=0, Pau:ia—u—Lau—fa,
a=1 p at

e fa(x,t) (x=12,..p)—

NPOU3BOJIbHBIE (PYHKIIHH, 00/1aJaI01IHE TOM Ke [IaAKOCThIo, uyTo 1 | (X, t)
U YIOBJIETBOPSIONIHE YCJTOBUIO HOPMUPOBKH

hb+f,+.+f =1,



Ha orpeske 0 <t <T BBegem paBHOMEpPHYIO CETKY

o, ={t,=s7,5=0,1,...,S}.

T

Kax b1t nHTepBas pa3odbeM Ha P YacTeii, BBeIs NOTyHHTEpBaibl A

H TOYKH
art

<t <t t =t.+—, a=12,..,p-1.

! a
S+—— s+2 S+— P
p p P

byaem nocjienoBare/ibHO pemiats ypasHeHue (720) npu ycjaoBusix (72B)

PV, (x)=0, x=(x1,x2,...,xp)eG, teA , a=12,.,p. (726)

a (a)

V(l) (X’ O) = uO (X)’ V(a)(x’ts+a_—1) — V(a—l)(X’tSJra_—l)’ a = 213’ T p1
P p

V(X ts,y ) = Vg (Xts,y ) (726)



Pemienuem 3T0oM 321241 HA30BEM 3HAUEHHUE

V(X,t5) =V, (Xt), s=0,1,..,8S.

Kawoe u3 ypaguennii PV =0 wn
1 OV,
p ot

=L Nyt f, a=12,..,p.

3aMeHsIeTCsl PA3HOCTHOI CXeMoii 11 Vo = O; O = 11 21 v P

rae Ha -PA3HOCTHBIE ONEPATOPHI, ANNMPOKCUMHUPYIOIIHE ONIEPATOPbI Pa :

B mpocreiimieM ciiydae 3T0 ABYXCJIOMHAA CXeMa, CBA3bLIBAIOINAS 3HAYCHUA

a-1
44 S



Jas pemennsi 3agaun (60)-(62) JoKaJbHO-OAHOMEPHYIO CXeMY MOKHO
3amucaTh, HApUMep, B CJIeAyIoIIeM BH/Ie
1

3 _\° S+=
y y —Aly 3 _I_Egps’

T 3

512 s

3 _y 3 "
y Ty — ALY 3+%¢S, (722)
ys+1_ys+§ s+1 1 S

=Ny +-o.
T 3

K ypaBuenusim (72r) cieayer A00aBUTh HayajJbHOe H T'pPaHHUYHbIE
yciaoBus. [loyuennasa cxema CYMMapHO allPOKCUMHUPYET HCXOAHYIO

3a/a4y ¢ IIOPSIKOM (:)(T‘l"h‘ ), rae ‘h‘z = hl2 + h22 + h32.



IIpumepsbl.
1) Cxema Ilucmena-Pexdopaa kak ajiuTUBHAS CXeMa.

YpaBuenus (63)-(64) sxkeuBajienTHbI JIOC ciaenyroiero sujaa:

1 1 1
S+— S S+— S+—

Y 7Y _05A,y°+0505; LY  _—05A,y"%;

T T

o 3
s+1 7

_y 2 - _
y Ty —05A,y 2 7 Ty —0.5A,y"" +0.5¢°.

2 2
Cxema 00J1agaeT CyMMapHO# annpoxkcuManuen C:) (T + ‘h‘ )



2) Cxema Jlyrnaca-Pexdopaa

1

1
S+— S+—

S S+1 s+1
Ll oAy Ay = A YY)

T T

2
ob.1axaeT cymmapHoii annpoxcumanueii O (T + |h| )



5. KoHcepBaTuBHbIe OQHOPOAHBbIE PA3HOCTHbIE

CXeMbl

MNMon OAHOPOAHbLIMMU Pa3HOCTHbLIMMU cxemamu (OPC)
MOHUMAIOTCA TakKue CXeMbl, BUL KOTOPbIX He 3aBUCUT HU OT
BbIOOpa KOHKpPEeTHOM 3aA4aum U3 OaHHOrO Krlacca, HU OoT Bblbopa
Pa3HOCTHOM CETKM.

Koadhduumentel OPC onpegenstotcas Kak (pyHKUMOHanNDbI

(LLabrioHHbIE ¢pyHKLUMOHanbI) oT koadppunumeHToB
anddcgepeHUnanbLHOro ypaBHeHUS.
LUnpoko pacnpocTpaHeHbl OPC CKBO3HOro (vnn

HernpepbIBHOro) cyeTa.

CxeMbI, BbipaXawume Ha CeTKeé 3adKOHbl COXpPaHEeHUs,
Ha3bIBalOTCA KOHCepBaTUBHbIMU UITN ANBEPreHTHbIMM.

CxeMbI, Hapyuwawuumne 3aKOHbl COXpPaHEeHUA, Ha3bIBAKOTCAH
HeKOHCepBaTUBHbIMU UJTU AncoanaHCHbLIMM.



1) AHTerpo-uHTepnonsaunoHHbin metoa (MUM) — metoa 6anaHca

NOCTPOEHUA KOHCepBaTUBHbIX PA3HOCTHbIX CXeM
PaccmoTpum ypaBHeHue:

(k(x)u'(x)) =a(x)u(x) =~ (x), (73)
rae k(x) un q(x) MoryT ObITb paspbIBHbIMU PYHKLUAMMN.

YpaBHeHue (73) onucbiBaeT cTauMOHapHoOe pacrnpeneneHve Tenna B
cTepxHe. BBeAEM paBHOMEpHYK CeTKY U NMPOMEXYTOUYHbIE
NOTOKOBbIE Y35bl X ;=X .£0,5h. 3anuwem_3aKOH COXpaHeHUs
Tenna (ypaBHeHue GanaHca) ona orpeska [Xi_O,S, Xisos5 |-

W, o5 —W, 05— XTB q(x) u(x)dx+ XT f(x) dx=0, (74)

Xi_05 Xi—05

du

rae W(x):—k(x)&

- TenyiIoBOM NOTOK.



Npeanonoxum, yto U = U, = const npwm X o5 < X< X
Torpa Xi+05 |

1+0,5*

_f g(x)u(x)dx = hu,d;, (75)
B d = 17 d 76
roe i _FX_,“ Q(X) X (76)
du W
MpouHTerpupyemM paBeHCTBO & = _? Ha oTpe3ke [Xi_l, X ] :
W (x)
U ,.—u = dx. 77
SRRPATEY !
Monoxum \\/ :Wi—O,S —const npu X _; < X< X.Torma
todx
Uiy =l =Wi_g s leﬁ (78)



unu u. —u

Wi—0,5 =—8; — h = —a;Ug (79)
e N\ -1
roe 1 X dX
" |h Xij k(x) (80)
U3 bopmyn (74), (76), (79), (80) nonyuum:
1 Yia —Yi Yi = Yia
—qa,, 0 —a———=:—-d.y, =-0, 81
h { 1+1 h | h |y| qpl ( )
rae 1 Xi+0,5
¢ = f (x) dx (82)

3ameuaHue. UHTerpansl (76), (80) u (82) aBnaroTca WabMOHHbIMMY
dyHKLUMOHaNamu.



2) MeToa KOHeYHbIX anemMeHToB (MKJ3) — npoeKLUOHHO-

CeTOUYHbIN MeTon,
PaccmoTtpum KpaeByto 3apayy:

_%(p(x)g—ij+q(x)u —f(x), xe(01),  (83)
u(0)=0, u(1)=0. (84)

Mokpoem otpesok () < X <1cucremoir untepBanoB X, _ < X < X, v
ansa Kax(p,orok > BBeném cbyHkumo ), (X3

0, 0<x<Xx_,,

3 (X), % <x<x
B (0), % <X,

10, X XX 1

@, (X)=+ (85)




rae X=X 4

a~)1(X)= A =, X SX<X, Ay 05 = Xk ~ Xy
k-0,5
~ X, ., — X
@, (X) - XL’ X S XS Xy Ak+o,5 = X1 — X (86)
Wy (z() k+0,5
1 Cucrema chpyHKUUA {a)k (x)}

NosiHa B TOM CMbICJie, YTO fobyHo
HenpepbIBHYIO PYHKLUIO (0()()
C BO3MOXXHbIMU U3NTOMaMM B Y3J10BbIX
TOYKax {Xk} n obpaliarolyrocsa B
X Hynb B rpaHUYHbIX TOYKaX OoTpe3Ka
[0,1] MOXHO NpeAcTaBUTbL B BUAae
JINHEUHOWN KOMOMHaUUU (PYHKLUN
{0 (X)}: ©(X)=D_ 9@, rae skavecTse koahdMLUNEHTOB CTOAT
3Ha4yeHUsi camon PyHKLUM (D(X) B TOYkKax X, . @, = (D(Xk).

T 1 ! .
X, =0 X X X Xy =1



Cuctema {a)k (X)} obnafaeT TaKxe HeKOTOPbIM aHanorom cBoMcTBa

OPTOroHasrIbHOCTH: 0. n<k—2
%AKOS, n=k-1
0 1
(00,)= [0, (X) o, (x)dx:<§(Ak_o,5 +A05), N=k, (87)
0
1
Aros, N=K+1,
0, n>k+2.

YMHOXUM (83) Ha @), (X) n npounHTerpupyem ot 0 oo 1:

[ PG a0u- 1) e gas-0. e



NMpouHTerpupyem copmyny (88) no 4yactaAmM ¢ y4yeTomMm rpaHUYHbBbIX
ycroBum (84):

: du de,

— f dx=0 89
[{p03 %% (a(u-f () jex-0 (@9
NpeactaBum nHterpan (89) B BMAE CyMMbl MHTErpanos:

ZXT{p(X) 3?( ddi)(k +(q(x)u— f (x))a)k}dx:O. (90)

k X1

Uwem pelueHune 3apgaum (83)-(84) B BMAe pasnoxeHUsa no cucteme {a)k (X)} :

u(x):zk:uka)k (). (91)

U3 bopmyn (85) n (91) nonyuum:

X

dudo ~ Proos
I N U ) (92)

X1



a du dw I Y
XJ; p(x) - dxk dx_—m(ukﬂ—uk),
_‘- CI(X) u o dx = Qk 05uk 1+qk 0,5U
_[ Q(X) u @ dx = qk+05uk +qk+0 5Ui1
e 1 X1
Prios = A j p(X) ax
k+0,5 x

(92)

(93)



YuuntbiBaa dopmynbi (90), (92), nocTponm pa3HOCTHYHO CXeMYy:

pk—0,5 pk+0,5

A (uk _uk—l)_A (uk+1_uk)+
k-0,5 k+0,5
1,2 11 2,2 1,2 _
T 005Uk T (qk—0,5 T Ucios ) U + 005Ut = Fie, (94)
rae
Xy, X1 Xk 41

F = _[ f () a’”)ldx+j f (x)@,dx = j f (x) o (x)dx. (95)

Xk-1 Xk-1
K ypaBHeHuaMm (95) cneayet no6aBuUTbL rpaHU4YHbIe YCITOBUS:

u, =0, u, =0. (96)

3ameyvaHue. UHTerpanbl (93) aBnsaoTcA WabnoHHbIMU (PyHKLUMOHaNnamMmu.



3) [Mpumep cxembl, pacxopgswenca B Ccrny4ae
pa3pbIiBHbIX KO3dduumneHTOB

PaccmoTpuM KpaeBylo 3agauyy:

(k(x)u'(x)) =0, xe(0,1), (97)
u(0)=1 u(l)=0. (98)

3amMeHUM Npoun3BOAHbIe PAa3HOCTHLIMU NPOU3BOAHLIMU NO (hopMynam:

(ku’)’ =ku"+k'u’, u”"~u K" ~K,.,

/

u ~u

XX ! X°

=

rae U.. = . B pesynbraTte nony4yum pasHOCTHYIO 3afauy:
X°,i y

2h

k Yia~ 232’i T Yia Kis —Kis Yia = Yia ~0, 1<i<N-1, (99)
h 2h 2h
Yo =1, Yn = 0. (100)



Pa3HocTHyI0 cxemy (99), (100) MOXXHO NnpuBeCTU K BUAY:

1

r

| (Y, —ayy)—dy =~ (101)
Yo=1 Yy =0, (102)
rge
a =k — Ky ; iy . b=k + Kig ; i . d,=¢ =0 (103)

3ameyaHue. YpaBHeHue (101) — o6wmm Bug pasHOCTHOMN CXeMbl
BTOpPOro nopsaka.

NMokaxem, yto cxema (99), (100) pacxoautca gaxe B Kracce KyCO4YHO-
NMOCTOSAHHbIX KO3 (PULUNEHTOB:

K (x) —{t ):((Zi)) (104)

rae & - vppaumonansHoe uncno, & =X +60h, X =nh, 0 ¢ (0,1).



To4yHoe peweHue 3agaum (97), (98), (104), ynoBneTBopsoLee yCrnoBUsM
COMNpAXEeHUs, UMeeT BUA;

_;1—%)(’ xe[0,£],
u(x)= By (1-x), xe[é.1], (105)
K

-1
@ =(2+(1-2)¢) " By=rxa z=7+ (106)
2
Hamnpem pewweHune pasHocTHouM 3agaunm (99), (100), (104).
Takkak & =0 =K npn O<i<n, a =b =k, npn N+1<i<N,
To ypaBHeHue (99) npuHMMaeT BUA: _
Y., —2y.+y.,,=0 npn 1N, I #N +1. (107)

PeweHue ypaBHeHus (107) onpenenseTtcsa cneayowen hopmynomn:

roe

1-ax, 0<x<X,

Y :y(xi):{ﬂ(l—xi), X, <X<1. (108)



KoadchdmumeHTtsl o mn jonpeaenum us ypasHeHUs (99)npn | =n w

I=n+1:
b 1-x . )—(1-ax ))+a ah=0,
% n(ﬂ( n+1) ( n)) n (109)
0,80 +a,, (B(1-X..)—-(1-ax,))=0.
U3 opmyn (103) n (104) Haxogum:
1 1
:Z(Skl—kz), an+1zz(k1+3k2),
1 1
D, = (3K +ky), by =7 (5K, k) (110)

Pewas cucremy (109) c koacpdpuumerHtamum (110) otHocuTensHo oy u IB
myumntbiBas, yto X =&—60h, X, = §+(1—0)h, onpegenum oy n [3:

=(ut(1-p)E+h(2-0-(1-0)u)) , B=pa

3+;(/1 /1_5;( -1
S—y 3y+1

roe

(111)

U=



MpepenbHbin nepexog npu N — 0 gaéT:

E@“:%’ﬁﬂﬂ:%’ (112)
- Ay = (ﬂ"‘(l_ﬂ)é)_l’ Bo = Ha, (113)

C nomoukio MHTepnonsAuuu goonpeaenum gyHkuuio (108) yi Ha BCEM
otpeske 0 < X <1. Monyuum doyrkumio ¥ (X:N), 3apnannyro npu x e [O,l],
NPUYEM: y(Xi,h) =Y.

NMepenpem K npegeny:

1-a,x, 0<x<é,
U(x):limy(x,h):{_ : :
h—0 B, (1-x), &<x<1.
CpaBHUM U(X) C TOYHBIM pelieHnem 3apaym (97), (98), (104) U (X)
U3 dpopmyn (106), (111), (113) cneayet, uto U( X)=U(X) | ecnu
a,=a,, f,=/p, orkyma Bbitekaet, yto /=1 u K =KkK,.

(114)



Boison. Pewenue (108) pasHocTHom 3aaaum (99), (100), (104) npu h — 0
ctpemutcs K pyHkumm U ( X ) | koTopas npu k1 + k2 OTNUYHA OT

TOYHOro peweHusa 3apaum (97), (98), (104). CnepgoBaTeribHO, pa3HOCTHaA
cxema (99), (100), (104) pacxoauTcs.

®dun3nyecknum cMmbicn pyHKLUM G(X)Z dyHKLUSA U~(X) ABnAeTCcH

pewieHnem 3agauum (97), (98), (104), YAOBNMETBOPAOLLMM
cneayrowmm ycrosusim npu X = ¢ .

0]=0, [kr]=-a,(u-2)k =0

rAe (J - MOLWHOCTL TOYEYHOro UCTOYHMKA (ctoka) Tennanpu X = f
Nnpu y —>5+x0 g — *ox.
Pusnyeckasa npuynHa pacxogmmoctu cxemsbl (99), (100) cocToUT B TOM,

YTO OHa HapywaeTt OanaHc (3akoH coxpaHeHus) tenna. Cxema He
ABNAETCA KOHCepPBaTUBHOMN.



6. CnekTpanbHbIN aHanNn3 pasHOCTHOWU
3agauum Kowm

1. Heobxoaumoe cnekTpanbHoOe ycnoBue
yctonumBoctn HemmaHa

PaccmoTtpum 3apgayvy Kowwm gnsa ypaBHeHUs nepeHoca:

M_NM_p xeR', te(0T] (1)
ot  oXx
u(x,0)=pu(x), xeR" (2)
Pa3HocTHas cxema ans 3agaum (1)-(2) umeet cnepyrowmn BuA:
s+l ,S S S
yn yn . yn+1 yn — 0’ (3)
T h

Y=g, n=0,41..; s=0,1,...S.  (4)



BBeaém paBHOMEpPHYIO HOpPMY Ha croe:

lys (5)

Ona yctonunsBoctu peweHus 3agaym (3),(4) no Ha4anbHbIM AaHHbIM
HeobGxoaumo, YToObI ycrioBue (6)

vii<My’|, s=01,..,S (6)

BbIMOJIHANOCbH, B YaCTHOCTU, €CIfiu Ha4yaribHaa (pyHKLUA eCTb KaKas-
HUOyAb rapMoOHMKa:

yo=e“"", n=0,+1,..., (7)

roe (O - BeweCTBEHHbIN napameTp.
PeweHune 3agaum (3),(4) npumet BUA:

:max(n)‘yf]

yrs] _ /fLseian. (8)



Mapametp 1 = /1(05) onpeaensieTcs Npu noacraHoBKe pelueHus (8) B
ypaBHeHue (3):

A(a)=1-r+re*, r:%:const (9)

U3 bopmyn (7) n (8) cnepyert:
0
Vil =2 () Vs

IOna BbinonHeHns HepaBeHCcTBa (5) Heo6xoANMMO, YTOObI BbINOMHASIOCH
HepaBeHCTBO:

(10)

S max (n)

max(n)

A(a) <M, s=01..,S (11)

nIin

l(a)élJrClr (12)



TaK KakK
(1+Cr)° <e%° <e% =M,

rae C1 - NOCTOfiHHAas, He 3aBUCALLAA OT (¥ U T
MapmoHuka € ABNsieTcA cobcTBeHHOM (pyHKUMEU onepaTopa
nepexoga co cnosi S Ha crnomn S+1.:

y.t=(1-r)y; +ry;,, n=0,£1,.. (13)

n

COOTBETCTBYHLEN COOCTBEHHOMY 3HA4YE€HUIO 9) /1(05 )

JNluHunsa, koTopyro npoberaeT ToukKa /1(05) Ha KOMIMJIEKCHOM MJTIOCKOCTMH,
Korga (04 npoberaetr BeleECTBEHHYIO OCb, BCA COCTOMT U3
COOCTBEHHbIX 3HAYEeHUU U AABNSAETCA CNEeKTPOM onepaTtopa nepexoaa.

Heobxoanmoe cnekTpanbHoe ycnoBue yctonuymBoctu Heumana (12):
CMEeKTp onepaTtopa nepexoaa, COOTBETCTBYHLIEro pa3HOCTHOMY
ypaBHEHUIO, OOMKEH Jfiexatb B Kpyre paguyca 1-|—C17 Ha
KOMMJIEKCHOM NJIOCKOCTM.



3ameuaHue. Ecnu cnekTp onepaTtopa nepexoaa He 3aBUCUT OT 7 , TO
ycnoBue (12) paBHOCUNBLHO TPeOoBaHUIO, YTOOLI CNEKTP fnexan B
eANHUYHOM Kpyre:

A(a)|<1. (14)

CnekTp (9) — OKPYXHOCTb C LleHTPOM B Touke 1—I' 1 paauycom [,
Mpu r <1 - cNeKTp NeXuT B eAnHNYHOM Kpyre, npu I =1
coBnagaeT ¢ eANHUYHOMN OKPYXHOCTbIo, anpu I >1  nexut BHe
eAVUHUYHOrOo Kpyra.

Ycnoeue Heimana Beinonnsietcanpu + <1 (7 < h).

1-r>0 1_r<0



2. Npumepsl

A) YpaBHeHUue nepeHoca (BTopasa cxema).

s+1

Yoo =Ya Yo Yau _g

, 15
T h (15)
y'=¢p, n=0,%+1,...; s=0,1..,S. (16)
CnekTp onepaTopa nepexona nmeeT BUA:
Aa)=1+r-re™™ (17)

N ABNSETCA OKPYXXHOCTbIO C LUEeHTPOM B Touke 1+ r v paguycom r .
YcnoBue HenmaHa Bceraa He BbINOJIHEHO.



B) YpaBHeHUe TennonpoBOAHOCTMU:
u —a‘u, =0, xeR', te(0,T],
u(x,0)=p(x), xeR".
PaccmoTpum siBHYIO cxemy:

s+1

Yo Y0 g2 Yna =2+ Vo g

T h?

Y=g, n=0,41..; s=01...,5S

NMoactaBnsas (8) B ypaBHeHue (20), nony4unm:

ﬁ/_l 2 eia _2+e_ia
—a

T h? =0

(18)
(19)

(20)

(21)

(22)



_ _ ( i& _i& \2
o —la 2 2
4 21 2
\ J
To
/I(a)=1—4razsin2%, r =%. (24)

Mpu U3MEeHeHUn (¢ Yucno /1(05) npoGeraet otpesok 1—4ra’ <1 <1.
Ycnosue HelimaHa BbinonHeHo, ecnu 1 — 4ra2 > —1 ,otkyaa nonyuaem,

h2
yto F<—— wu

23.2 7T < 2—a2 (25)

144ra®> 0 1




PaccMoTpum HesiBHYIO CXeMmy:

s+1  ,S s+1 s+1 s+1
yn yn _a2 yn+1 2yr21 ™ yn—l _ O, (26)
T h
y =¢, n=0,%1,..; s=0,1,...,S. (27)
AHanornyHo npeablAyLLEMY CRyY4ato, MOny4YaeM:
1 T
AMa)= o r=—. 28
() 1+ 4ra’sin’ « h? (28)
CnekTp ﬂ,(a) 3anonHsAeT oTpPe30K BelyeCTBEHHOW OCHU:
1
< i<l (29)

1+4ra’sin‘a

YcnoBue HemmaHa BbINOSIHEHO npu filobom [,



B) Cny4yan HeCKONbKMUX MPOCTPAHCTBEHHbLIX NepPeMeHHbIX.

ou o°u  o°u
6t:8x2+5y2’ (X,y)eRz, te(O,T], (30)
u(x,y,0)="1(xy), (x,y)eR’ (31)

siBHanA Pa3HOCTHaA CXemMa uMmeet BUA.

VA VA VAU AV A S VAU VA, VA Vi
m,n mn  "m+ln m,n m-1n  "m,n+l m,n m,n—1:O (32)

T h? h?

Vo =@nns G = (X, ¥n); Mn=0,%1..;5=0,1,...,S. (33)

3agaBas HavyanbHyO (PyHKUMIO B Buae ABYMEPHON rapMOHUKM,
3aBMUCSILLEN OT ABYX BelLeCTBEHHbIX NapameTpoB @ U [}

V0 = g =€ mn=0,41..; $=0,%1,..,S (34)



HanOEeMm peLleHus BMAa:

Ve =25 (a, p)e ™. (35)

NoactaBnsaa peweHue (35) B ypaBHeHuUe (32), nonyynm:

A(a, B)=1-4rsin’ %—4rsm2’8 (36)

Mpu nsmeHeHun @ m [f Touka [ — /1(05”3) npoberaeT oTpe3ok

1—8r < 1 <1 BewecTBEHHOWN ocu

Ycnoeusa HeimaHa BbinonHstotes, ecnu 1—8r > —1  otkyaa cneayer
h2

F <— wuokoHyatenbHo: 7 < —,

4 4
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